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Abstract 
In this paper a certain progression of fuzzy numbers is introduced that called 
geometrical- arithmetical progression of fuzzy numbers. We study the features of this 
kind of progression. We also introduced the geometrical progression of fuzzy 
numbers and the arithmetical progression of fuzzy numbers through using 
geometrical-arithmetical progression. If fuzzy numbers change into crisp numbers, 
then geometrical- arithmetical progression of crisp numbers is obtained which is 
more general than geometrical and arithmetical progression and in special cases, 
change into them. There are some numerical examples at the end. 
 
Keywords: Fuzzy number, arithmetical progression, geometrical progression, 
geometrical- arithmetical progression. 
 
 

1. Introduction 
Progressions are widely used in computing the interest annually of a bank, half-life of radioactive 

substances, the rate of growth and etc. In conventional geometrical and arithmetical progressions, 
numbers are certain and in the form of crisp. In conventional geometrical progression, the sentences are 
successively multiplied by a value like c: 
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,...,...,,, 123121  nn caacaacaaa  (1) 

 
In conventional arithmetical progression, the sentences are successively added up by a value like d: 
 

,...,...,,, 123121 daadaadaaa nn         (2) 

 
In this article, one of our purposes is to introduce a new progression which is a combination of 

arithmetical and geometrical progression called geometrical-arithmetical progression. Every sentence of 
this progression is a linear combination of previous sentence and is shown as:  

 

,...,...,,, 123121 dcaadcaadcaaa nn    (3) 

 
In the our real life, the numbers sometimes cannot be recorded or collected precisely. For example, 
obtained number presented as vague, can be uncertain such as “about 50” or “approximately between 
100 and 110”. For this reason, we try to generalize the above mentioned progression for triangular fuzzy 
numbers, and this is our main purpose in this article. Therefore, the fuzzy set theory attributed to Zadeh 
(1965) is found to be an appropriate tool in modeling the imprecise number. We prepare our discussion 
in 5 sections. In Section 2, we mention some of the necessary definitions and preliminaries. In Section 3, 
we first intruduce the Progressions of fuzzy numbers and then present  a new crisp progressions. In 
Section 4, we first give some examples. Finally, we conclude in Section 5. 
 

 2. Definitions and Preliminaries 
Definition1: The fuzzy subset N

~
of real line IR, with the membership function ]1,0[: IRN  is a fuzzy 

number if and only if, (a) N
~

is normal, (b) N
~

is fuzzy convex (c) 
N

 is upper semi-continuous, (d) supp 

( N
~

) is bounded. 
 

Definition2: A triangular fuzzy number N
~

 is fuzzy number that membership function defined by three 

numbers 321 aaa   , where the base of the triangle is the interval [a1, a3] and vertex is at x=a2 .We denote 

by  
F(IR) the set of all fuzzy number. 
 

 Definitoin3: The  -cut of a fuzzy number N
~

is a non-fuzzy set defined as    )(;
~

xIRxN N . 

Hence we have   UL NNN 

~
,

~~
  where 

     

  ,)(;inf
~

  xIRxN N

L    )(;sup
~

xIRxN N

U

 
(4) 

 

Definition4: Suppose that ba
~

,~ are two fuzzy numbers. Then each  -cut babababa
~~,

~~,
~~,

~~  is 

defined as follows: 
     

]
~~,

~~[)
~~( UULL bababa    (5) 

   ]
~~,

~~,
~~,

~~max,
~~,

~~,
~~,

~~[min)
~~( uUULUULLLUULUULLL bababababababababa    (6) 
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)
1

,
1

,
1

(
1
~

,))
1
~

(~()
~~(

123 bbbbb
aba    

(7) 

    Definition4: a~ will be crisp number with m value if its membership function is  
           



 


otherwise

mx
xa

0

1
)(  

 (8) 

 
 3. Fuzzy and Crisp Progressions 
3.1. Fuzzy Geometrical-Arithmetical Progression   

The progression ,...~,...,~,~
21 naaa is called fuzzy geometrical- arithmetical progression if we 

have:  
 

       ,...1
~~1

~~,...,1
~~1

~~,~
1121 dncndc aaaaa  

 (9) 

  

In which   c1
~

 and  d1
~

are two crisp numbers and we call them the first and second parameters of 

fuzzy geometrical- arithmetical progression. 

Lemma1. The first and second parameters of fuzzy geometrical- arithmetical progression are in the 
form of: 

  )~~()~~(1
~

211   nnnnc aaaa

 
(10) 

     2211 1
~

)]~~(1
~

)~~[(1
~

  nncnnd aaaa

 
(11) 

 
Proof: 

          
 

       )1
~~1

~
()1

~~1
~

(~~
211 dncdncnn aaaa     )~~(1

~
21   nnc aa  (12) 

 
And it implies:

      
    

 

  )~~()~~(1
~

211   nnnnc aaaa  
(13) 

 
And about the second parameter, we have:

      
     

 

       )1
~~1

~
()1

~~1
~

(~~
211 dncdncnn aaaa        dnnc aa 1

~
1
~

)~~(1
~

221    
(14) 

And it implies:
    

       
 

     2211 1
~

)]~~(1
~

)~~[(1
~

  nncnnd aaaa  (15) 

Lemma2. The thn  sentence of fuzzy geometrical- arithmetical progression is in the form of: 
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     knn c

n

k
dcn aa 


 1

~
1
~~1

~~
2

11

 

(16) 

Proof: 

              dc aa 1
~~1

~~
12   

         
           ddccdc aaa 1

~
1
~

1
~~1

~
1
~~1

~~
123 2   

         
               ddcdccdc aaa 1

~
1
~

1
~

1
~

1
~~1

~
1
~~1

~~
23 134   

            . 
            . 
            . 

                        ddccdncn nn aaa 1
~

...1
~

1
~~1

~
1
~~1

~~
21 11        knn c

n

k
dc

a 


 1

~
1
~~1

~

2
11

 
Lemma3. The sum of the first n  terms of geometrical- arithmetical progression is in the form 
of: 

             
 

       kk ckn

n

k
dc

n

k
n aS 1

~
1
~

1
~

1
~~~

1

2

0

1

0
1  








  

(17) 

Proof: 

           

   

               )1
~

...1
~

1
~~1

~
(...)1

~
1
~

1
~~1

~
(

)1
~~1

~
(~~...~~~

212 11

1121

ddccddcc

dcnn

nn aa

aaaaaS







 

 

               
              }{}{)}1({211 1

~
1
~

1
~

...1
~

1
~

1
~

1
~

1
~~)1

~
...1

~
( 21 dcnndcndncc nn a   

         
 

                
       kk ckn

n

k
dc

n

k
a 1

~
1
~

1
~

1
~~

1

2

0

1

0
1  








  

 

3.2. Fuzzy Geometrical Progression 
Through substituting 0d in the fuzzy geometrical-arithmetical progression, there will be a 

geometrical progression of fuzzy numbers out of which: 
 

             )~()~~(1
~

211   nnnnc aaaa  

           1
~1

~~
1 aa ncn    

           
 kc

n

k
n aS 1

~~~
1

0
1






 
 

Remark 1: A fuzzy geometric series is defined the sum of the terms in a fuzzy geometric 
progression. 

 
3.3. Fuzzy Arithmetical Progression 
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Through substituting 1c in the fuzzy geometrical- arithmetical progression, there will be an 
arithmetical progression of fuzzy numbers out of which: 

 

          22 1
~

)~~(1
~

 nnd aa  

           dnn aa 1
~

1
~~~

11    

         

   dnnnn aS 1
~

1
~~1

~~

2

)1(1 







 

 
Remark 2: A fuzzy arithmetic series is defined the sum of the terms in a fuzzy arithmetic 
progression.  

 

3.4. Geometrical-Arithmetical Progression of crisp numbers 
If the fuzzy numbers of ,...~,...,~,~

21 naaa change into the crisp numbers ,...,...,, 21 naaa , then 

there will be a progression called the geometrical- arithmetical progression of crisp numbers as 
follows:  

 

          ,...,...,, 1121 dcaadcaaa nn    

 
Considering the previous lemmas, we have 
  

         2

)()(
, 211

21

1 



 





 nnnn

nn

nn aacaa
d

aa

aa
c  

         



 
n

k

knn

n cdaca
2

1

1  

         










2

0

1

0

1 )1(
n

k

k
n

k

k

n ckndcaS

 
 

Remark 3: If the value 1 is placed instead of  c  in the geometrical- arithmetical progression, then 
this progression will change in to an arithmetical progression. 
 

Remark 4: If the value 0 is placed instead of  d  in the geometrical- arithmetical progression, then 
this progression will change in to a geometrical progression. 

 
4. Numerical Examples 
Example 1: suppose we have the geometrical- arithmetical progression ,...40,13,4 . Then there will be: 

          542,1,3 5  Sdc  

Example 2: suppose we have the fuzzy geometrical- arithmetical progression ,...12
~

,9
~

,3
~

 out of which: 

 

        )25,19,17(12
~

,)11,9,7(9
~

,)4,3,2(3
~

  
then 

         )2,2,2()7,6,5()14,12,10()3
~

9
~

()9
~

12
~

(1
~

c
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           )3,3,3()2,2,2()3
~

9
~

)(2,2,2()9
~

12
~

(1
~

d
 

       )202,171,140(
~

10 S
 

       ]31202,31140[
~

,10  S  
 
Figure 1 shows sum of the first n  terms in Example 2. 

140 150 160 170 180 190 200 210
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

A
lp

h
a

Sum  
Figure 1. uzzy number of the sum of the first n  terms 

 
Example 3: A population increase 5% each year on the basis of birth rate considering that it admits 10 
peopole as immiggrants. According to the obtained information, the primary population is approximately 

200 people. On the whole, the relation between the population in thn  year and and r brith rate, and 
admitting to d number follows:  
 
               )205,200,195(~

0 a  

                    knn rd

n

krn aa 
 

)1(1
0)1(

1
~

1
~~1

~~  

 
In this example 10,05.0  dr  

                   knn

n

k
na 




)05.1(10
1)05.1(

1
~

1
~

)205,200,195(1
~

              

))05.1(10)05.1(205,)05.1(10)05.1(200,)05.1(10)05.1(195(
111












 
n

k

knn
n

k

knn
n

k

knn

 
 
The population is “approximatly 336” people in the 6th year by following function membership: 
 

              )72.342,02.336,32.329(~
6 a  

              ]7.672.342,7.632.329[~
,6  a   

 
Figure 2 shows number of people in the 6th year in Example 3. 
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Fuzzy number of the population
  

Figure 2. uzzy number of the population 

 
 

5. Conclusion 
In traditional method, the number sequences is generally assumed to be a crisp value. However, real 

numbers are usually vague, so conventional formulas of progressions are inaccurate.  The application of 
fuzzy sets theory to progressions is proposed in this paper by triangular fuzzy number. We have 
introduced the fuzzy progression and a new crisp progression. We have prepared the computational 
procedure to find some properties of the progressions of fuzzy numbers. Our methods are well defined 
since if all the numbers are crisp they reduce traditional method.  
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