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Abstract
In this work, we have presented a new quintic B-spline approximation technique for numerical solution of Boussinesq

equation. Usual finite difference formulation has been applied to discretize the problem in temporal domain, whereas, the
typical fifth degree B-spline functions, equipped with a new approximation for fourth order derivative, have been utilized to
interpolate the unknown function in spatial direction. The stability and error analysis of the proposed numerical algorithm have
been studied rigorously. Two test examples are considered to affirm the performance and accuracy of the new scheme. The
computational outcomes are found to be better than the existing numerical techniques on the topic.
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1. Introduction

The Boussinesq equation (BE) belongs to the family of Korteweg-de Vries equations. It describes
several physical phenomena such as propagation of waves, non-linear plasma waves exhibiting some
dissipative effects, propagation of bores and wave diffraction in shallow waters [9, 14, 15]. The shallow
water wave equations have several applications including storm and Tsunami propagation, river flooding
and dam breaks [25]. The generalized BE is given by

utt +αuzz +βuzzzz + γ(u
2)zz = 0, z ∈ [a,b], t ∈ [0, T ], (1.1)

with the initial conditions
u(z, 0) = g1(z), ut(z, 0) = g2(z) (1.2)

and boundary conditions{
u(a, t) = ψ1(t), u(b, t) = ψ2(t),
uz(a, t) = ψ3(t), uz(b, t) = ψ4(t), or uzz(a, t) = ψ3(t), uzz(b, t) = ψ4(t),

(1.3)

where u = u(z, t) denotes the wave displacement at point z and time t, α, β, γ are real constants and
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gi’s, ψi’s are known to be continuous functions. In the last couple of decades, several numerical and
analytical methods have been proposed for solving BE. Ismail and Bratsos [12] proposed a pair of pre-
dictor correctors for approximate solution of BE. The authors in [4] presented a linearized numerical
algorithm for solving BE. Bratsos et al. [3] proposed a parametric finite difference method (FDM) for
approximate solution of one dimensional shallow sea waves. Wazwaz [23] employed tanh-coth method to
explore multi soliton solutions for BE. Chavez et al. [5] studied the analytical solution of Boussinesq type
equations with their applications to the agricultural drainage. Uddin et al. [21] proposed radial based
functions based pseudo-spectral method for solving good BE. Akinlar and Secer [2] proposed Petrov
Galerkin wavelet method for approximate solution of BE. A fourth order FDM was developed by Ismail
and Mosally [13] to investigate the numerical solution of good BE. Siddiqi and Arshad [20] proposed
quintic B-spline (QnBS) collocation approach for approximate solution of classical non-linear BE. The au-
thors in [18] employed homotopy analysis method (HAM) to explore the analytical solution of BE with
variable coefficients. Zakaria et al. [25] used quintic trigonometric B-spline collocation method (QnTBSM)
to study the numerical solution of BE. Jang [16] introduced a new semi analytic dispersion-relation pre-
serving method to integrate the Boussinesq like equations. Darvishi et al. [6] derived the traveling wave
solutions for four different Boussinesq type equations.

In this work, the approximate solution of non-linear BE has been explored by means of QnBS collo-
cation method. The usual finite difference scheme and QnBS functions are employed for temporal and
spatial discretization respectively. The accuracy of QnBS collocation method has been enhanced by in-
troducing of a new approximation for fourth order derivative. The stability of the presented numerical
scheme has been studied subject to Von-Neumann stability analysis.

This work has been assembled as follows. In Section 2, we shall review some preliminaries of QnBS
interpolation. The formulation of new QnBS approximation for u(4)(x) is demonstrated in Section 3. The
numerical scheme is presented in Section 4. The stability and error analysis have been given in Sections 5
and 6. Section 7 covers the numerical results and discussion.

2. Quintic B-spline functions

We uniformly partition the interval [a,b] by n+ 1 equidistant knots zi = z0 + ih, i = 0(1)n, where
n ∈ Z+, a = z0, b = zn and h = 1

n(b− a). The jth spline basis of degree p and order p+ 1, is defined as
[7]

• for p = 0

B0,j(z) =

{
1, if z ∈ [zj, zj+1],
0, otherwise;

(2.1)

• for p > 0

Bp,j(z) =
(z− zj)

(zj+p − zj)
Bp−1,j(z) +

(
1 −

(z− zj+1)

(zj+1+p − zj+1)

)
Bp−1,j+1(z), z ∈ [zj, zj+1+p]. (2.2)

Using (2.1)-(2.2), the fifth degree B-spline functions are defined as [17, 24]

Bj(z) =
1

120h5



(z− zj−3)
5, z ∈ [zj−3,zj−2],

h5 + 5h4(z− zj−2)+ 10h3(z− zj−2)
2 + 10h2(z− zj−2)

3 + 5h(z− zj−2)
4 − 5(z− zj−2)

5, z ∈ [zj−2,zj−1],
26h5 + 50h4(z− zj−1)+ 20h3(z− zj−1)

2 − 20h2(z− zj−1)
3 − 20h(z− zj−1)

4 + 10(z− zj−1)
5, z ∈ [zj−1,zj],

26h5 + 50h4(zj+1 − z)+ 20h3(zj+1 − z)
2 − 20h2(zj+1 − z)

3 − 20h(zj+1 − z)
4 + 10(zj+1 − z)

5, z ∈ [zj,zj+1],
h5 + 5h4(zj+2 − z)+ 10h3(zj+2 − z)

2 + 10h2(zj+2 − z)
3 + 5h(zj+2 − z)

4 − 5(zj+2 − z)
5, z ∈ [zj+1,zj+2],

(zj+3 − z)
5, z ∈ [zj+2,zj+3],

0, otherwise,

(2.3)
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where j = −2,−1, 0, . . . ,n+ 2. For a sufficiently differentiable function u(z), there corresponds a unique
QnBS U(z), s.t.

U(z) =

n+2∑
j=−2

ejBj(z), (2.4)

where, ej’s are, constants, yet to be calculated. Let Ui, mi, Mi, Ti and Fi denote the QnBS approximations
for u(z) and its first four derivatives at the ith knot, respectively. Using (2.3) and (2.4), we have

Ui = U(zi) =

i+2∑
j=i−2

ejBj(zi) =
1

120
(
ei−2 + 26ei−1 + 66ei + 26ei+1 + ei+2

)
, (2.5)

mi = U
′(zi) =

i+2∑
j=i−2

ejB
′
j(zi) =

1
24h

(
− ei−2 − 10ei−1 + 10ei+1 + ei+2

)
, (2.6)

Mi = U
′′(zi) =

i+2∑
j=i−2

ejB
′′
j (zi) =

1
6h2

(
ei−2 + 2ei−1 − 6ei + 2ei+1 + ei+2

)
, (2.7)

Ti = U
′′′(zi) =

i+2∑
j=i−2

ejB
′′′
j (zi) =

1
2h3

(
− ei−2 + 2ei−1 − 2ei+1 + ei+2

)
, (2.8)

Fi = U
(4)(zi) =

i+2∑
j=i−2

ejB
(4)
j (zi) =

1
h4

(
ei−2 − 4ei−1 + 6ei − 4ei+1 + ei+2

)
. (2.9)

Moreover, from (2.5)-(2.9), we can established the following relations [17, 24]

mi = u
′(zi) +

h6

5040
u(7)(zi) −

h8

21600
u(9)(zi) + · · · , (2.10)

Mi = u
′′(zi) +

h4

720
u(6)(zi) −

h6

3360
u(8)(zi) + · · · , (2.11)

Ti = u
(3)(zi) −

h4

240
u(7)(zi) +

11h6

30240
u(9)(zi) + · · · , (2.12)

Fi = u
(4)(zi) −

h2

12
u(6)(zi) +

h4

240
u(8)(zi) + · · · . (2.13)

From (2.10)-(2.13), we can write

‖mi − u′(zi)‖∞ = maz
06j6n

‖mi − u′(zi)‖ = O(h6), (2.14)

‖Mi − u
′′(zi)‖∞ = O(h4), (2.15)

‖Ti − u(3)(zi)‖∞ = O(h4), (2.16)

‖Fi − u(4)(zi)‖∞ = O(h2). (2.17)

The truncation error in Fi is O(h2). This provides a solid reason to construct a new approximation for
fourth order derivative.

3. The new approximation for u(4)(z)

Using (2.13), following expression can be established for Fi−2 at the knot zi, (i = 2, 3, 4, . . . ,n − 2)
[10, 11]

Fi−2 = u(4)(zi−2) −
h2

12
u(6)(zi−2) +

h4

240
u(8)(zi−2) + · · ·
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= u(4)(zi) − 2hu(5)(zi) +
23h2

12
u(6)(zi) −

7h3

6
u(7)(zi) + · · · .

We can derive similar relations for Fi−1, Fi+1 and Fi+2 at the ith knot as

Fi−1 = u(4)(zi) − hu
(5)(zi) +

5h2

12
u(6)(zi) −

h3

12
u(7)(zi) + · · · ,

Fi+1 = u(4)(zi) + hu
(5)(zi) +

5h2

12
u(6)(zi) +

h3

12
u(7)(zi) + · · · ,

Fi+2 = u(4)(zi) + 2hu(5)(zi) +
23h2

12
u(6)(zi) +

7h3

6
u(7)(zi) + · · · .

Let
∼

Fi be the new approximation to u(4)(zi), s.t.,

∼

Fi = λ1Fi−2 + λ2Fi−1 + λ3Fi + λ4Fi+1 + λ5Fi+2. (3.1)

The above expression returns five equations involving λi’s as

λ1 + λ2 + λ3 + λ4 + λ5 = 1, −2λ1 − λ2 + λ4 + 2λ5 = 0,
23λ1 + 5λ2 − λ3 + 5λ4 + 23λ5 = 0, −14λ1 − λ2 + λ4 + 14λ5 = 0,
121λ1 + λ2 + λ3 + λ4 + 121λ5 = 0.

Hence, λ1 = − 1
240 , λ2 = 1

10 , λ3 = 97
120 , λ4 = 1

10 , and λ5 = − 1
240 . Substituting λi’s back into (3.1), we obtain

∼

Fi =
1

240h4

(
− ei−4 + 28ei−3 + 92ei−2 − 604ei−1 + 970ei − 604ei+1 + 92ei+2 + 28ei+3 − ei+4

)
. (3.2)

Now we approximate u(4)(z) at z0 using four neighboring values, as

∼

F0 = λ1F0 + λ2F1 + λ3F2 + λ4F3, (3.3)

where

F0 = u(4)(z0) −
h2

12
u(6)(z0) +

h4

240
u(8)(z0) + · · · ,

F1 = u(4)(z0) + hu
(5) +

5h2

12
u(6)(z0) +

h3

12
u(7)(z0) + · · · ,

F2 = u(4)(z0) + 2hu(5) +
23h2

12
u(6)(z0) +

7h3

6
u(7)(z0) + · · · ,

F3 = u(4)(z0) + 3hu(5) +
53h2

12
u(6)(z0) +

17h3

4
u(7)(z0) + · · · .

The relation (3.3) returns the following four equations

λ1 + λ2 + λ3 + λ4 = 1, λ2 + 2λ3 + 3λ4 = 0,
−λ1 + 5λ2 + 23λ3 + 53λ4 = 0, λ2 + 14λ3 + 51λ4 = 0.

Hence, λ1 = 7
6 , λ2 = − 5

12 , λ3 = 1
3 , and λ4 = − 1

12 . Using these values in (3.3), we get

∼

F0 =
1

12h4

(
14e−2 − 61e−1 + 108e0 − 103e1 + 62e2 − 27e3 + 8e4 − e5

)
. (3.4)

Similarly, involving four neighboring knots at z1, we suppose

∼

F1 = λ1F0 + λ2F1 + λ3F2 + λ4F3, (3.5)
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where

F0 = u(4)(z1) − hu
(5)(z1) +

5h2

12
u(6)(z1) −

h3

12
u(7)(z1) + · · · ,

F1 = u(4)(z1) −
h2

12
u(6)(z1) +

h4

240
u(8)(z1) + · · · ,

F2 = u(4)(z1) + hu
(5)(z1) +

5h2

12
u(6)(z1) +

h3

12
u(7)(z1) + · · · ,

F3 = u(4)(z1) + 2hu(5)(z1) +
23h2

12
u(6)(z1) +

7h3

6
u(7)(z1) + · · · .

The expression (3.5), gives the following equations involving λi’s

λ1 + λ2 + λ3 + λ4 = 1, −λ1 + λ3 + 2λ4 = 0,
5λ1 − λ2 + 5λ3 + 23λ4 = 0, −λ1 + λ3 + 14λ4 = 0.

Solving the above system, we get λ1 = 1
12 , λ2 = 5

6 , λ3 = 1
12 , and λ4 = 0. Substituting λi’s back into (3.5),

we have
∼

F1 =
1

12h4

(
e−2 + 6e−1 − 33e0 + 52e1 − 33e2 + 6e3 + e4

)
. (3.6)

Working on the same lines, following approximations at the knots zn−1 and zn are obtained

∼

Fn−1 =
1

12h4

(
en−4 + 6en−3 − 33en−2 + 52en−1 − 33en + 6en+1 + en+2

)
, (3.7)

∼

Fn =
1

12h4

(
− en−5 + 8en−4 − 27en−3 + 62en−2 − 103en−1 + 108en − 61en+1 − 14en+2

)
. (3.8)

4. Description of the numerical method

In this section, we describe the proposed numerical method for solving BE equation. Applying usual
finite difference formula and θ weighted scheme [1], the problem (1.1) is discretized in time direction as

uj+1 − 2uj + uj−1

∆t2
+ θ

[
αuj+1
zz +βuj+1

zzzz + γ(u
2
zz)
j+1
]
+ (1 − θ)

[
αujzz +βu

j
zzzz + γ(u

2
zz)
j

]
= 0, (4.1)

where ∆t is the temporal inclement, 0 6 θ 6 1 and uj+1
i symbolizes u(zi, tj +∆t). The non-linear term

(uzz)
j+1 is linearized as [20]

(uzz)
j+1 = 2(uzz)j(uzz)j+1 − (u2

zz)
j. (4.2)

Substituting (4.2) into (4.1), we get

uj+1 − 2uj + uj−1

∆t2
+ θ

[
αuj+1
zz +βuj+1

zzzz + γ

{
2(uzz)j(uzz)j+1 − (u2

zz)
j

}]
+ (1 − θ)

[
αujzz +βu

j
zzzz + γ(u

2
zz)
j

]
= 0.

Rearranging the above relation, we get

uj+1 +

[
αθ∆t2 + 2γθ∆t2(uzz)

j

]
(uzz)

j+1 +βθ∆t2uj+1
zzzz

= 2uj −∆t2(1 − θ)

[
αujzz +βu

j
zzzz + γ(u

2
zz)
j

]
+ θγ∆t2(u2

zz)
j − uj−1.

(4.3)
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Now, we uniformly partition the interval [a,b] by n+ 1 equidistant knots zi = z0 + ih, i = 0(1)n, where
n ∈ Z+, a = z0, b = zn and h = 1

n(b− a). Let us consider that the QnBS solution to (1.1) at jth time level
is given by

U(z, tj) =
n+2∑
m=−2

ejmBm(z),

where ejm’s, the time dependent constants, are to be calculated. Substituting the approximations for u
and its derivatives at the knot zi, equation (4.3) takes the following form

U
j+1
i + vjiM

j+1
i + µFj+1

i = wji, (4.4)

where
v
j
i = αθ∆t

2 + 2γθ∆t2(uzz)
j
i, µ = βθ∆t2,

w
j
i = 2uji −∆t

2(1 − θ)

[
α(uzz)

j
i +β(uzzzz)

j
i + γ(u

2
zz)
j
i

]
+ θγ∆t2(u2

zz)
j
i − u− ij−1.

Using (2.5)-(2.8), (3.2), (3.4), and (3.6)-(3.8) in (4.4), for i = 0, 1, 2, 3, . . . ,n, we obtain the following linear
equations involving n+ 5 unknowns.

1
120

(
e
j+1
−2 + 26ej+1

−1 + 66ej+1
0 + 26ej+1

1 + ej+1
2

)
+
v
j
0

6h2

(
e
j+1
−2 + 2ej+1

−1 − 6ej+1
0 + 2ej+1

1 + ej+1
2

)
+

µ

12h4

(
14ej+1

−2 − 61ej+1
−1 + 108ej+1

0 − 103ej+1
1 + 62ej+1

2 − 27ej+1
3 + 8ej+1

4 − ej+1
5

)
= wj0,

1
120

(
e
j+1
−1 + 26ej+1

0 + 66ej+1
1 + 26ej+1

2 + ej+1
3

)
+
v
j
1

6h2

(
e
j+1
−1 + 2ej+1

0 − 6ej+1
1 + 2ej+1

2 + ej+1
3

)
+

µ

12h4

(
e
j+1
−2 + 6ej+1

−1 − 33ej+1
0 + 52ej+1

1 − 33ej+1
2 + 6ej+1

3 + ej+1
4

)
= wj1,

1
120

(
e
j+1
i−2 + 26ej+1

i−1 + 66ej+1
i + 26ej+1

i+1 + e
j+1
i+2

)
+
v
j
i

6h2

(
e
j+1
i−2 + 2ej+1

i−1 − 6ej+1
i + 2ej+1

i+1 + e
j+1
i+2

)
+

µ

240h4

(
− ej+1

i−4 + 28ej+1
i−3 + 92ej+1

i−2 − 604ej+1
i−1 + 970ej+1

i − 604ej+1
i+1 + 92ej+1

i+2 + 28ej+1
i+3 − e

j+1
i+4

)
= wji, i = 2, 3, 4, . . . ,n− 2,

1
120

(
e
j+1
n−3 + 26ej+1

n−2 + 66ej+1
n−1 + 26ej+1

n + ej+1
n+1

)
+
v
j
n−1

6h2

(
e
j+1
n−3 + 2ej+1

n−2 − 6ej+1
n−1 + 2ej+1

n + ej+1
n+1

)
+

µ

12h4

(
e
j+1
n−4 + 6ej+1

n−3 − 33ej+1
n−2 + 52ej+1

n−1 − 33ej+1
n + 6ej+1

n+1 + e
j+1
n+2

)
= wjn−1,

1
120

(
e
j+1
n−2 + 26ej+1

n−1 + 66ej+1
n + 26ej+1

n+1 + e
j+1
n+2

)
+
v
j
n

6h2

(
e
j+1
n−2 + 2ej+1

n−1 − 6ej+1
n + 2ej+1

n+1 + e
j+1
n+2

)
+

µ

12h4

(
− en−5 + 8en−4 − 27en−3 + 62en−2 − 103en−1 + 108en − 61en+1 − 14en+2

)
= wjn.

(4.5)

Four more equations are obtained from the boundary conditions (1.3), as(
e
j+1
−2 + 26ej+1

−1 + 66ej+1
0 + 26ej+1

1 + ej+1
2

)
/120 = ψ1(tj+1), (4.6)(

− ej+1
−2 − 10ej+1

−1 + 10ej+1
1 + ej+1

2

)
/24h = ψ3(tj+1), (4.7)(

− ej+1
n−2 − 10ej+1

n−1 + 10ej+1
n+1 + e

j+1
n+2

)
/24h = ψ4(tj+1), (4.8)(

e
j+1
n−2 + 26ej+1

n−1 + 66ej+1
n + 26ej+1

n+1 + e
j+1
n+2

)
/120 = ψ2(tj+1). (4.9)

The set of equations (4.5)-(4.9) are a system of linear equations which can be expressed in matrix from as

ACj+1 = B, (4.10)
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where A denotes the matrix of coefficients with order n+ 5, B is column vector with order n+ 5 and the
column vector Cj+1 =

[
e
j+1
−2 e

j+1
−1 e

j+1
0 · · · ej+1

n+2

]T contains the control points at the (j+ 1)th time level.
Before starting any computation using (4.10), we obtain the following set of equations from initial

condition (1.2) (
− e0

−2 − 10e0
−1 + 10e0

1 + e
0
2
)
/24h = g′1(z0),(

e0
−2 + 2e0

−1 − 6e0
0 + 2e0

1 + e
0
2
)
/6h2 = g′′1 (z0),(

e0
i−2 + 26e0

i−1 + 66e0
i + 26e0

i+1 + e
0
i+2
)
/120 = g1(zi), i = 0 : 1 : n,(

e0
n−2 + 2e0

n−1 − 6e0
n + 2e0

n+1 + e
0
n+2

)
/6h2 = g′′1 (zn),(

− e0
n−2 − 10e0

n−1 + 10e0
n+1 + e

0
n+2

)
/24h = g′1(zn).

The above system can be expressed in matrix form as

AC0 = B.

The unknown column vector C0 is determined by a modified form of well known Thomas algorithm. The
numerical computations are executed in Mathematica 9.

5. Stability Analysis

For θ = 1/2, the linearized form of (4.1) is given by

2uj+1 +α∆t2(uzz)
j+1 +β∆t2(uzzzz)

j+1 = 4uj −α∆t2(uzz)
j +β∆t2(uzzzz)

j − 2uj−1. (5.1)

By substituting the approximations for u and its derivatives at ith knot in (5.1), we get

2Uj+1
i +α∆t2M

j+1
i +β∆t2F

j+1
i = 4Uji −α∆t

2M
j
i −β∆t

2F
j
i − 2Uj−1

i . (5.2)

Using (2.5)-(2.8) and (3.2) in (5.2), we have

− d0e
j+1
i−4 + 28d0e

j+1
i−3 + (4h4 + 92d0 + 40h2d1)e

j+1
i−2 + (104h4 − 604d0 + 80h2d1)e

j+1
i−1

+ (264h4 + 970d0 − 240h2d1)e
j+1
i + (104h4 − 604d0 + 80h2d1)e

j+1
i+1 + (4h4 + 92d0 + 40h2d1)e

j+1
i+2

+ 28d0e
j+1
i+3 − d0e

j+1
i+4

= d0e
j
i−4 − 28d0e

j
i−3 + (8h4 − 92d0 − 40h2d1)e

j
i−2

+ (208h4 + 604d0 − 80h2d1)e
j
i−1 + (528h4 − 970d0 + 240h2d1)e

j
i + (208h4 + 604d0 − 80h2d1)e

j
i+1

+ (8h4 − 92d0 − 40h2d1)e
j
i+2 − 28d0e

j
i+3 + d0e

j
i+4 −

1
120

(ej−1
i−2 + 26ej−1

i−1 + 66ej−1
i + 26ej−1

i+1 + e
j−1
i+2),

(5.3)

where d0 = β∆t2 and d1 = α∆t2. Now, following [26], we put eji = ξ
jeimϕ into (5.3)

ξj+1
[
− d0eι(m−4)ϕ + 28d0eι(m−3)ϕ + (4h4 + 92d0 + 40h2d1)eι(m−2)ϕ + (104h4 − 604d0

+ 80h2d1)eι(m−1)ϕ + (264h4 + 970d0 − 240h2d1)eιmϕ + (104h4 − 604d0 + 80h2d1)eι(m+1)ϕ + (4h4 + 92d0

+ 40h2d1)eι(m+2)ϕ + 28d0eι(m+3)ϕ − d0eι(m+4)ϕ
]

= ξj
[
d0eι(m−4)ϕ − 28d0eι(m−3)ϕ + (8h4 − 92d0 − 40h2d1)eι(m−2)ϕ

+ (208h4 + 604d0 − 80h2d1)eι(m−1)ϕ + (528h4 − 970d0 + 240h2d1)eιmϕ + (208h4

+ 604d0 − 80h2d1)eι(m+1)ϕ + (8h4 − 92d0 − 40h2d1)eι(m+2)ϕ − 28d0eι(m+3)ϕ + d0eι(m+4)ϕ
]

−
ξj−1

120

[
eι(m−2)ϕ + 26eι(m−1)ϕ + 66eιmϕ + 26eι(m+1)ϕ + eι(m+2)ϕ

]
,

(5.4)
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where i =
√
−1, ϕ = ζh, and ζ denotes the mode number. Simplifying (5.4), we obtain

ξj+1
[
− d0e−4ιϕ + 28d0e−3ιϕ + (4h4 + 92d0 + 40h2d1)e−2ιϕ + (104h4 − 604d0 + 80h2d1)e−ιϕ

+ (264h4 + 970d0 − 240h2d1) + (104h4 − 604d0 + 80h2d1)eιϕ + (4h4 + 92d0 + 40h2d1)e2ιϕ

+ 28d0e3ιϕ − d0e4ιϕ
]

= ξj
[
d0e−4ιϕ − 28d0e−3ιϕ + (8h4 − 92d0 − 40h2d1)e−2ιϕ

+ (208h4 + 604d0 − 80h2d1)e−ιϕ + (528h4 − 970d0 + 240h2d1) + (208h4 + 604d0 − 80h2d1)eιϕ

+ (8h4 − 92d0 − 40h2d1)e2ιϕ − 28d0e3ιϕ + d0e4ιϕ
]
−
ξj−1

120

[
e−2ιϕ + 26e−ιϕ + 66 + 26eιϕ + e2ιϕ

]
.

(5.5)

Simplifying (5.5), we get

ξ2
[
− d0 cos(4ϕ) + 28d0 cos(3ϕ) + (4h4 + 92d0 + 40h2d1) cos(2ϕ) + (104h4 − 604d0 + 80h2d1) cosϕ

+ (264h4 + 485d0 − 120h2d1)

]
= ξ

[
d0 cos(4ϕ) − 28d0 cos(3ϕ) + (8h4 − 92d0 − 40h2d1) cos(2ϕ)

+ (208h4 + 604d0 − 80h2d1) cosϕ+ (264h4 − 485d0 + 120h2d1)

]
−

1
60

[
cos(2ϕ) + 26 cosϕ+ 33

]
.

(5.6)

The expression (5.6) leads to the following characteristic equation

p(ξ) = A1ξ
2 +A2ξ+A3,

where

A1 = −d0 cos(4ϕ) + 28d0 cos(3ϕ) + (4h4 + 92d0 + 40h2d1) cos(2ϕ) + (104h4 − 604d0 + 80h2d1) cosϕ

= +(264h4 + 485d0 − 120h2d1),

A2 = −d0 cos(4ϕ) − 28d0 cos(3ϕ) + (8h4 − 92d0 − 40h2d1) cos(2ϕ) − (208h4 + 604d0 − 80h2d1) cosϕ

= −(264h4 − 485d0 + 120h2d1),

A3 =
1
60

[
cos(2ϕ) + 26 cosϕ+ 33

]
.

Applying the transformation ξ = 1+ω
1−ω and using Routh-Hurwitz criterion [19], we have

(1 −ω2)p

(
1 +ω

1 −ω

)
= (A1 −A2 +A3)ω

2 + 2(A1 −A3)ω+ (A1 +A2 +A3).

It can be easily verified that (A1 −A2 +A3) > 0, (A1 −A3) > 0, (A1 +A2 +A3) > 0, therefore, |ξ| 6 1, the
numerical scheme is unconditionally stable.

6. Error analysis

Using the QnBS approximations (2.5)-(2.8), we can establish the following relations [17, 24]

U′(zi) = u
′(zi) +

h6

5040
u(7)(zi) −

h8

21600
u(9)(zi) +

h10

1036800
u(11)(zi) + · · · ,



T. Nazir, M. Abbas, M. K. Iqbal, J. Math. Computer Sci., 20 (2020), 30–42 38

U′′(zi) = u
′′(zi) +

h4

720
u(6)(zi) −

h6

3360
u(8)(zi) +

h8

86400
u(10)(zi) + · · · ,

U′′′(zi) = u
(3)(zi) −

h4

240
u(7)(zi) +

11h6

30240
u(9)(zi) −

h8

28800
u(11)(zi) + · · · .

Now, using (2.7), (2.8), and (3.2), we can write

h4U(4)(zi) =
h2

40
[−U′′(xi−2) + 114U′′(xi−1) − 142U′′(zi) + 30U′′(xi+1) −U

′′(xi+2)]

+
7h3

10
[U′′′(xi−1) + 2U′′′(zi)].

(6.1)

Employing the operator notation, Eλ(U′(zi)) = U′(xi+λ), λ ∈ Z, Eq. (6.1) is written as [8]

h4U(4)(zi) =
h2

40
[−E−2 + 114E−1 − 142 + 30E1 − E2]u′′(zi) +

7h3

10
[E−1 + 2]u(3)(zi). (6.2)

Again, using E = ehD in (6.2), we get

h4U(4)(zi) =
h2

40
[
− e−2hD + 114e−hD − 142 + 30ehD − e2hD]u′′(zi) + 7h3

10
[
e−hD + 2

]
u(3)(zi).

Expanding in powers of hD, we obtain

h4U(4)(zi) =
h2

40
[
− 84hD+ 68h2D2 − 14h3D3 +

14
3
h4D4 + · · ·

]
u′′(zi)

+
7h3

10
[
3 − hD+

1
2
h2D2 −

1
6
h3D3 +

1
24
h4D4]u(3)(zi).

Simplifying the above relation, we have

U(4)(zi) = u
(4)(zi) +

7h3

600
u(7)(zi) −

19h4

3600
u(8)(zi) + · · · .

Now, the linearized form of BE (1.1) can be written as

utt = G(z, t,u), (6.3)

where G = −αuzz −βuzzzz, with uj+1
i − 2uji +u

j−1
i = ∆t2

[
θG
j+1
i + (1 − θ)Gji

]
. Using Taylor series about

(j+ θ)∆t, we obtain

(utt)i + θ∆t(uttt)i +
6θ2 + 1

12
∆t2(utttt)i +

θ(2θ2 − 1)
12

∆t3(uttttt)i + · · ·

= Gi −
θ(θ− 1)

2
∆t2(Gtt)i +

θ(θ− 1)(2θ− 1)
2

∆t3(Gttt)i + · · · .
(6.4)

Using (6.3) in (6.4), we get

(utt)i = Gi − θ∆t(Gt)i +
1 − 6θ(2θ− 1)

12
∆t2(Gtt)i + · · · . (6.5)

From (6.3), we define the truncation error ei = (utt)i −
(
−α(Uzz)i −β(Uzzzz)i

)
as

ei = θ∆t(uttt)i +
7βh3

600
(uzzzzzzz)i + · · · . (6.6)

Hence, the presented scheme for BE equation is O(∆t+ h3) accurate.
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7. Numerical results

In this section, we shall show the validity of our proposed numerical scheme by considering some test
problems. The accuracy of the scheme is tested by the following error norms [22]

L∞ = max
06i6n

|ui −Ui| , L2 =

√√√√h n∑
i=0

(ui −Ui)2,

where Ui and ui represent the numerical and exact solutions at the ith knot, respectively. The computa-
tional outcomes are compared with those obtained by quintic B-spline collocation method (QnBSM) [20]
and quintic trigonometric B-spline collocation method (QnTBSM) [25].

Problem 7.1. Consider the following BE [20]

utt − uxx + uxxxx + (u2)xx = 0, x ∈ [a,b], t ∈ [0, T ].

The exact solution is given by u(x, t) = −λsech2
[√

λ
6 (x− c1t+ µ)

]
− (c2 +

1
2). The initial/boundary

conditions can be extracted from exact solution. Table 1 displays a comparison of maximum absolute
error at different time steps with typical QnBSM [20] corresponding to different choices of mesh size when
0 6 x 6 1, 0 6 t 6 2, λ = 0.369, c1 = 0.868, c2 = −0.5, and ∆t = 0.05. It can be seen that our numerical
outcomes are better than QnBSM. In Figure 1, the approximate and exact solution at t = 1, 5, 10, 15, 20 are
plotted for −40 6 x 6 40, λ = 0.369, c1 = 0.868, c2 = −0.5, and µt = 60. The three dimensional graphs
of exact and approximate solution are displayed in Figure 2 when −40 6 x 6 40, 0 6 t 6 1, λ = 0.369,
c1 = 0.868, c2 = −0.5, and ∆t = 0.01.

Table 1: Maximum absolute error for Example 7.1, when λ = 0.369, c1 = 0.868, c2 = −0.5.
t h µ QnBSM [20] Proposed method

0.5 1/40 30 8.2943× 10−7 1.0520× 10−10

1.0 1/60 40 7.3326× 10−9 1.4798× 10−13

1.5 1/80 50 6.4525× 10−11 1.9831× 10−15

2.0 1/100 60 5.2066× 10−13 1.4215× 10−17

Approximate

Exact

t = 10

t = 20

t = 5

t = 1

t = 15

-20 0 20 40

-0.3

-0.2

-0.1

Figure 1: Numerical and exact solution for Problem 7.1 using −40 6 x 6 40, λ = 0.369, c1 = 0.868, c2 = −0.5, and µ = 60.
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(a)
Exact solution

(b)
Approximate solution

Figure 2: Exact and approximate solution for Problem 7.1 when −40 6 x 6 40, 0 6 t 6 1, λ = 0.369, c1 = 0.868, c2 = −0.5, and
∆t = 0.01.

Problem 7.2. Consider the following BE [25]

utt − uxx − uxxxx − 3(u2)xx = 0, x ∈ [a,b], t ∈ [0, T ].

The exact solution is given by u(x, t) = λ2−1
2 sech2

[√
λ2−1

2 (x− λt)
]
. The initial/boundary conditions

can be extracted from exact solution. The computational error norms L2 and L∞ corresponding to different
time stages are reported in Table 2 by setting 0 6 x 6 10, 0 6 t 6 0.1, λ = 1.116, and ∆t = 0.01. The
approximate results are found to be better than QnTBSM [25]. The one dimensional plots of exact and
approximate solutions are shown in Figure 3 using −10 6 x 6 15, t = 1, 2, 3, 4, 5, λ = 1.116, and ∆t = 0.01.
Figure 4 exhibits the 3D plots of approximate and analytical exact solution when −10 6 x 6 15, 0 6 t 6 1,
λ = 1.116, and ∆t = 0.01.

Table 2: Computational error norms for Example 7.2 when λ = 1.116.
QnTBS [25] Proposed method

t L2 L∞ L2 L∞
0.02 1.01× 10−3 5.20× 10−4 1.66× 10−6 9.73× 10−7

0.04 2.05× 10−3 1.05× 10−3 7.30× 10−6 5.55× 10−6

0.06 3.12× 10−3 1.59× 10−3 1.73× 10−5 1.38× 10−5

0.08 4.22× 10−3 2.14× 10−3 3.19× 10−5 2.59× 10−5

0.10 5.37× 10−3 2.70× 10−3 5.10× 10−5 4.18× 10−5

t = 1

t = 2

t = 3

t = 4

t = 5

Approximate

Exact

-5 0 5 10 15

0.02

0.04

0.06

0.08

0.10

0.12

Figure 3: Numerical and exact solution for Problem 7.2 using n = 100, −10 6 x 6 15, t = 1, 2, 3, 4, 5, λ = 1.116, and ∆t = 0.01.
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(a)
Exact solution

(b)
Approximate solution

Figure 4: Exact and approximate solution for Problem 7.2 when n = 100, −10 6 x 6 15, 0 6 t 6 1, λ = 1.116, and ∆t = 0.01.

8. Conclusion

In this article, a new quintic B-spline approximation for fourth order derivative has been proposed.
This new approximation is then used with typical quintic B-spline functions and theta weighted scheme
for numerical approximation of Boussinesq equation. The presented numerical method is shown to be
stable and O(∆t+h3) convergent. Some test examples have been taken from literature and the numerical
outcomes are compared with those obtained by QnBSM [20] and QnTBSM [25]. It is revealed that the
computational algorithm performs superior to the current variants on the topic by virtue of its better
accuracy and simple implementation.
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