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Abstract

Another form of an explicit formula for translated r-Dowling numbers is derived using Faa di Bruno’s formula and certain
identity of Bell polynomials of the second kind. This formula is expressed in terms of the translated r-Whitney numbers of the
second kind and the ordinary Lah numbers, which is analogous to Qi formula. As a consequence, a relation between translated
r-Dowling numbers and the sums of row entries of the product of two matrices containing the translated r-Whitney numbers of
the second kind and the ordinary Lah numbers is established.
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1. Introduction

The Bell numbers, denoted by B,,, were defined in [8] as the sum of Stirling numbers of the second
kind

B = i S(n, k).
k=0

Several properties and application were obtained for these numbers including generating functions, re-
cursive formulas, explicit formula, and expression in terms of a moment of the Poisson random variable.
Recently, Feng Qi [22] established a different form of explicit formula for the ordinary Bell numbers,
which is expressed in terms of the classical Stirling numbers of the second kind and ordinary Lah num-
bers. This formula was known as Qi formula, and was derived in two ways: one by using the inverse
relation for the classical Stirling numbers and the other one by using Faa di Bruno’s formula and certain
identity for Bell polynomials of the second kind. This formula would possibly help the researchers in
giving another way to describe the structure of Bell numbers. This attracted the attention of the present
authors to investigate the explicit formula for some generalizations of Bell numbers.
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Motivated by the work of Broder [5], Belbachir and Bousbaa [2] defined combinatorially certain gener-
alization of Stirling and Whitney numbers by introducing new parameter «. These numbers were called

(«) («)
the translated r-Whitney numbers of the first and second kind and were denoted by [2] and {2} ,

T T

respectively. More precisely, these numbers were defined by

()
n
[ k] := number of permutations of n elements with k cycles such that the first r elements are n

N
distinct cycles and the elements of each cycle can mutate in « ways, except the dominant one;

(o)

n o . . .

{ k} := number of partitions of n elements with k parts such that the first r elements are in
N

distinct parts and the elements of each part can mutate in & ways, except the dominant one.

In the same paper, the translated r-Whitney-Lah numbers were defined by

()
U;J := number of ways to distribute the set {1,2,...,n} into k ordered lists such that the first r

.
elements are in distinct lists and the elements of each list can mutate in & ways, except the dominant

one.

These numbers are certain variation of r-Whitney numbers and r-Whitney-Lah numbers in [7, 13, 20].
Belbachir and Bousbaa [2] obtained some properties of these numbers using combinatorial argument.
These include:

1. triangular recurrence relation

(o) () ()
n n—1 n—1
= k 1.1
{k}‘r {k_l}r o { k }r ’ ( )
() () (o)
n n—1 n—1
= —14+k ;
\‘kJr \‘k_lJr +cx(n * )\‘ k JT ’

2. expression of translated v-Whitney-Lah numbers in terms of translated r-Whitney numbers of the first and

second kind () N ) o
n X _ n X j x .
R

3. horizontal generating function

n ()
(x+71lo)n = Z [T]j (x + 1)k, (1.3)
k=0 T
n (o)
(x+1)" = Z {E} (x — 1] — &)y, (1.4)
k=0 T
n ()
(xbrian =Y [3] =i e, 15)
k=0 T

where (x|a)n = x(x+ ) (x +2a) ... (x+ (n —1)«), the rising factorial of x of degree n with increment
.
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However, among the properties established by Belbachir and Bousbaa, there was no mention about
the numbers parallel to Bell numbers, particularly, a formula analogous to Qi formula. Now, if we define
the translated r-Dowling numbers, denoted by D, (1, &), to be the sum of translated r-Whitney numbers

of the second kind
Ny ()
Dn(r'(x):Z{k} 7
k=0 T

then Dy, (r, ) may be interpreted as the total number of ways to partition n elements such that the first
T elements are in distinct partitions and the elements of each partition can mutate in « ways, except the
dominant one. These numbers can be considered as a generalization and variation of Bell numbers and
other Bell-type numbers [7, 12, 21]. It would then be interesting to derive another form of explicit formula
for Dy, (7, ) so one can provide another way to describe the structure of these numbers.

This study aimed to establish an explicit formula analogous to Qi formula, for the translated r-Dowling
numbers using the methods of Qi [22]. This formula was derived by obtaining first the orthogonality and
inverse relations of the translated r-Whitney numbers of the first and second kind and the exponential
generating functions of the translated r-Whitney numbers of the second kind.

2. Orthogonality and inverse relations

In this section, some properties of translated r-Whitney and translated r-Whitney-Lah numbers, which
are necessary for the derivation of Qi formula, will be established. Throughout this paper, the notation
(x|ot)yn Will be used to represent the falling factorial of x of degree n with increment « defined by

(xXlo)n =x(x — ) (x —2a) - - (x — (N —1)ax).

Belbachir and Bousbaa [2] did not mention the proof of the horizontal generating functions in (1.3)-
(1.5). One can easily observe that if the recurrence relation in (1.1) is true, then the horizontal generating

function in (1.4) must be
n ()
n
x—1)" = X — 1] — o). 2.1
=3 T e e

We can prove this by induction on n. That is, for n = 0, we have

0

() ()
- =1={ob oemri—an =3 {T} - a

T k=0 T
Assume that the horizontal generating function in (2.1) is true for some n > 0. Then, using (1.1), we have

()

=t =3 (el

k=0 T

n n) (&)
—Z(x—r—ock+ock){ } (x — 7| — o)y

k=0 ke

n+1 n () n+1 n ()
:Z{k—l} (x—r—oc)k+Z+ock{k} (x —71|— )y

k=0 T k=0 T

n+1

1 n ) (@ n) (@
:Z{{kl} —i—ock{k} }(X—fl—“)k

k=0 T T

n+1
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This proves the horizontal generating function in (2.1). Note that equations (1.3) and (2.1) can be written
as

N Lo () n () 5
(x—71) _é{k}r (x — 7|y, (—x+r|oc)n—Z[kL (—x+1)*~.
Since
(—x+rlo)n = (—x+71)(—x+r+)(—x+T1+20) - (—x+T+(n—1)
=(-D)"x—7)x—r—0)(x —1—20) - (x —T—(Nn—1)ax) = (—1)"(x — 1[ot)n,
we have
n n (o)
(x—rloc>n:Z(—1)“k[ ] (x—1)k.
k=0 ki
With
k k (o)
(x—r)k:Z{,} (x —1lat)s,
j=0 I
we obtain

It follows that

Similarly, we can easily derive
n ) () () 0 ;
2 (1 {n} H =0T s (23)
k=j ks I+ 1, j=n '

Equations (2.2) and (2.3) are called the orthogonality relations for translated r-Whitney numbers of the
first and second kind. These imply the following inverse relations

n ()
3 {L‘} i, (2.4)

n L (o)
— n— —
fn=) (~1) [k] gk <= gnh =
k=0 T k=0 T

00 (o) 00 ()
_x|n n

E (=" k[k] 9n<:>gk=§ {k} .

n=k

T n=%k T

fx

To derive the orthogonality relation for translated r-Whitney-Lah numbers, we rewrite first equation
(1.5) as

()

(o = 3] ox =,

n n | (e
(x—Tlon =D (-1)" M (—x — 1|y,

k=0 T
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n ()
(=l = (1] el

k=0 T
/;L—/((X) n|
Using the notation{ J = (—1)“{ J , we have
k], k],
WYE no ' E
<—x—r|oc>n:Z (x—rloc)k:Z Z ) (—x —1]o);
k T k T : )1+
k=0 k=0 §=0
— (o) — ()
:ii [ I L
s k T j T ]
k=0j=0
— (o) — ()
:i i " k (—x — o)
-k Ll :
J=0 | k=j
Therefore (o)
— (X
AR (e
. - . —On,j-
k=j k T I+ 1, j=n

This is the orthogonality relation for translated r-Whitney-Lah numbers.

3. Qi Formula for Dy, (1, «): first form

In this section, a new explicit formula for translated r-Dowling numbers expressed in terms of trans-
lated r-Whitney-Lah numbers and translated r-Whitney numbers of the second kind is established. As a
consequence, a relation in terms of matrices involving the translated r-Dowling numbers, the translated
r-Whitney-Lah numbers, and the translated r-Whitney numbers of the second kind is obtained.

Note that equation (1.2) can be rewritten as follows

YL A % IO R S
NI X I o

Using the inverse relation of translated r-Whitney numbers in (2.4) with

(o) .y ()
= M and g — (—1)]{k} ,

T T

nn(cx) norn) (o) .]-(tx)
Gy, L) b,

)

IO ) (5
=y (-7 .
W, =T,

Summing up both sides over k from 0 to n, gives the following theorem.

equation (3.1) yields

that is

Theorem 3.1. The explicit formula for translated r-Dowling numbers is given by

n (D) ()@
Dn(r,oc)ZZ(—l)“){ZL(J }{]} . (3.2)

§=0 k=0 T T
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Now, we can rewrite the sum in (3.2) as

Dn(r,a) =So+S1+Sa+---+ Sn,
()

n ) () =
where §; = Z(—l)“*] {T;} “{J . As a consequence, we have the following theorem.
j=0

T T

Theorem 3.2. For n € IN, the translated r-Dowling numbers D (v, o) are equal to the sum of the entries of the i
row of the product of two matrices

[(1)1—)- {i}“’”] “J J (“)]
o n+1lxn+1 k T n+lxn+1

whose entries are respectively the translated r-Whitney numbers of the second kind and the translated r-Whitney
Lah numbers.

As a direct consequence the above theorem, we have the following corollary.

Corollary 3.3. For 0 < i,1 < n, the translated r-Whitney numbers of the second kind satisfy the following explicit
)

formula

) (%) i 2 (e s ()

i e h
- (_1)1_){'} \; J ’

{l}r ;0 i)y LUs
[{?}(tx) _ [(_1)1—1{?}(“)] [rJ (o)
V) V) n+lxn+1 )+
It can easily be shown that

N e LN N R Ay S O N A L
TR IS 1 R

]:1'_ T T j:i T T

that is

] n+1lxn+1 ] n+1lxn+1

where 8, is the Kronecker delta. This relation implies that

. o —1 . o
£ R (e
V) )+ n+lxn+1

n+1lxn+1

Thus, we have

(R O A 1
M n+1xn+1 1) x n+1xn+1 )+ n+1xn+1

4. Qi Formula for D, (1, «): second form

In this section, another form of explicit formula for computing the translated r-Dowling numbers
Dy (1, «) is derived using Faa di Bruno’s formula and certain identity of Bell polynomials of the second
kind. Before we derive the formula, let us consider first the exponential generating of the translated
r-Whitney numbers of the second kind and that of the translated r-Dowling numbers.

Theorem 4.1. The exponential generating function for translated r-Whitney numbers of the second kind is given

by
i n g (ext—1)"
k n! okk!

n=0 T
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Proof. Using (2.1), we have

PR (A T

k=0 (n=k T
00 n n (‘X) tTl
= Z Z K (x — 7] — ok !
n=0 (k=0 T )
00 0o k
(=™ - (et — 1)
=Y =T s (1 (e ) T ) = Y (k= o
n=0 k=0
Comparing the coefficients of (x — r| — )y proves the theorem. O

(«)
This exponential generating function can be used to derive the explicit formula for {2} as follows:

T
00 k k
Z n (“)ﬂ _ (e(Xt_l) _ 1 Z k (—1]k7).ej(xt

k n! ok k! okk! j

n=0 T ) " j=0
k k
1 k at)™ ok k _ t"
= () D=y a5 () v
k! j ! k! j n!
j=0 n>0 n>0 j=0
Comparing coefficients yields
() k )
L g L s (R gy gnkg 1. 4.1)
kJ. k! =\

Now, let us derive the exponential generating function for Dy (1, «).

0 m o n n (Oc)tn 0 © (1 (Oc)tn 00 (ea;*1>k et
Eoes-£E 0 S-E{EQS) LG
n= n=0k= n=

k=0 T k=0

Theorem 4.2. The exponential generating function for translated v-Dowling numbers is given by

o0

tn et
E Dna(r,a)— =e =
n!

n=0

Theorem 4.3. For n € IN, the translated r-Dowling numbers Dy (v, &) are equal to

n j (o)
Dn(r) =) (-1)"7 {Z od"iuj,i)} {“} : (42)
j i=0

IR

Proof. Let us recall the following identity from [4, 9, 25] on the n'" derivative of the exponential function
eTl/t expressed in terms of the Lah numbers

(n) ke 1
(eﬂ/t) = (—1)"eE/T Y (D LI K)o, (4.3)
k=1

the identity from [8] on Bell polynomials of the second kind

abn—k+1
*7

2 ki
B k(abxy, ab™xy, .. Xn—k+1) = @ D" B (X1,X2, ..., Xn—k+1),
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and the famous identity from [8] on Faa di Bruno formula described in terms of the Bell polynomials of
the second kind

(ftn foh(t Z £l (R (1), R (1), ..., h( =R+ (), (4.4)

Replacing t by —t in the generating functlon for the translated r-Dowling numbers D, (1, @) in Theorem
4.2, yields

1/ (=)™ 1 xent.
e Z Dn(r, &) —=e ;
= n!
equivalently
tm «
e!/* Y (~1)"Dn(r ) =el/oe " (4.5)
n=>0

Then taking k' derivative both sides of (4.5) with respect to t yields

1/ = n ok d* 1/xce™t
e/* > (~1)"Dn(r, ) = :ﬁ(e ). (4.6)

Taking f(u) = e/ and h(t) = xe*! in (4.4) and making use of (4.3) gives

dx (el/cxe"“> ) n (f . h(t))

dtk dtk
k
d l/u

=y P g oo™, e, ... (e )
j=1
k

=) (- lel/“ZL], WBM( o(oe™), o (oe™t), ..., T (e ™t))
j=1

j 1

. L e aeot _
(—1Y ) 1G9 Tareayrri B (aee™), o (@e™), ., oM (e™)),
i=1

I
'I\/]W

u
I
-

where u(t) = ae**. Further by virtue of

bk—j—l—l

2 ik
By j(abxq, ab“xy,..., a Xk—j+1) = @D “Byj(x1, %2, ..., Xk—j+1)

and
k—j+1

— A
Bk,j(l,l,...,l) = S(k,])

listed in [8, p.135], where a and b are complex numbers, we obtain

dk< 1/oce°‘t> K j k—j+1
o . . 1 . —
=/ Y LG Taes T (e*t) a*By5(1,1,...,1)
j=1 i=1
ot K 3 ] (xkii
— el/xe Z(*l)l Z L(,1)- Ws(k/j)-
j=1 i=1

Thus, replacing k by n and evaluating at t = 0 in equation (4.6) gives

n
/X (=1)"Dn(r,0) = ) (-1 Jel/“ZLa, a"tS(m, ).
j=1
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Rearranging the above sum and using the fact that L(0,1) = 0 for all positive integers i, we get
n . j . . .
Dn(r,a) =) (1™ 7Y a™IS(n,j)od 1L(j,1).
j=0 i=0
Using the explicit formula in (4.1), we obtain (4.2). O

The following corollary is a direct consequence of Theorem 4.3.

Corollary 4.4. For n € N, the translated r-Dowling numbers D, (r, «) are equal to the sum of the entries of the

ith row of the product of two matrices

(1) ™ .
[(_1)11{:} ] [O()ill—(ilj)]nxh/

whose entries are respectively r-Whitney numbers of the second kind and the Lah numbers.

Proof. We can rewrite the formula in Theorem 4.3 as

i
Di(r,a) =) Ty, i=0,1,2,...,7m,
1=0

where
i -y (o)

TuZZ(—l)ij{;} o0 'L(G,1), 1=0,1,2,...1

=0 T

Clearly, Tiy is the (i, 1)-entry of the following product of two matrices

(i) .
[(_1)11{;} ] [(X)ill-(i’j)]nxn’

containing the translated r-Whitney numbers of the second kind and Lah numbers, respectively.

5. Modified translated r-Dowling numbers

The right-hand side of Qi formula in Theorem 4.3 and the explicit formula in (4.1) are not dependent
on the parameter r. This means that the parameter r has no bearing on the process of computing the

(o)

k
r-Whitney numbers of the first and second kind as follows:

L ()
bt =Y (1) (x-,

values of Dy, (r, «) and {n

k=0 T,l

N LI (o)
(x+1)m =) (x — 7 — &)y

o K/ 2

These horizontal generating functions will imply the following recurrence relation:
n+14( ={ " (a)—l-(om—i-Zr) m\
k T,1 B k—1 T,1 k T,1 ’
1\ (&) () ()
<n+ > :< " > +(ock+2r)<n> .
k T,2 k—1 T2 k T2

. To address this weakness, we can modify the definition of translated

(5.1)
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Theorem 5.1. The exponential generating function for the modified translated r-Whitney numbers of the second

kind is given by
i <n>(0¢) tm B (eoct _ 1)k e2rt
—=\k/,, ! okk! '

Proof. Using (5.1), we have

o0 e n (o) tn
> {nzk<k>2 m} (x—l—

n n () tm
ARNE

) (e(xt . 1)k o2t

[(x +7)tI"™ (x—7)t 27t t S\ L2t
= T:ex e’ :(1+(e°‘ —1) )er :ZT(x—rl—(xh«
n=0 k=0
Comparing the coefficients of (x — r| — )y proves the theorem. O

(o)
This exponential generating function can be used to derive the explicit formula for <2> as follows:

T2
k k
i n (“)i _ (ecxt_l) e2rt _ 1 k (_1)k_]’e(jo¢+2r)t
k. 2 n! (ka! (ka! i—0 j

n=0 4 )=

Comparing coefficients yields
() k
n not 1 Z k K—ioe . 2T 4 nox n+T
<k>r,z Yo = <j>( )= ktrfa’

where {Tkl_—:::} is the r-Stirling numbers of the second kind [5]. This can also be written as
2r

29

(o) n . -
<11:>2 o kZ( ) @) -3 <le>°‘)_k(2””_]5“'k)- (52)

j=0

Now, let us define the modified translated r-Dowling numbers, denoted by ﬁn(r, «), as follows:

~ n ()
Dn(r, o) = Z <E> .

k=0 T2
Then
k
o tn 00 © (oc)tn ) (&) e2rt at
R D i i
1 1 1
n=0 n=0k=0 o0 bk K/ o ! k=0 Kt

This result is formally stated in the following theorem.
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Theorem 5.2. The exponential generating function for the modified translated r-Dowling numbers is given by
(e.¢]
Eay tn ext—
Z Dp(r,a)— = e“w +2rt,
n!
n=0

Theorem 5.3. For n € IN, the modified translated r-Dowling numbers ﬁn(r, «) are equal to

n ()

i
Dn(ro)=3 (-1)"7 ) <“> o IL(j, 1) (5.3)
i=0 =0 \)/ -

Proof. Replacing t by —t in the generating function for the modified translated (r-Dowling numbers

Dn (1, «) in Theorem 5.2 yields

27t | el/cxe"‘t

BN (—t)™ e
Z Dn(r, ) = ol/o ’

n!
n>0
equivalently
el/x Z(_l)n]/j (r (X)ﬂ _ el/oce‘Xt Le 2Tt (5.4)
nuts n' - . .
n>0

Then taking k' derivative on both sides of (5.4) with respect to t yields
tTL—k dk

et CRR S (5.5)

el/* 3 (~1)*Dn(r, )
n=k

Taking f(u) = el/" and h(t) = ae*t in (4.4) and making use of (4.3) gives

dx <el/oce°‘t> dk(foh(t))

dtk dtk

K qifel/u )

= > P bl (e .. o (e )
j=1
k j 1 .

=Y (—1)e™ ) L(,1) ——Bijlo(xe™), o (xe™), ..., o T (ae™t))

] ]+1 )

j=1 i=1
k ) el/oce“t )

=) (1)) L(i) — By j(cc(oe™), o (ae®™), ..., o T (ae™t)),
- = (Cxecxt))Jrl
j= i=

where u(t) = ae®t. Further by virtue of
Bj(abxi, ab®x, ..., ab* I x5 1) = dIb*By j(x1,%2, .. ., Xk—j41)
and
k—j+1
—
Bi;(1,1,...,1) = S(k,j)

listed in [8, p.135], where a and b are complex numbers, we obtain

dx (el/oce"‘t> " j k—j+1

at ; . 1 ; —

— ok = el/xe Z(_l)J Z L(j, I)W(ae“t)]akBkd (1,1,...,1)
=1 i=1
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ot K : J k i
=el/xe Z(—l))ZI—(J/ )ﬁS(k /).

j=1 i=1

Hence, using Leibniz formula

dm 1/ et —2rt = 1/0(6"‘t d"— —2rt
dzn (6 € Z dtk dtn— ke

- - - J k—1i
=2 <Tkl> el/ee™ 3 (—1) Y L(j, i) (Zat)is(k’j) (—2r)n—ke 2t

k=0 j=1 i=1

Thus, replacing k by n and evaluating at t = 0 in equation (5.5) gives

e/(-1"Batr ) = 3 (1) D ”"‘ZL j, a8 (k) (20

k=0 j=1

Rearranging the above sum and using the fact that L(0,1) = 0 for all positive integers i, we get

D (1, ) :Z i )Z{Z( >od<5(—zr)“k5(k,j)}aiiL(j,i).

i=0 =j

Applying the property of modified translated r-Whitney numbers of the second kind in equation (5.2)
yields

n i (o)
Balra) =Y (-1 Y <;‘> WL, ).
j=0 —2r

i=0
This is exactly the formula in (5.3). O
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