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Abstract

In this work, we have presented a new quintic B-spline approximation technique for numerical solution of Boussinesq
equation. Usual finite difference formulation has been applied to discretize the problem in temporal domain, whereas, the
typical fifth degree B-spline functions, equipped with a new approximation for fourth order derivative, have been utilized to
interpolate the unknown function in spatial direction. The stability and error analysis of the proposed numerical algorithm have
been studied rigorously. Two test examples are considered to affirm the performance and accuracy of the new scheme. The
computational outcomes are found to be better than the existing numerical techniques on the topic.
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1. Introduction

The Boussinesq equation (BE) belongs to the family of Korteweg-de Vries equations. It describes
several physical phenomena such as propagation of waves, non-linear plasma waves exhibiting some
dissipative effects, propagation of bores and wave diffraction in shallow waters [9, 14, 15]. The shallow
water wave equations have several applications including storm and Tsunami propagation, river flooding
and dam breaks [25]. The generalized BE is given by

Uit + XU, + Buzzzz +'Y(u2)zz =0, z€ [ar b]/ te [O/ T]/ (1-1)

with the initial conditions
U(Z, 0) =01 (Z)l Ut (Z/ 0) = 92(2) (12)

and boundary conditions

U(Cl,t) = 1'|)1(t)l u(blt) = wZ(t)r
uz(a/t) = .Ll)3(t)/ uz(b/t) = 1‘I)ZL(J[)/ or uZZ(a/t) = lI)fi(t)/ uZZ(b/t) = lI)ﬁl(t)/

where u = u(z,t) denotes the wave displacement at point z and time t, «, 3, v are real constants and

(1.3)
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gi’s, Pi’s are known to be continuous functions. In the last couple of decades, several numerical and
analytical methods have been proposed for solving BE. Ismail and Bratsos [12] proposed a pair of pre-
dictor correctors for approximate solution of BE. The authors in [4] presented a linearized numerical
algorithm for solving BE. Bratsos et al. [3] proposed a parametric finite difference method (FDM) for
approximate solution of one dimensional shallow sea waves. Wazwaz [23] employed tanh-coth method to
explore multi soliton solutions for BE. Chavez et al. [5] studied the analytical solution of Boussinesq type
equations with their applications to the agricultural drainage. Uddin et al. [21] proposed radial based
functions based pseudo-spectral method for solving good BE. Akinlar and Secer [2] proposed Petrov
Galerkin wavelet method for approximate solution of BE. A fourth order FDM was developed by Ismail
and Mosally [13] to investigate the numerical solution of good BE. Siddiqi and Arshad [20] proposed
quintic B-spline (QnBS) collocation approach for approximate solution of classical non-linear BE. The au-
thors in [18] employed homotopy analysis method (HAM) to explore the analytical solution of BE with
variable coefficients. Zakaria et al. [25] used quintic trigonometric B-spline collocation method (QnTBSM)
to study the numerical solution of BE. Jang [16] introduced a new semi analytic dispersion-relation pre-
serving method to integrate the Boussinesq like equations. Darvishi et al. [6] derived the traveling wave
solutions for four different Boussinesq type equations.

In this work, the approximate solution of non-linear BE has been explored by means of QnBS collo-
cation method. The usual finite difference scheme and QnBS functions are employed for temporal and
spatial discretization respectively. The accuracy of QnBS collocation method has been enhanced by in-
troducing of a new approximation for fourth order derivative. The stability of the presented numerical
scheme has been studied subject to Von-Neumann stability analysis.

This work has been assembled as follows. In Section 2, we shall review some preliminaries of QnBS
interpolation. The formulation of new QnBS approximation for u#)(x) is demonstrated in Section 3. The
numerical scheme is presented in Section 4. The stability and error analysis have been given in Sections 5
and 6. Section 7 covers the numerical results and discussion.

2. Quintic B-spline functions

We uniformly partition the interval [a, b] by n 41 equidistant knots z; = zg +ih, i = 0(1)n, where

neZt, a=2zy,b=z,and h=L(b—a). The jth spline basis of degree p and order p + 1, is defined as

7] b

o forp=0
1, ifze€lz,zil,
Boi(z) = )7 2.1
05(2) {0, otherwise; @1)
e forp >0
B (Z) = ﬂB -1 (Z) + (1 — (Z_Zj+1) )B -1 '+1(Z), yAS [Z',Z'+1+ ] (22)
120) (Zj+p _Zj) P—L) (Zj+1+p —Zj+1) P—1) 17 5) P

Using (2.1)-(2.2), the fifth degree B-spline functions are defined as [17, 24]

(z—zj3)5, zel

h® +5h*(z — Zj_2) + 10h3(z — zj,z)z +10h%(z — zj,z)3 +5h(z— zj,z)4 —5(z— Zj,2)5, z €|

26h° + 50h*(z — zj_1) +20h%(z — zj_1)? —20h?(z — zj_1)® — 20h(z — z;_1)* + 10(z — 2;_1)°, z € [zj_1,%],
[
(

Bj(z) 26h° + 50h4(z,-+1 —z)+ 20h3(z]-+1 —2z)?2— 20h2(zj+1 —z)83 —20h(zj41 — z)4 + 10(z541 — 2, ze€ zj,zj+1l,  (23)
h° 4+ 5]’14(Zj+2 —z)+ 10h3(2j+2 — Z)z + 10h2(2j+2 — 2)3 + 5h(2j+2 — 2)4 — 5(Zj+2 — Z)S, z € 1Zj41, Zj+2},
(Zj+3_l)5/ FAS [Zj+2,lj+3},

0, otherwise,

~ 12015
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where j = —2,—-1,0,...,n+ 2. For a sufficiently differentiable function u(z), there corresponds a unique
OnBS U(z), s.t
n+2
z)= ) ¢Bj(z), (2.4)

]' —_
where, ¢;’s are, constants, yet to be calculated. Let U;, m;, M;, T; and F; denote the QnBS approximations
for u(z) and its first four derivatives at the ith knot, respectively. Using (2.3) and (2.4), we have

i+2
1
Ui=Uz)= ) ¢B =10 ——(e1_2 +26e;_1 + 66e; +26€i11 + €i12), (2.5)
j=i—-2
i+2
1
mp = = > eBj(z) = m(—ei,z—mei,1 +10ei41 + eis2), (2.6)
j=1i—-2
i+2
1
=U"(zy) Z ejBf (z; =3 (ei—2+2ei_1 —6e; +2ei 11+ €i42), (2.7)
j=1—2
i+2
T _u/// Z‘L Z e]B///
j=i—-2
i+2
1
F;, = u® (zi) = Z ejB].(4) (zi) = ﬁ(ei,2 —4e; 1 +6e; —4eiq + €i+2). (2.9)
j=i—2

1
= 53 (—eia+2ei1 — 2041+ eira), 2.8)

Moreover, from (2.5)-(2.9), we can established the following relations [17, 24]

h® h8
my =u(z1) + mum (zi) — mu(g) (zi) +---, (2.10)
ht h®
M; =u’(z;) + ﬁou(@ (zi) — %um (zi)+---, (2.11)
T =u®(z) ;j) D (z1) + ;(};;)u(”(zi) +oe, (2.12)
h2 ht
Fi=ul(z) = Suz) + 5 su 2+ (2.13)
From (2.10)-(2.13), we can write
Imi —w'(z0)lloo = maz [mi — ' (z1)| = O(h), (2.14)
IMi —u”(zi) [l = O(h*), (2.15)
ITi —u®(zi) ]l = O(hY), (2.16)
[Fi —u(24) [l = O(R?). (2.17)

The truncation error in F; is O(h?). This provides a solid reason to construct a new approximation for
fourth order derivative.

3. The new approximation for u(4)(z)

Using (2.13), following expression can be established for Fi_, at the knot z;, (i = 2,3,4,...,1—2)
[10, 11]

h? h*

Fig=u®(zi p) = Su®(zi o)+

h sy
12 ot F2)
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23h? 7h’
=u®(zy) —2nu® (z) + = i

We can derive similar relations for F;_1, Fi41 and F;, at the i knot as

h? h?
Fior =ul®(z) —hul® (z0) + == u®(z)) = SuD(z) +- -+,
12 12
2 h3
Fiar =ul®(z) + hul® () + iu(@(li) + Eum(zi) +---,
23h? 7h3
Fiso =ul®(z) +2nu®(z;) + Tu(@ (zi) + ?Um (zi) +---.
Let l;i be the new approximation to u®(zy), s.t,,
%i = MFi2+AFi 1+ AsFi + AqFipq1 + AsFigo. (3.1)
The above expression returns five equations involving A;’s as
MAAM+A3+M+A5=1, —2M — A2+ A4 +2A5 =0,
23A1 +5A — A3+ 574+ 23A5 =0, —14A 1 — A2+ A4+ 14A5 =0,
121A1 + A2 + A3 + Ay + 12125 = 0.
Hence, A1 = —2}1—0, Ay = 11—0, A3 = %, Ay = 11—0, and As = —2}1—0. Substituting A;’s back into (3.1), we obtain

F; —ej_4+28e;_3+92e;_, —604e;_1 +970e; —604e; 1 +92ei7 +28ei13 — €1+4). (3.2)

- 240h4(

Now we approximate 1) (z) at zg using four neighboring values, as

Fo = AMFo 4+ AoF1 4+ AsFp + A4F3, (33)

where
2 h4

5h? h3
@ (5) (6)
F1 =u'™(z9) + hu’ + B u'®(zg) + 0
23h2 7h3
=T u® (zo) + —u(zg) +- -,

2 3

u(zg) +---,
Fp = u®(z0) + 2nul® +

_ @ 5) 4 O
F3 =u'*/(z9) +3hu'’ + TR
The relation (3.3) returns the following four equations

MAAM+A3+A =1, A +2A3+3A4 =0,
—A1+5A +23A3 +53A\ =0, A2+ 14A3 + 51N = 0.

Hence, A1 = %, A = —%, A3 = %, and A4 = —11—2. Using these values in (3.3), we get

F 14e_, —6le_q + 108ey — 103e1 + 62, — 27e3 + 8es — es). (3.4)

_ 1 (
°7 120
Similarly, involving four neighboring knots at z;, we suppose

F1 = AMFo 4+ AxF1 4+ AsFp + A4F3, (3.5)
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where
Fo = w0 (z1) ) z) + 2o 1) = ) 4
Fr=u®(z) - }11;11(6) (z1) + 2}5011(8)(21) +---,
Fo =u®(z)) + hu® (z;) + ngu(ﬁ)(zﬂ + };;um(zﬂ +---,
F3 = u®(z1) +2hu'®(z1) + 2i>;12u(6) (z1) + 76hBu(7)(21) +---

The expression (3.5), gives the following equations involving A;’s

M+AA+A3+M =1, M +A3+2M0 =0,
5A1 — A2 +5A3 +23A4 =0, —A1 + A3+ 1404 = 0.
Solving the above system, we get A\; = %, Ay = %, A3 = ﬁ, and A4 = 0. Substituting A;’s back into (3.5),
we have 1
Fi = ond (e—+6e_1 —33ep + 52e1 — 33e; + b6e3 + e4). (3.6)

Working on the same lines, following approximations at the knots z,,_; and z,, are obtained

1
Fr1= o1 (
P

en—4+6en_3—33en_2 +52e,_1 —33en + 6€ni1+eni2), (3.7)

i (—en—5+8en_4—27en_3+62en_o —103en_1 + 108e,, — 6len 1 — 14en ). (3.8)

4. Description of the numerical method

In this section, we describe the proposed numerical method for solving BE equation. Applying usual
finite difference formula and 0 weighted scheme [1], the problem (1.1) is discretized in time direction as

w2y 4wt
At?

+0 u’“+[3ul§;z+v(u§z)j+l}+(1—9)[O‘ujzzﬂLﬁulzzﬁY(uiz)j =0, (41

where At is the temporal inclement, 0 < 0 < 1 and ui“

(uz, ) is linearized as [20]

symbolizes u(zi, tj; + At). The non-linear term

(uzz ))+1 z(uzz))(uzz)j+1 - (U—z )j- (4.2)

Substituting (4.2) into (4.1), we get

wH — 2y !
At?

+(1—-9) [ocuj Buzzzz (uiz))} =0.

+0andt! o+ pulth + {20 ) - (02,0}

Rearranging the above relation, we get

w4 [oceAtz +2y0At? (u,, ) ] (uz) T 4 poAt?ut],
(4.3)
=21 — At?(1—-0) [ocujlz +Bu,,, +y(uZ,) } +0yAt?(uz,) —w L
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Now, we uniformly partition the interval [a, b] by n + 1 equidistant knots z; = zg +ih, i =0(1)n, where
nezZ,a=z9,b=z,and h = %(b — a). Let us consider that the QnBS solution to (1.1) at jth time level
is given by

n-+2

z,t) Z e Bm

m=-—2

where e];n’s, the time dependent constants, are to be calculated. Substituting the approximations for u
and its derivatives at the knot z;, equation (4.3) takes the following form

j+1 RV IRR! j+1 j
W+ vIMIT 4+ uE T = w), (4.4)

where ) .
vl = AL +2y0A (uz,)], p= BOAL?,

w =20 — A2(1-0) | at(itzz)) + BUzzzz)) +v(12,)) | +08yAL2(2,)) —u -

Using (2.5)-(2.8), (3.2), (3.4), and (3.6)-(3.8) in (4.4), for i =0,1,2,3,...,n, we obtain the following linear
equations involving n + 5 unknowns.

j
N
0 (e’+1 +26€) 5! +66eh 1 +26e]" T+ ey ) + o5 (el 4260 —6e) 426} ")
+ W (14e)%}! — 61/ +108e) ™ —103e) !+ 62¢)"" — 27l 4 8e) T —elt!) =w),
1 v
g (€ +26eh " 66" +26e) " e} ) + o (Y 4 2e" T —6e} T - 2e) T+ e}
+ 1;14 (e]Jrl + 6e]+1 3362)+1 + 52€]+1 33e]+1 + 6e]+1 ]H) = w)i,
j
Vv,
el ) +26e) T +66e) T +26el ]+ el t) + b (el +2e) ] —6el T 4 2e) ] el
120 —2 —1 +1 i+2 6h2 —2 i+1 i+2
H +1 +1 +1 +1 +1 +1 +1 4.5
+ g (— el T+ 28e7 +92e] ) — 604e] | + 970l — 604e] 1] +92el )+ 28el 3 —el ) (4O

=w), 1=2,3,4,...,n—2,

j
. . v . .
o0 (€hTs +26€) 7 +66e) "y + 26 + el + S (e Ty + 2 —6e) T +2e] el )
H +1 +1 11 - i o " .
t Do (ehy +6€) 5 =33 + 527 —33el "+ 6el [y el ) =w)
i
- H ! Hlret! +1 +1 1 1 41
120 (e) 2—1—266) —i—66e)Jr +26e] 611+2) +@(e] 2+26) 6e)+ +26) 1+ejn+z)
+ Tﬁl‘l ( —en_5+ 881174 - 2767173 + 6267172 — 103€n71 + 108€n — 61€n+1 — 14€n+2) = W]n

Four more equations are obtained from the boundary conditions (1.3), as

(&%)} +26e)" " +66e) ™ +26e) T + eJ“) /120 = P (tj41), (4.6)
(=& =102 +10e) ™ + ) ™) /24h = P (t541), (4.7)
(=, —10e/H +10e) 7, 61;12) /240 = Py(ti11), (4.8)

(e, +26e) 71 + 66l +26€) 7 + ") /120 = Yoty 1) (4.9)

The set of equations (4.5)-(4.9) are a system of linear equations which can be expressed in matrix from as

ACIT! =B, (4.10)
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where A denotes the matrix of coefficients with order n +5, B is column vector with order n +5 and the

column vector C11! = [e )+21 e”l1 g)H - e)nTz] T contains the control points at the (j +1)™ time level.

Before starting any computation using (4.10), we obtain the following set of equations from initial
condition (1.2)

(—e%,—10e" ; +10€) + €9) /24h = g (zo),
(€2, +2e%; —6ef + 2€] + €9) /6h* = g (zy),
(€9 5 +26€) ; +66€) +26e),; +el,,)/120 = gy(
/

0 0 0 0 0
(en72 + Zen—l - 6en + 26n+1 + en+2

—~
~
N
=
=
Il
«Qa
_~ =
N
3

( —e) o— 10e(r)L—1 + 10e91+1 + e(r)wz
The above system can be expressed in matrix form as
AC’ =B.

The unknown column vector C is determined by a modified form of well known Thomas algorithm. The
numerical computations are executed in Mathematica 9.

5. Stability Analysis
For 0 = 1/2, the linearized form of (4.1) is given by
20 + oA (122 )T 4 BAL (Uzzz2 )T = 4 — oA (uz2)) + BA (w222 ) — 20 (5.1)
By substituting the approximations for u and its derivatives at i knot in (5.1), we get
j+1 231 +1 2pj+1 j j j j—1
20 + aAPMIT + BAEPE T = 4U) — aAPM) — BALPF) —2U) . (5.2)
Using (2.5)-(2.8) and (3.2) in (5.2), we have
—doel "} +28dgel "L + (4h* +92dg + 40n%d;)el ) + (104h* — 604dy + 80h2d; el ]
+ (264h* +970do — 240h?d; )e) ™' + (104h* — 604d + 80h*d;)e) ] + (4h* +92dy + 40h%d;)el )

j+1 j+1
+28d0€1+3 d0e1+4

— doe)_, —28dge)_, + (8h* —92dg — 40n2d;)e) , (5.3)
+ (208h* + 604do — 80h?dy)e)_; + (528h* — 970dg + 240h%d; )e] + (208h* + 604dy — 80h*ds)el , |
1
+ (8h* —92dy — 40n’dy)e] ., — 28doe} 5 + doel 4 — 1 5 ——(e) 75 +26€) " +66e) ! +26e) ] +el)),
where dy = BAt? and d; = xAt?. Now, following [26], we put e} = &let™® into (5.3)
g+l {— doet (Mm@ 4 284)et (M 3@ 4 (4h* 4 92d, + 40h%d; e (™2 4 (104h* — 604d,
+80h2dy)et ™~ 1@ 4 (264h* +970dy — 240h%d; )e'™® + (104h* — 604d, + 80h2d; )e' M+ D@ 4 (4h* + 924,
+40h?dy )et ™A@ 4 28dget (MF)@ — gpet Mm@
— ¢ {doe“m‘”“’ —28dge(Mm—3)® 4 (8h* —92dy — 40h%dy et (M2 @ (5.4)

+ (208h* + 604dg — 80h2d; et ™ D@ 4 (528h* —970d, + 240h?d; )e'™® + (208h*
+604dy — 80h2dy)e' (M1 @ 4 (8h* — 924, — 40h2d; et (M +2)® _28q et (MF3)® 4 goet(m+d)e

gt

50 [eL MA@ 4 06e (M@ 4 peet ™ 4 26et M@ gt imA2)@
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where i = v/—1, ¢ = Ch, and C denotes the mode number. Simplifying (5.4), we obtain

g+l { — doge ' +28dge ' + (4h* +92dy + 40h?d;)e 2*? + (104h* — 604dy + 80h?d;)e*®
+ (264h* +970dy — 240h?d; ) + (104h* — 604dg + 80h2d;)e'® + (4h* +92d, + 40h%d;)e?

+ 28(10633“P — d0e4“p]

=& [dge_‘“(" —28dge " + (8h* —92dy — 40h*d)e ¢ °7
+ (208h* + 604dg — 80h%d; )e ™' + (528h* —970dy + 240h%d;) + (208h* + 604dy — 80h%d; )e*®
+ (8h* —92dy — 40h2d;)e?* ¥ —28dge> ® + d0e4“p] — ‘E [ez“" + 2667 466 +26e"? + e |.
Simplifying (5.5), we get
£2 [— do cos(4@) +28dg cos(3¢) + (4h* +92d, + 40h%d;) cos(2¢) + (104h* — 604d, + 80h?d;) cos @
+ (264h* + 485d) — 120h?d;)
(5.6)

=& [do cos(4¢) —28dg cos(3¢) + (8h* —92dy — 40h?d;) cos(2¢)

1
+ (208h* + 604dy — 80h%d;) cos ¢ + (264h* — 485d, + 120h2d1)] - [Cos(Z(p) +26cos @ +33].

The expression (5.6) leads to the following characteristic equation

P(&) = A1E2 + A + As,

where

A1 = —dgcos(4¢) +28dg cos(3¢) + (4h* +92do 4+ 40h%d;) cos(2¢) + (104h* — 604dy + 80h?d;) cos @
= +(264h* +485dy — 120h2d,),

Ay = —dg cos(4@) —28dg cos(3¢) + (8h* — 92dy — 40h?d; ) cos(2¢) — (208h* + 604dy — 80h>d;) cos ¢
= —(264h* — 485dy + 120h%d;),

1
Az = 0 [Cos(2(p) + 26 cos @ —1—33}

Applying the transformation £ = =% and using Routh-Hurwitz criterion [19], we have

1+w
(1— wz)p <1—(1)> = (A1 — A+ Ag)wz +2(A1— Ag)w + (Al + Aj +A3).

It can be easily verified that (A; — Ay + A3z) >0, (A1 —A3) >0, (A1 + Az + A3) > 0, therefore, [] < 1, the
numerical scheme is unconditionally stable.

6. Error analysis

Using the QnBS approximations (2.5)-(2.8), we can establish the following relations [17, 24]
h6 h8 th

Ui(z:) =uw(z:)+ —uD(z:) — —— 1D (2
(20) = wizd) + 5520w " (20 — 550" (%9 * 1036800 %

(11)(2‘1'.) + - ’
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" " h4 (6) h6 (8) h’8 (10)
U’(ziy) =u (Zi)+ﬁ0u (zi) %u (Zi)+86400u (zi) + ,
h* 11h® h8
M,y — 13y = (7). 9.y (1) (.
U™ (zi) =u'(z) ik (zl)+30240u (z1) 28300 ™ (z)+---.
Now, using (2.7), (2.8), and (3.2), we can write
h2
AU (z¢) = 512U (xi2) + 114U (xi1) — 142U" (20) + 30U (xi.1) — U (xi42)]
(6.1)
7h3
+ W[um(xifl) + 22U (zq)].

Employing the operator notation, E* (U/(z;)) = U/ (xi+a), A € Z, Eq. (6.1) is written as [8]
2 3

7h
hu®(zy) = :—O [—E~2+114E ' — 142 + 30E' — EZu” (z¢) + T B!+ 21u®)(zy). 6.2)

Again, using E = e"P in (6.2), we get
hZ
hHu®(zy) = ) [—e "D 4114 "P — 142 4 30e"P —e"Plu"(z) + ——[e P + 2]u(3) (zi).
Expanding in powers of hD, we obtain

h? 14
hU® (z;) = — [~ 84hD + 68h?D? — 14h3D? + §h4D4 +ou(zy)

40
7h3 1 1 1
+ 30 [3—hD + EhZD2 — 6h~°’D3 + ﬂh‘*D‘*]u(?’) (z1).
Simplifying the above relation, we have
7h3 19h*
4)(,.) — ) AP VA FOSR 8) (..
U™ (z) =uw ™ (z1) + 00 (z1) 3600 " (zi) +
Now, the linearized form of BE (1.1) can be written as
uy = G(z,t,u), (6.3)
where G = —ou,, — Bu,,,,, with W 2w+ = A2 oG + (1— G)G]: . Using Taylor series about
1 1 1 1 1 g y
(j + 6)At, we obtain
602 +1 0(20% -1
(wee)i + OAt (wee)i + B A (Weeet ) + (12)At3(uttttt)i + 6.0
6.4
0(0—1 0(6—1)(20—1
=Gi— ( 5 )Atz(Gtt)i+ ( )2( )At3(Gttt)i+"' .
Using (6.3) in (6.4), we get
1—-60(20—1
()i = Gi—0ALG ) + + A0 AR (Gt ©5)

From (6.3), we define the truncation error e; = (W¢t)i — (— o(Uy )i — B(U.ZZZZ)i) as

7Bh3

ei = OAt(uee)i + 600

(uzzzzzzz)i e (66)

Hence, the presented scheme for BE equation is O(At + h®) accurate.
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7. Numerical results

In this section, we shall show the validity of our proposed numerical scheme by considering some test
problems. The accuracy of the scheme is tested by the following error norms [22]

o<isn

n
Lo = max fui —Ui| , L= JhZ(ui —U;)?,
=0

where U; and w; represent the numerical and exact solutions at the i knot, respectively. The computa-
tional outcomes are compared with those obtained by quintic B-spline collocation method (QnBSM) [20]
and quintic trigonometric B-spline collocation method (QnTBSM) [25].

Problem 7.1. Consider the following BE [20]

Utt — Uxx +uxxxx + (uz)xx - 0/ X € [a/ b]; te [0/ T]

The exact solution is given by u(x,t) = —Asech? [\/é (x —cit+ u)] — (e + %). The initial/boundary
conditions can be extracted from exact solution. Table 1 displays a comparison of maximum absolute
error at different time steps with typical QnBSM [20] corresponding to different choices of mesh size when
0<x<1L,0<t<2,A=0369, c; =0.868, c; = —0.5, and At = 0.05. It can be seen that our numerical
outcomes are better than QnBSM. In Figure 1, the approximate and exact solution at t = 1,5, 10, 15,20 are
plotted for —40 < x < 40, A = 0.369, ¢; = 0.868, c; = —0.5, and pt = 60. The three dimensional graphs
of exact and approximate solution are displayed in Figure 2 when —40 < x < 40,0 <t <1, A = 0.369,
c1 =0.868, c; = —0.5, and At = 0.01.

Table 1: Maximum absolute error for Example 7.1, when A = 0.369, ¢; = 0.868, c; = —0.5.
t h pw | QnBSM [20] | Proposed method
05| 1/40 | 30 | 8.2943 x 107 1.0520 x 10~ 10

1.0 | 1/60 | 40 | 7.3326 x 1072 | 1.4798 x 10~ 13
15| 1/80 | 50 | 6.4525 x 1011 | 1.9831 x 10~1°
2.0 | 1/100 | 60 | 5.2066 x 10~13 | 1.4215 x 10~

40

-0.1

Figure 1: Numerical and exact solution for Problem 7.1 using —40 < x < 40, A = 0.369, ¢; = 0.868, c; = —0.5, and p = 60.
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100 /0 (b)

Approximate solution

Exact solution

Figure 2: Exact and approximate solution for Problem 7.1 when —40 < x < 40,0 <t <1, A =0.369, ¢c; = 0.868, c; = —0.5, and
At = 0.01.

Problem 7.2. Consider the following BE [25]

Wit — Uxx — Uxxxx — 3(u2)xx =0, x¢€lab], tel0,Tl.

The exact solution is given by u(x,t) = %sech2 [—V}‘;_l(x — ?\t)}. The initial/boundary conditions

can be extracted from exact solution. The computational error norms L, and L, corresponding to different
time stages are reported in Table 2 by setting 0 < x < 10, 0 < t < 0.1, A = 1.116, and At = 0.01. The
approximate results are found to be better than QnTBSM [25]. The one dimensional plots of exact and
approximate solutions are shown in Figure 3 using —10 < x <15,t=1,2,3,4,5, A = 1.116, and At = 0.01.
Figure 4 exhibits the 3D plots of approximate and analytical exact solution when —10 <x < 15,0 <t <1,
A =1.116, and At = 0.01.

Table 2: Computational error norms for Example 7.2 when A = 1.116.

QnTBS [25] Proposed method

t L, Lo L, Lo
0.02 [ 1.01x1073 | 520x10~% | 1.66 x 107° | 9.73 x 107
0.04 | 205x1073 | 1.05x 1073 | 7.30x 107® | 5,55 x 10~°
0.06 | 312x1073 | 1.59x 1073 | 1.73x 107> | 1.38 x 10>
0.08 | 422 %1073 | 214 x 1073 | 319%x 1075 | 259 x 10~°
0.10 | 537 x1073 | 270 x 1073 | 510 x 107° | 4.18 x 10—°

-5

0

Figure 3: Numerical and exact solution for Problem 7.2 using n =100, =10 < x < 15,t=1,2,3,4,5, A = 1.116, and At = 0.01.
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(b)

Exact solution Approximate solution

Figure 4: Exact and approximate solution for Problem 7.2 when n =100, =10 < x < 15,0 <t <1, A = 1.116, and At = 0.01.

8. Conclusion

In this article, a new quintic B-spline approximation for fourth order derivative has been proposed.
This new approximation is then used with typical quintic B-spline functions and theta weighted scheme
for numerical approximation of Boussinesq equation. The presented numerical method is shown to be
stable and O(At +h3) convergent. Some test examples have been taken from literature and the numerical
outcomes are compared with those obtained by QnBSM [20] and QnTBSM [25]. It is revealed that the
computational algorithm performs superior to the current variants on the topic by virtue of its better
accuracy and simple implementation.
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