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Abstract

In this paper, we obtained the Hermite-Hadamard and Hermite-Hadamard-Fejer type inequalities for p-convex functions
via new fractional conformable integral operators. We also gave some new Hermite-Hadamard and Hermite-Hadamard-Fejer
type inequalities for convex functions and harmonically convex functions via new fractional conformable integral operators.
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1. Introduction
A function ¢ : K — R on a real interval, for all k1, k> € K and t € [0, 1], is called convex if
e(tks + (1 —1k2) < to(k1) + (1 —T)o(k2)

holds. Many authors gave results for convex functions due to its importance. The most well known
inequality for convex functions is called The Hermite-Hadamard inequality [5] given as

0 kitko) _ 1 J"Z(p(s)ds @(k1) + o(ko)
2 Sk —ki Sy, 2 ’

N

(1.1)

where ki, ky € K, k1 < k. Then Fejer [4] introduced the weighted generalization of (1.1) as follows

kitko ) [*2 1 (e k k) [*2
2 K ka — k1 Jy, 2 ki

where g : [k1, ko] = R is nonnegative, integrable, and symmetric to (k; 4+ kz)/2. These two inequalities
are then generalized in different ways. There are many generalization of convex functions.

*Corresponding author
Email address: nailamehreen@gmail.com, naila.mehreen@sns.nust.edu.pk (Naila Mehreen)

doi: 10.22436/jmcs.019.04.02
Received: 2018-06-02 Revised: 2018-11-23  Accepted: 2018-12-20


http://dx.doi.org/10.22436/jmcs.019.04.02
http://crossmark.crossref.org/dialog/?doi=10.22436/jmcs.019.04.02&domain=pdf

N. Mehreen, M. Anwar, J. Math. Computer Sci., 19 (2019), 230-240 231

Definition 1.1 ([7]). Consider an interval K C (0,00) = R4, and p € R\{0}. A function ¢ : K — R is
called p-convex if

o (M + (11— ) < Tolla) +(1-To(ke) (1.2)
for all ki, k; € K and T € [0, 1]. If (1.2) is reversed then ¢ is called p-concave.

Authors (see [1-3, 16, 18-21]) gave Hermite-Hadamard and Hermite-Hadamard-Fejer inequalities in
other fractional integrals including Riemann-Liouville, Hadamard, Katugampola, etc.. These integrals are
defined as follows.

Definition 1.2 ([11]). Let ¢ € L[ky, ko]. The right- and left-hand side Riemann- Liouville fractional inte-
grals ]{i‘l L@ and ]{i‘r(p of order « > 0, k» > ky > 0, are expressed as:

Jir@(s) = F(loc)Jk (s—1)* Lo(t)dT, s >k, (1.3)
and
o 1 e a—1
Je,—@(s) = WJ (t—s)* "p(t)dT, s <k, (1.4)

respectively, where T'(-) is the Gamma function expressed as I'(«) = [’ e Tt ldr.

Definition 1.3 ([14]). Let x > 0 withn—1 <« < n,n € N, and 1 < s < ky. The left- and right-side
Hadamard fractional integrals of order « of function ¢ are respectively detailed as:

o 1 s\ =1 (1)
HE L o(s) _WL (ln;) —dr, (1.5)
d
" g ols) = [ () 0, 16
k=P =gy o s T '

Definition 1.4 ([10]). Let [ki, k2] C R is an interval. Then, the left- and right-side Katugampola fractional
integrals of order o(> 0) of @ € X¥(kq, kz) are described as:

1—x s
I 0ls) = oo | (7 =) plr, 17)
1
and ) .
.
I, 0ls) = o | k) e T, (18)

with k1 < s <k and p > 0.
Jarad et al. [9] has defined the following new fractional integral operator.

Definition 1.5 ([9]). Let B € C, then the left and right sided fractional conformable integral operators of
order « > 0 are respectively characterized as:

Boa v 1[5 ((s=k)*—(t—k)*\PT' (1)

K, d @(s)—r(m Ll( " ) (T—kl)Hch’ (1.9)
1 (% ((ka—8)*—(ka—1)*\P" (1)

Bao _

8k2(p(3)—r(ﬁ)Js < " ) (kZ—T)lfoch‘ (1.10)

Note that the fractional conformable integral operator (1.9) gives (1.3), (1.5), and (1.7) by taking & =1,
ki =0and « — 0, and k; = 0, respectively. Similarly, the fractional conformable integral operator (1.10)
gives (1.4), (1.6) and (1.8) by taking « =1, ko =0 and &« — 0, and ky = 0, respectively.

In this paper, we established new Hermite-Hadamard and Hermite-Hadamard-Fejer inequalities for
p-convex functions via new fractional conformable integrals.
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2. Hermite-Hadamard type inequalities

The intention of this section is to prove new inequalities for p-convex functions via new fractional
conformable integrals.

Theorem 2.1. Let @ : [k, ko] C (0,00) — R be a p-convex function such that ¢ € L[ky,kz]. Then
(i) for p > 0 we have

P pl/p B

2 (K] —KP)P 2

where h(s) = s%for all s € kP, k5]
(i) for p < 0 we have

KP KPP oBT(B +1) (k1) + (k)
X bTY Tpga Py, B g« py] o @k1) + (k)
q)([ 2 ] S 20 —i)ep L A eohla)+igdteohli)] s ===

where h(s) = s%, s € [k}, k1.

Proof. Since ¢ is p-convex on [k1, kp], we can have

0 ({xuyp]%) _ 0l +oly),
2 2

Taking xP = 7k} + (1 — 1)k} and yP = (1 — 1)k} + 7wk} with T € [0, 1], we get

o[y s e (o)

(2.2)

2 = 2

Multiplying (2.2) by ( 17; - ) P~ 101 on both sides with T € (0,1), o« > 0 and then integrating along T over
€ [0, 1], we obtain

1
kP kp P 1 1— 1% p—1 1 1— 1% p—1
@ ([ 1 —; 2] ) Jo < (XT ) ¢ ldr < Jo < (XT > Lo ([Tk{’—i—(l—T)kﬂ

1 1— 1% p—1
+L< Of) w1 ([[1— 0] + 7]

=1+ L.

o=

)dT
) dr

(2.3)

=

By setting u = Tk} + (1 — 1)k}, we have

I, = r <1 Tm) o g ([ka n (1—r)k§]%) dt

0 0.4
u—kb \ & Bl

@ (1- (a5 u—kp du
= — Ay @oh(u).5—%

19 o ky —k; ky —k;

1 kD — kD) — (k) —w)x\ P

- - P_ a—1
— r'e) Bqgo P
_W Hkg(poh(kl).
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Similarly, by setting u = Tk} + (1 — 1)k}, we have

1 1— 1% p—1 1
12=J< . > Lo ([(1 -0 + ] ) dr
0
u—kP \x\ P
@ (1- (i) u—kp du
= B E— g ¢ohlu)p—5
kP o ky — kg ky — kg
1 kD — kD) — (u— kD)) P
_ _ 1 Pyx—1
r'p) B
- g By oo

Thus by putting values of I; and I, in (2.3), we get

1 kp+kp % I
2

abBp ¢ 2 —kP)
This completes the first inequality of (2.1). For second inequality, we know that
1 1
o ([T +(1—0E]7 ) + o [k + (1= K] ) <lolka) + @(ka)]. (2.4)

Multiplying (2.4) by (%) P! 101 on both sides with T € (0,1), « > 0 and then integrating along T over
€ [0,1], we obtain

r(p)

1
gt Pa0on(k) + &% on(kE)| < —= (ki) + @(ko)).
2 1 1

kB

This completes the second inequality of (2.1). Hence we have the proof.
The proof of (ii) is parallel to (i). O

Remark 2.2. In Theorem 2.1:

1. by allowing p = 1, we achieve Theorem 2.1 in [17];
2. by allowing p =1 and « = 1, we achieve Theorem 2 in [15];
3. by allowing p = —1 and « = 1, we achieve Theorem 4 in [8].

Corollary 2.3. With the parallel assumption of Theorem 2.1, if we take p = —1, then we get

2k ko (kiko)*PoxPT(B+1) [ o 1 5 1 (k1) + @ (ko)
< h|{ — x h( = g T AR
¢ <k1 +k2> 2(kp — kq)*B Ij, @0 )t 1/k0 @ © o 5

~

where h(s) = %, s € [k%, ki]}

Lemma 2.4. Let ¢ : [kq,kz2] C (0,00) — R be a differentiable function on (ki,kz) with k1 < ko such that
@’ € Lk, ko], then

(i) forp >0
1A¢ (K1, k25 06 3;7)

K —kD)ab (M 1\ P 11—\ P
-S| ()

T

A%ilcp’ <[Tk{’ +(1—1)k5] ) dt, @5)
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where A = [Tk} + (1 —1)kY] and

o) +o(g)\ _ TE+1oP 5 o o
1A<p(k1,kz;oc;f5;3)=< ! > 2 >_2(k§—kf)af3 [E}H @ oh(k5) + Bﬂkgq)oh(kf)};
(ii) forp <0

2A¢ (ki ko2; o 3;7)

_ B rl _ a\ B (1 _ N\ B 1
-0 (1) (100 ok (g

where By = [k} + (1 —1)k}] and

R0

> dr,

@(kY) + @(Kk}) FB+1ab 15, x
20 (k1 ko; 06 ;) = ( T >Zqu_kg)aﬁ[ngf@o}dkg)+EEH @ oh(k})].
Proof.

(i) Consider,

1

A2 o’ ([Tk]f +(1—1)k}]

T

[y (=

1

1 N B _
:Jo (1 OCT(X> Al 1(p’(hkf+(1—’r)k§]%) drt

1 o\ B 1
—J (1(1T)> AP 1@’([Tk{’+(1—ﬂk§]%) dt=T1 — .
0 06

Then applying by parts integration, we achieve

)dT

T

1 1—1% B 1
IlzL( (XT > AR 1@’([ka+(1—r)k§} )dT
_ (1= Py P p1E) !
_< x ) kf—kg(p<[Tk1+(1_T)k2]p)‘o

) 1 1— 1% B—1 1
S J0f5< " ) T* (p([’tkf—i—(l—’r)kf] >dT
2 1
p P pﬁ F(B) Bax P
S S—— e - h(k
B0 O T g e et

P [ww@ r(p+1)
KK

T

Bago P
B (KD —KD)eP Hk;"POh(kl)}'

and similarly,

Lii—(1—g*\P 1.1, 1

JO <(X) AP o ([ka+(1—1)k§} )dT
1—-(1—-1)*\P 1
( x - ) kfikg(p<hk{)+(lﬂkg] )‘0

1 1—(1— B_1 .
_k‘fpk‘ﬁ’ Jo P <(ocT)> (=1%o ([t} + (1 - 1)g]

o=

|-

)
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B (kK kD) KD — kP (k) —kP)
P [elki) T@E+1) g

= — — *poh(k}
e A v T A K

<5 %@ oh(d)

where we used the changes of variable with x = 1 — 7. Thus by adding I;, —I; and then by multiplying

B(KP_KP
both sides by %pk])

(ii) The proof is similar to (i). O]

, we get the required result (2.5).

Remark 2.5. In Lemma 2.4,

1. if we take p =1 we get Lemma 3.1 in [17];
2. if we take p =1 and « =1 we get Lemma 2 in [15].

Theorem 2.6. Let ¢ : [ki, kol C (0,00) — R be a differentiable function on (kqi,k2), k1 < Kz, such that
@’ € Llkq, kal. If |@’[9, where q > 1, is p-convex, then

(i) forp >0
| 1A (K1, k2; o B; )]
1—1
(K2 —KkP)aP (KL 7P 1 KP VAR 2 a (26)
B (o (1-Lian- ) ) (s (21 e +ie )
2

(ii) forp <0

[ 2A ¢ (K1, ko5 o B3;d)]

1—1

(kP —KP)aB [KI7P 1 K» ERVARS| 2 g

STy R (1m0 L2l B (5B e ()l +le (k)] ) .
1

Where B and »Fy are classical Beta function and Hypergeometric function, respectively.

Proof. Applying Lemma 2.4, modulus property, Holder’s inequality, and p-convexity of [¢’|9 , we achieve

| 1A (K1, k2; 0 B; )]

(kp—kp) B |rl 1 & B 1—(1—1)% ) 1, 1
== K ;) ‘(ﬂﬂ) AL o ([0 + 1= 0] ) o

(kP —kP)aP [ [/1— 1\ B 1—(1—m)*\P| 1_ , 1
<SP NRT) () A e (0o e

1—1
(kY —kP)aP [P 1 ‘
1 1—1% B 1—(1=1)% B , 1 9
X (JO [( (XT ) +<(“T)) I ([ka+(1—T)k§]v)|da> 2.7)

1—1

kP — kPP 1 1 q

<(2 1) (J AP 1dT>
2p 0

(L)t

q
(te’ (k)17 + (1 =D’ (k2)[9) dT)
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_ B 1 1 _~a\B (1 e\ B
:7(@ zkf)oc T (|(P/(k1)|qJ [’L’(l ° ) —|—T<1 - > ]d’r
P 0 x x

1 o\ B . oy B
+<p'(kz)|qj0 [(1—1)(1 - ) -7 (1(1“”) ]dw)q,

b1y KP 1 kP
=| A} dt=2—,F(1--L21-% ],
o J T T 7 2 1< p k§>

where

0

and by using changes of variables as x = 1 and y = (1 —1)%,

U o/1—ax\P 1 2

J0T< " ) dT:“B+1B<o¢’B+1>’
1 o o\ B
JT 1-1-7% d’r:# B 1164‘1 _B E,B—i-l ,
0 o aP+1 o o
1 B

1—1% 1 1 1 2

JO(].—T)( o« ) dT:i(xB"'l;o(B"'l |:B(O(’B+1>_B(O(’B+1>:|,

1 1—(1—1)*\P 1 2
[ (S0 i L ().

Thus by substituting all above equalities in (2.7), we get the inequality (2.6).
Proof of (ii) is similar to (i). O]

Corollary 2.7. Under identical consideration of Theorem 2.6, if we take p = —1, then we get

1 1
o (5) (&) (kka)*®r(p+ 1P [, 1 e (1
(282 (8)) et it g o (1) groen (L)

1—1
(ke —ki)oP (i U S 4 1 2 R reovar )
ST gk \2 2\ ZFEZI- 5B (BT I (k)T +lo ()7 )

where h(s) =1/s,s € [k%,k%}

3. Hermite-Hadamard-Fejer type inequalities

In this section our intention is to prove some Hermite-Hadamard-Fejer type inequalities via new
fractional conformable integral operators. Kunt and Iscan [12] defined following useful definition.

Definition 3.1 ([12]). Let p € R\{0}. A function g : [ki, k2] C (0,00) — R is called p-symmetric along

KPP /P
[712 2} , if

g(s)=g ([kf + kb —sp]%>
holds for all s € [kq, kp].

In order to give result involving Hermite-Hadamard-Fejer type inequality we need following lemma.

.. . KPaxp11l/p
Lemma 3.2. Let p € R\{0}. If g : [kq, k2] C (0, 00) — R is integrable and p-symmetric along [%] , then
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(i) forp >0
1
E{aH“(QOh)(kE) = 63{2‘;(90}1)(@9) =5 %3“(90}1)(@)4— ﬁﬂ,‘fg(goh)(k{)) ,
with o« > 0 and where h(s) = s%for all s € [k],K0];
(ii) forp <0

1
£3%(g oK) = Pag(gon)(kB) = 5 [£a%(go MK + Pag(go M),

with o« > 0 and where h(s) = s%for all s € [K5, k1.

. . . kP+k2 /P . 1 1
Proof. Since g is p-symmetric along [%] , then by definition we have g(s?) =g <[k{’ + k]zj — s} ")
for all s € [k],k}]. In the following integral, setting u =k}’ +k§ — s gives

1 (& ((kg — k)% — (u— kD)

B—1
" > (u—kf)“*lg(u%)du

pd%gon(id) =

1 (¥ (kP —kP)* — (kP —g) p—1 B
~ o | (B g g (W g -]

T =

) as

X

N e e L w1 (1
T ) ( = ) (kY —s) g(sv) ds
= PaRy(goh) (kD).

The proof of (ii) is parallel to (i). O

Remark 3.3. In Lemma 3.2:

1. by allowing « =1, we get Lemma 1 in [13];
2. by allowing o =1 and p = 1, we get Lemma 3 in [6].

Corollary 3.4. Under the assumption of Lemma 3.2:

1. if we take p = 1, we get parallel result for convex function;
2. if we take p = —1, we get parallel result for harmonically convex function.

Theorem 3.5. Let p € R\{0}. Consider a function ¢ : [ki, ko] C (0,00) — R is p-convex, with k; < kp, and

. . . ) KPP 11/P
¢ € Lk, kol. If g : [kq, ko] € (0,00) — R is nonnegative, integrable, and p-symmetric along [%} , then
(i) forp >0
KP + k0P
2] [Batgenod) + Paggigend)]

< [£3%(0gon 1) + £33 (0go n)(K])] (3.1)

< (p(kl);‘p(k” [8,3%(gon)k) + B3 (go W],

with &« > 0 and h(s) = sv for all s € k7, KE];
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(ii) forp <0

kP + kPP
o ([1;2] ) [£,3%(g om0 + P35 (g0 h) (D))

o(k1) + @(ka)

< [B,0%(@gon)(KD) + BaY(@goh)(KD)| <
2 1 2

[B,3%(g o) (D) + Pay (9.0 (D)),

with o« > 0 and h(s) = s%for all s € [K5, k1.

Proof. Since ¢ is p-convex on [k1, kp], we have

0 ([X“ryp]‘l’) < e)+ely)
2 2

Taking xP =1k} + (1 — 1)k} and yP = (1 — 1)k} + 1k} with T € [0, 1], we get

. ([kf+k§]5) _ o ([t + (1 —0KE]7 )+ ([(1-0kD +kE] 7 )

5 < 5 (3.2)

Multiplying (3.2) by (=) Pl patg ([Tk‘f +(1—1)K}] %> on both sides with t € (0,1), « > 0, and then
integrating along T over € [0, 1], we obtain

kP + kP % 1 /1 B-1 B
2@([122} ) [ (=) g (g + -

< E (1 _(XT“) g ([ + (1 - 00)7 ) g ([ekf + (1-1)KE] ) dr

o=

< ( . ) vt ([0 + 7] ) g ([} + (L —wid] 7 ) ar.
0

1/p
Since g is nonnegative, integrable, and p-symmetric about [@} , then

g ([Tk’f +(1 —T)k’;]%) =g ([Tk‘; + (1—1)1&;’]%) .

Also, by choosing u = tk¥ + (1 — 1)k}

1
2 KP4+ kD17 (% /(KD —kP)x — (k) —w)x\ P 1
(kgk{))“ﬁ(p([ 2 } LP( o > (kF —w)® g(ur’)du
1

1 K —kD)e — (k) —w)\ P L/ 1
N e e
1
1 KR — kD) — (kK — )\ P . 1 f
el () M (Mo ()
1

- W”H: ((kﬁ’—k{’)“; (k‘ﬁ’—u)"‘)ﬁ_l 2wt () (uF)
)]du

+Jk‘z’ <(k§ — kD)% — (u— kD)

o=

" )Bl (u—kP)* 1o (u%>g<[k{’+k§—u]

K]
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_ 1 ”kg <(k§ —k{)* — (k) —u)“> o (k) —uw)* 1t (u%> g (u%) du

(kgfk‘f)“f’ kf X
(kP — kP (u— kP BT B 1 1
oy (B TE) e () o () Jau
1
Thus by Lemma 3.2, we have

PPy
0 ([kl;kﬂ ) [5,3%(gom02) + Py (g0 < [£,0%(0g o))+ Payl0gom)Id)]

This completes the first inequality of (3.1). For the second inequality, as ¢ is p-convex, then we have
1 1
© ([Tk{’ +(1—1)K] v) +o ([Tk;’ +(1—1)K] v) < lo(ky) + o(ka)] . (3.3)

Multiplying (3.3) by (=) Pt ¢ 1g <[Tk]19 +(1—1)k}] %> on both sides with T € (0,1), « > 0, and then
integrating along T over € [0, 1], we obtain

J: (1—;“)@—1 g ([Tk‘f +(1 —T)kg}%) g <[ka e —T)kg]%) i

JJ: <1 _“Toc> p-1 ™1 ([(1—T)kf +ﬂ<§]%> g ([ka n (17T)k§]%> i

L1 —qx\ Pt 1
< (k) + ol < > g ([t} + (1- 0] ) dr.
0 x
That is
1 x x
G e L8 09 o W) + o (eg o h) (k)]
1 B qo B qo @(k1) + (ko)
< Gy [ (ao )+ oy ao )] [ L),
Hence we have the proof. O

Remark 3.6. In Theorem 3.5:

1. by allowing o« =1, we get Theorem 9 in [13];
2. by allowing o =1 and p =1, we get Theorem 4 in [6].

Corollary 3.7. Under parallel conditions of Theorem 3.5
1. if we take p = 1, we get

<k1 + ko
o ——=

5 ) [Elgag(kz)—i- Bﬂﬁ‘zg(kl)} < [Elﬁ‘x(pg(kz)—i- [3H]‘i‘chg(k1)}

< olka) +olks)

< BT [Ba%g0a) + Pagglk)]

2. if we take p = —1, we get
o (355) Brrroons () Piatoon ()]
< [f’/kza“(@goh) (k11> + P (ogon) <k12)]
< ellaltelia) {fma“(goh) (k11> + i gon) (klz)] '

where h(s) =1/s forall s € {k%, k%}
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