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Abstract

In this paper, we give a refinement of the well known Jessen’s inequality via weight functions. We discuss m-exponential
convexity of the functions associated with these weighted Jessen’s functionals. Cauchy and Lagrange mean value theorems are
also given that are useful in the construction of means with Stolarsky property.
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1. Introduction and preliminaries

A real valued function ¥ on S, where S is a convex set, is called convex if epigraph of ¥ is a convex
set. Alternatively, a function ¥ is convex if

Y(ipx+ (1—ply) < p¥(x) + (1 —p)¥(y)

forall x,y € Sand p € [0, 1].

The well known king of inequalities, i.e., the Jensen’s inequality is the generalization of above in-
equality (see [3, 11]). The Jensen’s inequality states that if S C R and ¥ : S — R is convex then for all
xi € S,(1 <i<n)and pi(1 <1i<n)non negative real such that p; +--- + pn =1 we have

v <Z PiM) < Z P (x4i).
im1 im1

The classical integral form of Jensen’s inequality states that if A is a positive measure on a c-algebra
AonasetX, sothat A(X) =1. If h € L'(A), h(x) e SC R forall x € X and ¥ : S — R is convex (see for

example [15, 18]), then
Y <J hd)\) < J (Woh)dA.
X X
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Let (X, A,A1) and (Y,B,A;) are two probability measure spaces. A (separately) weight function w is
defined as a product-measurable mapping w : X x Y — [0, 00), see for example [18], such that

J w(x,y)dAi(x) =1 (for everyy € Y), J w(x,y)dAz(y) =1 (for everyx € X). (1.1)
X Y

The following result is a refined form of integral Jensen’s inequality via weight function.

Theorem 1.1 ([16]). Suppose that (X, A, A1) and (Y, B, ;) are two probability measure spaces and w is a weight
function (defined in (1.1)). IfS C R, h € LY(\1), h(x) € S forall x € X and ¥ : S — R is a real convex function,
then

. » ( [ h(x)w(x,y)d?q(x)) dAa(y)
JY JX

has meaning and

Yy (J hd)\1> < P v ( h h(x)w(x,y)d)\l(x)) dAx(y) <J (Woh)dA;. (1.2)
X Jy X X

Let E(# 0) and L be a linear class of real valued functions h : E — R having the properties:

Li: hkel= (ch+pk)eLforall o, p €R;
[,: 1€ Lthatisifh(l)=1forle E, then h € L.

We also consider positive linear functionals A : L — IR possess the properties:

Aq: Alah+pBk) = axA(h)+BA(k) forh, ke L, B € R;
Az: heLh(l) >00nE= A(h) >0 (A is positive).

The mapping A is said to be normalized if
Asz: A(1)=1.

By a weight function, we mean a mapping w : E x E — R such that
A (w(x,y)) =1(for eachyin E), B (w(x,y)) =1 (for each x in E), (1.3)

where A and B satisfy the properties A1, Ay, and As.
Jessen in [7] (see also [15]) gave the following generalization of Jensen’s inequality for positive linear
functionals.

Theorem 1.2. Let L satisfy properties L1, Lo on a nonempty set E and let ¥ : S — R be a continuous convex
function on an interval S C R. If A is a positive linear functional on L with A(1) =1, then for all h € L such that
Y(h) € L we have A(h) € S and

Y(A(h)) < A(Y(h)).

The concept of m-exponentially convex functions was introduced by Pecari¢ and Peri¢ in [14]. An
elegant method from [6] is used to construct m-exponential convexity, see [1, 2, 4, 5, 8-10, 12, 13].

The next section deals with the investigation of m-exponential convexity of the kind of functionals that
are related with the refined form of weighted integral Jensen’s inequality (1.2). The result are deduced
about exponential convexity as well as the log-convexity. Lagrange and Cauchy type mean value theorems
are established and the construction of means is made using Stolarsky property. In Section 3, we refine the
Jessen’s inequality via weight function and discuss m-exponential convexity of the functions associated
with these linear functionals. We present several families of functions related to our main results and
mean value theorems are also given. On the other hand, in [13] we proved the counterpart of this refined
inequality over a compact interval S = [, (] and investigate its exponential and log-convexity.
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2. m-exponential convexity of weighted integral Jensen’s inequality
A real valued function ¥ : S — R is m-exponentially convex if it is m-exponentially J-convex and
continuous on I; hence it is an exponentially convex function (for detail see [14]).

Remark 2.1. A positive real valued function ¥ : S — R is log-J-convex if and only if it is 2-exponentially
d-convex. Converse is true provided that ¥ is continuous also.

Remark 2.2. If the divided difference [s1, sp; W] > 0 for every si, s, € S, then V is increasing on its domain.

Lemma 2.3 ([5]). If¥:S — R is log-convex, then for L<r <s (1,1,s € S),
(WE)* < (W) (W)

Remark 2.4. We consider the following functionals under the assumption of Theorem 1.1,
QYY) :J v <J h(x)w(x,y)dA; (x)) da(y) -V (J hd7\1> , (2.1)
Y X X

F(v) = L (¥ oh)dA — Jyw (L hx)a(xy)dh (x)) Baly). 22)

Then Q(V¥) and £ (V) are positive.

We construct m-exponentially convex functions and exponentially convex functions by applying an
elegant method from [6]. In the following theorem and its corollaries we have used the notation as: € is a
real open interval, S is any real interval, and I = {g1|l € C} is a family of functions defined on S. Q(V¥) is
as given in (2.1). Then we have the following useful results which produce new m-exponentially convex
functions.

Theorem 2.5. Suppose that the function | — [s1, s, s3; g1 is m-exponentially J-convex on C, where sy, s, s3 are
distinct points of S. Then 1 — Q(g1) is an m-exponentially J-convex function on C. In addition, the continuity of
this function implies the m-exponential convexity on C.

Proof. Assume 1;,1; € G, 1 = li;rlj and aj, a; € R for i,j € {1,...,m}. Consider the function A on S
defined as

A(s) = Z aiajgy; (s).

ij=1
Being the linear combination of continuous functions, A is continuous. The hypothesis of m-exponential
J-convexity of 1 +— [s1, s, s3; g1] yields

m
[s1,52,53;Al = ) aiajlsy, s, 53,91, >0,
ij=1
implying the convexity of A on S. Hence Q(A) > 0. Further the linearity of Q, gives
m

Z aia;Q(gy,;) = 0.

ij=1
We conclude that the function 1 — Q(gy) is an m-exponentially J-convex function on C. O

The following corollaries are consequences of above theorem.

Corollary 2.6. Suppose that the function 1 — [s1,s2,83; g1 is exponentially J-convex on C, where s1,s2,53 are
distinct points of S. Then 1 — Q(gy) is an exponentially J-convex function on C. In addition, the continuity of this
function implies the exponential convexity on C.
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Corollary 2.7. Suppose that the function 1 — [s1, s, s3; g1l is 2-exponentially J-convex on C, where s1, s, s3 are
distinct points of S. Then the following statements hold.

(i) The continuity of the function 1 — Q(gy) implies the 2-exponential convexity of 1 — Q(g1) on C, and hence
the function is log-convex. That is for 1,v,s € C such that v < s < 1, the following holds
QY T(gs) < Q7 (gr) Q% T (gu)

(ii) Assume that the function 1 — Q(g1) on C is strictly positive and differentiable. Then for | < wand r < v,
(L,r,u,v € C) yields
(LT, Q) < tlu,v;Q),

where ot |
gi T
T(I,T;Q) _ (Q(gr)> ’ 17& T,
4(Q(g1)) th .
exp (“57g,) ), otherwise.
Proof.

(i) This is an immediate consequence of Theorem 2.5 and Remark 2.1.
(ii) The log-convexity of 1 — €(gi) on C follows from (i). It implies the convexity of 1 — log (3(gi) on C.
Applying [14, Proposition 3.2] with 1 < u,r < v, we get

log Q(g1) —log Q(gr) _ log Q(gu]) —1og O(gy)
l—7 = U—v

, (2.3)

thus we have
(L1, Q) < t(w,v; Q).
The cases 1 = r and u = v follow from (2.3) as limit cases. O

Now we present different families of functions to investigate exponential convexity. The following
lemma will be useful to construct new exponentially convex functions. Since the below mentioned result
is the simple consequence of some basic examples and remarks given in [6], so we omit the proof.

Lemma 2.8.
(i) Define a real valued function fy on S = R by fi(s) = % exp(ls), (1 > 0). This implies the exponential
convexity on (0,00) of 1 — df‘l—;ﬁ(s)for each s € S.

(ii) Let g1 be a real valued function defined on S = R by gi(s) = I(fll), (L > 1). It implies the exponential
convexity on (1,00) of the function 1 — dd—szzgl(s)for each s € S.
'L*S

(iii) Consider a positive real valued function defined on S = R™ by hi(s) = fog 2’ (L > 1). It implies the

exponential convexity on (1,00) of the function 1 — dd—szzhl(s) foreach s € S.
(iv) Define a positive real valued function ky on S = R* by ki(s) = 1 exp(—sV1), (1 > 0). This implies the
exponential convexity on (0, 00) of the function 1 — dd—;kl(s) foreach s € S.

Remark 2.9. The following positive functionals are useful in defining the basic inequality of log-convex

functions.
Q(f) = 112 <JY exp (l L h(x)w(x,y)d\ (x)) dA2(y) —exp (1 JX hd}\l)> ,

1 1 1
Qlo0) = (g (L ([ nwtsyian) ara - ([ nan) ) ,

Q(hy) = 1)2 <JY l—(fxh(x)w(x,y)dM(x))dAZ(y) _l—(fx hdA1)> .

Qky) = % <JY exp (—\/lJX h(x)w(x,y)d)q(x)) dAz(y) —exp <—\[1JX hd7\1>) .
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Theorem 2.10. Let Q (V) be the linear functional defined by (2.1) and consider the function ¢ : (0,00) — R for
i=14and ¢;: (1,00) = R for i = 2,3 defined as ¢1(1) = Q(f1), $2(1) = Qlgu), ds(l) = Q(h), Pa(l) =
Q(ky), where f1, g1, hy and ky are defined in Lemma 2.8. Then

(i) the functions &; are continuous on (0, 0o) for i = 1,4 and continuous on (1,00) for i =2,3;

(i) ifmeN, ly,...,Ln € (0,00) fori=1,4and ly,..., L € (1,00) for i = 2,3. Then [qn (‘ig‘k)]: are
j k=

positive semidefinite matrices;
(iii) ¢ are exponentially convex on (0, 00) when i =1,4 and on (1, 00) for i =2,3;
(iv) let ,r,s € (0,00) fori=1,4and r,s,l € (1,00) for i =2,3 withl <r <'s, then

(bi(1))° < (bi(V) " (dils) ",

where ¢4 (1) for i =1,2,3,4 are defined in Remark 2.9;
(v) if the functions ¢y are differentiable and strictly positive on (0, 00) for i = 1,4 and on (1,00) for i = 2,3, then
forevery 1,r,u,v € (0,00) fori=1,4and l,v,u,v € (1,00) for i =2,3 such that 1 < wand v < v, we have

T(l, T, d)l) < T(ur\); (bi)/

where N .
(L1 dy) = ( bi(r) ) ’ L#£T,
=X (%(d)i(m) otherwise
P\ ) .
Proof.

(i) The continuity of these functions is obvious.

(ii) Let dj,l; € R, where j = 1,...,m (m is any natural number). Define the auxiliary function A; on
S=Rby
m
Aq(s) = Z djdicfyy ().
i k=1 2
Since
A{/(S) = Z djdk@fm(s) >0
i k=1 2
for s € S by Lemma 2.8. This implies A is convex. Now Theorem 1.1 implies that (A7) > 0. This means
) m
that [(1)1 (@)} _— is a positive semidefinite matrix.
], e
To prove the remaining positive semidefinite matrices, we can define the auxiliary functions A; for
i=2,3,4 in the similar manner.

(iii) and (iv) are simple consequences of (i), (ii), and Lemma 2.3. We can easily prove (v) by using basic
inequality of log-convex functions given in part (iv). O

2.1. Mean value theorems

To prove our main results, the following lemma is very useful.

Lemma 2.11 ([15]). Suppose ¥ € C*([w,v]) and ¥ : [w,v] — R, where [w,v] C R, ¥” is bounded. Assume
0 =infic v ¥Y'(1), © = SUP ¢ v W"”(1). Then the functions W1, ¥5 : [n, v] — R defined by

Wil = DP W), W) =) - o1

are convex.
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Theorem 2.12. Assume ¥ : S = [, v] — R, ¥ € C3(S), where S C R is compact. If (X, A, A1) and (Y, B, \y) are
two probability measure spaces and w is a weight function (defined in (1.1)) such that h € L' (A1), h(x) € S for all
x € X. Then there exists @ € S such that

J b4 <J h(X)w(X,y)dM(X)> dAx(y) — V¥ (J hd7\1> — (@), 2.4)
v \Ux .
where 2 2

¢= % JY <Jx h(x)w(x,y)dA1(x)> dia(y) — <Jx hd)\l) ] .

Proof. Suppose © = maxies ¥ (1) and 9 = miniecs ¥”(1). Then the convexity of the functions ¥;, ¥, : S —
R follows from Lemma 2.11. Since they are also continuous. Applying left-hand side of the inequality
(1.2), we get

J w <j h(X)w(x,y)dM(X)> Daly) — W (J hd7\1> <,
Y X X

and

J Y (J h(x)w(x,y)d?q(x)) dh(y) —¥ (J hd7\1> > (0.
Y X X

Now combining these two inequalities and since 1" is continuous, there exists @ € S (? < V" (®) < D)
such that (2.4) holds. O

Theorem 2.13. Assume @,V :S = [, v] - R, ®, ¥ € C%(S), where S C R is compact. If (X, A, A1) and (Y, B, \z)

are two probability measure spaces and w is a weight function (defined in (1.1)) such that h € L1(A\1), h(x) € S for
all x € X. Then @ € S exists that ensures

Y (@) U () (J h(x)w(x,y)d?q(x)) dAr(y)— @ (J hd?\lﬂ
Y X X

=0 (@) UY‘P <J;( h(x)w(x,y)d?q(x)) da(y) -V (JX hd?\lﬂ .

Proof. Suppose a function k € C2(S) defined as k = ¢1® — ¢V, where ¢; and ¢, are defined by

(2.5)

¢ — Jyw ( " h(x)w(x,y)dxl(x)) Daly) — W <JX hdxl) ,

X

and

= JY ® ( " h(x)w(x,y)dA; (x)) dh(y) — @ <J;( hd?\1> .

X

As k € C2(S), applying Theorem 2.12 on k ensures that there exists some @ € S such that the following

holds
j K (J h(X)w(x,y)dM(X)> Daly) K (J hd7\1> — K (@),
Y X X

The left-hand side of this equation equals to zero and the term ¢ on the right-hand side is non zero,
so we have that k” (@) = 0. Thus the assertion of our theorem follows directly. O

Remark 2.14. If ®" /¥" is invertible, then means of various kinds can be defined by (2.5). That is,

(T O(D)
a"<w") <Q(\v)>'
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If we apply Cauchy type mean value Theorem 2.13 on functions ® = f{ and ¥ = f, (defined in Lemma
2.8), it yields

M(L1;Q) =logT(l,1;Q)
satisfy
p<M(L1;Q) <Y,

where

o

(&) L
O(id.

exp( é&iﬁ”) exp (—2), l=1#0.

If we set = min¢,, 1{f(1)} and v = max,¢[,, +1{f(1)}, then

T(l,1;,Q) =

min {f(1)} < M(1,1;Q) < max {f(1)},
ey, v] lte(p,v]

which shows that M(1,1; Q) are means of f(1),1 € [y, v]. If | <u,r <v where ,1,u,v € R, then it yields
by Theorem 2.10 that these means are monotonic.

Now, if we apply Cauchy type mean value Theorem 2.13 on functions ® = g and ¥ = g, (defined in
Lemma 2.8), this yields that there exists @ € [u, v] such that

Since the function @ — @'~ is invertible for 1 # 1, we get

Q(91)>11r
s (Q(gr) SV

If we set p = minyc,, {f(1)} and v = max;¢(~{f(1)}, then in this case T(1,7;Q) are means of f(1),1 €
(W, v], where

1
Cr LT
ex i . ex 7-()'(9091) I_T#l
P\tt=D p Qlq) )7 '~ :

Note that in this case, the monotonicity property also holds for t(1,1; Q).

(L, 1;,Q) =

Remark 2.15. We can construct similar results for the positive functional / (V) defined in (2.2). Moreover,
by introducing suitable weight functions, Rooin gave the refinement of the discrete Jensen’s inequality
and some of its applications (see [17]). We can prove similar results for the positive functionals associated
with this refined form of discrete Jensen’s inequality.

3. A new refinement of Jessen’s inequality and exponential convexity
The following theorem is the refinement of Jessen’s inequality.

Theorem 3.1. Let L satisfies properties Ly and Ly on a nonempty set €, and assume that ¥ is a continuous convex
function on an interval S C R. If A and B are positive linear functionals with A(1) = B(1) = 1 and w is a weight
function (defined in (1.3)) then for all h,h-w € L such that Y(A(h- w)),¥Y(h) € L we have A(h-w),A(h) € S
and

Y(A(h)) < B(W(A(h-w))) < A(Y(h)).
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Proof.
B(W(A(h-w))) = ¥(B(A(h- w))) = Y(B(A(h))) = Y(A(h)).

Let S = [a,b]. From a < h(l) < bforalll € E we obtain a < A(h) < band a < A(h-w) < b. For
arbitrary but fixed ¢ > 0 there exist «, 3 € R such that for p = xpg + Bp1 (p;(1) = U for j = 0,1) we have
(i) p <Y, it yields p(A(h)) < Y(A(h-w)). (i) p(A(h)) > Y(A(h- w)) — ¢ which implies B(p(A(h))) >
B(WA(h-w)))—e. Ifa<A(h)<band a < A(h-w) < b orif h,h-w have finite derivatives in [a, b], we
can replace (ii) by p(A(h)) = ¥Y(A(h-w))). Now (i) implies poh < ¥ o h; hence

A(Woh) > A(poh) = x+ BA(h) = B(p(A(h))) = B(Y(A(h-w))) —e.
Since ¢ is arbitrary, the proof is complete. O
If w =1, then we deduce the following result.

Corollary 3.2. Let L satisfies properties L1 and L, on a nonempty set €, and assume that ¥ is a continuous convex
function on an interval S C R. If A and B are positive linear functionals with A(1) = B(1) =1, then forallh € L
such that Y(A(h)),¥(h) € L we have A(h) € S and

A(Y) = B(Y(A(h- w))) —¥(A[(h)), 3.1)
(W) =A¥(h) —B(Y(A(h- w))). (3.2)

Then A(Y) and 71(V¥) are positive.

In the following theorem and its corollaries we have used the notations as: C is a real open interval,
S is any interval, and © = {g/]l € C} is a family of functions defined on S. A(Y¥) is as given in Remark
3.3. Then the following results produce new m-exponentially convex functions. Since the proofs are
analogous to those in the continuous case given in the previous section, so we omit the proofs.

Theorem 3.4. Suppose the function 1 — [s1,s2,s3; g1l is m-exponentially J-convex on C, where s1,sy,s3 are
distinct points of S. Then 1 — A(gy) is an m-exponentially J-convex function on C. In addition, the continuity of
this function implies m-exponential convexity on C.

The following corollaries are consequences of above theorem.

Corollary 3.5. Suppose the function | — [s1, s, s3; g1l is exponentially J-convex on C, where s1, s2, s3 are distinct
points of S. Then L — A(gy) is an exponentially J-convex function on C. In addition, the continuity of this function
implies the exponential convexity on C.

Corollary 3.6. Suppose the function 1 — [s1,2,53;91] is 2-exponentially J-convex on C, where si,sy,s3 are
distinct points of S. Then 1 — A(gy) is 2-exponentially J-convex function on C. In addition, the continuity of this
function implies the exponential convexity on € and thus the function is log-convex. That is, for 1,v,s € C such
that v < s < 1, the following holds

AT(gs) S AYTE(g)AY T (gy)

Now we present different families of functions to investigate exponential convexity.

Remark 3.7. The following positive functionals are useful in defining the basic inequality of log-convex
functions,

A1) = 3 (B lexp (LA (R @))) — exp(IA(),
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Alg) = 17 (B (- w))!) = (A,
1 “Alh-w _
A = g 840 ),

Alky) = % (B (exp (~A(h- @) V1)) —exp (~AMVE)).

Theorem 3.8. Let A(Y) be the linear functional defined by (3.1) and consider the function ¢; : (0,00) — R for
i=14and ¢ : (1,00) = R for i = 2,3 defined by ¢1(1) = A(f), d2(1) = Algr), d3(l) = Alh), da(l) =
A(k1), where f1, g1, hy, and ky are defined in Lemma 2.8. Then
(i) the functions &; are continuous on (0, 0o) for i = 1,4 and continuous on (1,00) for i =2,3;
@) f m € N, 1j,...,Ln € (0,00) for i = 1,4 and \,...,l;n € (1,00) for i = 2,3, then the matrices
Ltk m .. o
[d)l < > )} _— are positive semidefinite;
(iii) the functions ¢ are exponentially convex on (0,00) for i = 1,4 and exponentially convex on (1,00) for
1=2,3;
(iv) let L,r,s € (0,00) fori=1,4andr,s, 1 € (1,00) fori =2,3 withl < r < s, then

(di(1)* " < (V) (dils)™,
where ¢4 (1) for i =1,2,3,4 are defined in Remark 3.7.

3.1. Mean value theorems
Now, we state the mean value theorems of Lagrange and Cauchy type.

Theorem 3.9. Let L satisfies properties Ly and Ly on a nonempty set E, and let ¥ : S = [a,b] — R, ¥ € C2(S),
where S C R is a compact real interval. If A and B are positive linear functionals with A(1) = B(1) =1, and w
is a weight function (defined in (1.3)) then for all h,h- w € L such that Y(A(h- w)), (A(h- w))? € L there exists
some @ € S such that the following holds

B 11///(@)
2

Theorem 3.10. Let L satisfies properties L1 and L, on a nonempty set £, and let ®,¥ : S = [a,b] - R, O,V €
C2(S), where S C R is a compact real interval. If A and B are positive linear functionals with A(1) = 1 and
B(1) =1, and w is a weight function (defined in (1.3)), then for all h,h-w € L such that ®(A(h - w)), Y(A(h-
w)), (A(h-w))? € Land B((A(h-w))?) — (A(h))? # 0, there exists some @ € S such that the following holds

B(Y(A(h- w))) —¥(A(h)) [BA(M- w))?) = (A(h))?].

V(@) B(@(A(h-w))) — @(A(h))] = ©"(@) B(Y(A(h- w))) —Y(A(h))].

Remark 3.11. We can construct similar results for the positive functional 71(¥) defined in (3.2).
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