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Abstract

Sulfficient conditions for exact null controllability of semilinear fractional stochastic delay integro-differential equations in
Hilbert space are established. The required results are obtained based on fractional calculus, semigroup theory, Schauder’s fixed
point theorem and stochastic analysis. In the end, an example is given to show the application of our results.
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1. Introduction

Stochastic differential and integro-differential equations have attracted great interest due to their appli-
cations in characterizing many problems in physics, biology, mechanics and so on. Fractional differential
equations have received great attention due to their applications in many important applied fields such
as population dynamics, heat conduction in materials with memory, seepage flow in porous media, au-
tonomous mobile robots, fluid dynamics, traffic models, electro magnetic, aeronautics, economics and so
on, for more details (see [1-5, 9-12, 18, 21, 23, 25, 26]). On the other hand, the notion of controllability of
dynamical systems is one of the fundamental concepts in mathematical control theory which plays pivotal
role in many areas of science and engineering. The problem of controllability of nonlinear stochastic or
deterministic system has been discussed by many authors (see [6, 8, 13-17, 24]). The problems of exact
and exact null controllability are to be distinguished. Exact controllability enables to steer the system to
arbitrary final state while exact null controllability means that the system can be steered to zero state.

In this paper, we investigate the exact null controllability of semilinear fractional stochastic delay
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integrodifferential equation in the following form

{ *Dx(t) = Ax(t) + Bult) + F(t,x¢) + [y G(s,xs)dw(s), te]=[0,b],
XO(C) = d)(C)/ C € [—T,O},

where % < « < 1, °*D* denotes the Caputo fractional derivative of order «, A is the infinitesimal generator
of an analytic compact semigroup of bounded linear operators S(t), t > 0, on a separable Hilbert space
H with inner product (.,.) and norm || . ||. This means that there exists a M > 1 such that ||S(t)| < M.
The control function u(-) is given in L,(J, U), the Hilbert space of admissible control functions with U
as a separable Hilbert space. The symbol B stands for a bounded linear operator from U into H. Here
w is an H-valued Wiener process associated with a positive, nuclear covariance operator Q, F is an H-
valued map and G is a L(K, H)-valued map both defined on ] x C; (where K is a real separable Hilbert
space and L(K, H) is the space of all bounded, linear operators from K to H, we write simply L(H) if
H = K) and ¢ is an C,-valued random variable independent of w with finite second moment. Here
Cy = C([-,0],H) is a Banach space of all continuous functions ¢ : [-r,0] — H endowed with norm
||| = sup{||[p(D)] : —r < ¥ < 0}. Also for x(-) € C([—r,b],H) we have x((-) € C; for t € ], x¢(d) =x(t+9)
for ® € [-r,0].

To the best of our knowledge, there is no work reported on null controllability of semilinear fractional
stochastic delay integro-differential equations in Hilbert space of the form (1.1). Thus, we will make the
tirst attempt to study such problem in this paper. The rest of this paper is organized as follows. In Section
2, we present some basic definitions and lemmas which are useful to prove the main results. In Section
3, we investigate the sufficient conditions for null controllability of semilinear fractional stochastic delay
integro-differential equations in Hilbert space. In the final section, we consider an example to verify the
theoretical results.

(1.1)

2. Preliminaries
In this section, we provide definitions, lemmas and notations necessary to establish our main result.
Definition 2.1 ([21, 23]). The fractional integral of order o with the lower limit zero for a function f can
be defined as
1 J o f(s)
Mo) Jo (t—s)i=x

provided the right-hand side is pointwise defined on [0, c0), where I'(-) is the Gamma function.

I%f(t) = ds, t>0, a >0,

Definition 2.2 ([21, 23]). The Caputo fractional derivative of order « with the lower limit zero for a
function f can be written as

1 Jt £ (s)
Mm—o) Jg (t—s)xtl-m
If f is an abstract function with values in H, then the integrals appearing in the above definitions are taken
in Bochner’s sense.

Throughout this paper, (H,| . ||) and (K,| . |[x) denote two real Hilbert spaces. Let (Q,Y,P) be a
complete probability space furnished with complete family of right continuous increasing sub c-algebras
{Y¢ : t € J} satisfying V¢ C Y. An H-valued random variable is an Y-measurable function x(t) : Q — H
and a collection of random variables ¥ = {x(t, w) : O — HJt € J} is called a stochastic process. Usually
we suppress the dependence on w € Q and write x(t) instead of x(t, w) and x(t) : ] — H in the place
of W. Let Bn(t) (n =1,2,...) be a sequence of real valued one-dimensional standard Brownian motions
mutually independent over (Q,Y, P). Set

°D*f(t) = ds=1""%fM), t>0,0<n—-1<a<n.

w(t) =Y VAnBnltlen, t=0,
n=1

where A, (n =1,2,...) are nonnegative real numbers and {e,} (n =1,2,...) is a complete orthonormal
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basis in K. Let Q € L(K, K) be an operator defined by Qe,, = Anen with finite Tr(Q) = > >_; Ay < oo, (Tr
denotes the trace of the operator). Then the above K-valued stochastic process w(t) is called Q-Wiener
process.

We assume that V¢ = o{w(s) : 0 < s < t} is the o-algebra generated by w. For ¢ € L(K, H) we define

I & [H=Tr(dQd*) = > | VAnden |*.
n=1

If | ¢ H2Q< oo, then ¢ is called a Q-Hilbert-Schmidt operator. Let Lg (K, H) denote the space of all Q-
Hilbert-Schmidt operators ¢ : K — H. The completion Lq (K, H) of L(K, H) with respect to the topology
induced by the norm || . ||q where | ¢ H2 (d, ) is a Hilbert space with the above norm topology. The
collection of all strongly-measurable, square- mtegrable, H-valued random varlables, denoted by L,(Q, H),
is a Banach space equipped with norm || x() ||l,(m)= (E || x(-, w) ||?) 2, where the expectation, E is
defined by E(x) = [, x(w)dP. An important subspace of [H(Q, H) is given by LO(Q H) = {x € LL,(Q,H),
x is Y- measurable} Let C([—r b], L2(Q, H)) be the Banach space of all continuous maps from [—r, b] into
L2(Q, H) satisfying the condition sup, . E || x(t) |2< oco. Let Y be the closed subspace of all continuous
process x that belong to the space C([—, b], L2(Q, H)) consisting of Y'¢-adapted and measurable processes.
One can prove that this is a Banach space when equipped with the norm

| x [[§= SUII){E | x(t) | x € C([~7,bl, Lo(Q, H))}.
te

Theorem 2.3 ([19, Banach fixed point theorem]). Let D be a closed subset of a Banach space X and let ® be a
contraction mapping from D to D, i.e.,

|@(y) —D(2)]| <d|ly—2z| forall yzeD; 0<d< 1
Then there exists a unique z € © such that ©(z) = z.

Theorem 2.4 ([19, Schauder fixed point theorem]). Let X be a Banach space, D C X a nonempty closed bounded
convex set and ® : D — D a completely continuous operator (i.e., @ is continuous and © (D) is relatively compact).
Then © has at least one fixed point.

Our aim is to study the exact null controllability problem for (1.1). First, we give the definitions of
mild solution and exact null controllability for it.

Definition 2.5. We say x € C([—,b], [2(Q, H)) is a mild solution to (1.1) if it satisfies that

{ X(t) = Sa(t)d(0) + [yt — )% 1 Tu(t — 8)[F(s,%5) + Buls) + [§ G(T,xc)dw(T)lds, te€ 7,
x0(C) = ¢(0), C€[-,0],

where
o0 o0

Sa(t)x = Jo N (0)S(t*0)xdo, To(t)x = ocJO 01« (0)S(t*0)xdo

with 1 a probability density function defined on (0, c0).

Remark 2.6. [ 6« (0)d0 = (see[1, 7]).

1+<x
Lemma 2.7 ([27]). The operators S«(t) and Ty (t) have the following properties:
() for any fixed x € H, || Sa(t)x [<K M || x ||, || Ta(t)x [|< m

(IT) {S«(t), t = 0}and {T«(t), t > 0} are strongly continuous;
(III) for every t > 0, Sy (t) and Ty (t) are also compact operators if S(t), t > 0 is compact.

s
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Definition 2.8. The system (1.1) is said to be exact null controllable on the interval | if for every ¢ and
preassigned time b there exists a stochastic control u € (], U) such that the solution x(t) of the system
(1.1) satisfies x(b) = 0.

Define

b
Lhu = L (b—s)* 1Ty (b—s)Bu(s)ds: Ly(J,U) = H,

b s

(b—s)* 1Ty (b —s)[F(s) +J G(t)dw(t)lds: HxLy(J,U) = H,

NS(U/F/G) :Sa(b)y+J 0

0

Consider the fractional linear system

{ °Dy(t) = Ay(t) + Bu(t) + F(t) + [ G(s)dw(s), te]=1[0,b], 2.1)

y(0) =yo,
associated with the system.
Definition 2.9. The system (2.1) is said to be exactly null controllable on J if ImL§ > ImNg.

Remark 2.10. It is known that, (see[20]), system (2.1) is exactly null controllable if and only if there exists
v > 0 such that [|(L§)*]|? = v|[(N§)*y||* for all y € H.

Lemma 2.11 ([21]). Suppose that the linear system (2.1) is exactly null controllable on ]. Then the linear operator
(Lo)_lNg :H x Ly(J,H) — Lao(J, U) is bounded and the control

b
u(t) = —(Ly) " [Sa(b)yo + L (b—8)* Ty (b —s)F(s)ds

S

- Jb(b — )% 1T, (b — s)[J

G(T)dw(T)]dS] (t),
0 0

transfers the system (2.1) from yo to O, where Ly is the restriction of LY to [ker L§]+, F € Lo(J,H) and G €
L2(J, L(K, H)).

3. Exact null controllability

In this section, we formulate sufficient conditions for exact null controllability of the system (1.1). For
this purpose, we impose the following conditions on data of the problem.

(H1) The fractional linear system (2.1) is exactly null controllable on J.

(H2) The functions F: ] x C; -+ Hand G : J x C, — L(K,H) are continuous, for each x € H the functions
F(,x) : ] = Hand G(,x) : ] = L(Kg,H) are strongly Yi-measurable and there exists functions
A(-) € L1(J,R") and g(-) € L1(Cy,R™) be such that

E[[F(t, &)1 VE[G(t, d)[5 < At)g(d) for (t,d) € ] x Cs.
In this paper ||A|| = f(t)’ A(s)ds and Mp = ||B|.

Theorem 3.1. If the hypotheses(H1)-(H2) are satisfied, then the system (1.1) is exactly null controllable on ]|
provided that there exists a constant v > 0 such that

062‘|(L0)71H2M4M%b20c71
(20c—1) M (ax+1)
oEM2b2%— L (1) A
(2o —1)T% (x4 1)

oEM2b25 L (1) A
o —1)IM?(x+1)

MZE[|$(0)]1* + Elld(0)]* + (1+bTr(Q))

[14+DbTr(Q) <.
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Proof. Using the hypothesis (H2) for an arbitrary x(-) define the operator ® on Y as follows

d(t), [—,0]
(Dx)(t) = { S«(t)d(0) —i—fé(t—s)“_lTa(t— s)Bu(s)ds +fé(t—s)"‘_lTo((t—s)F(s,xs)ds,
+ ot =) 1T (t— ) ([ G(T,xc)dw(T))ds, te].
It will be shown that the operator ® from Y into itself has a fixed point.
On the Banach space Y, we introduce the set
Y ={x() € Y:x(t) = (1), t € [-1,0], [x|2 <t forall te bl
where r > 0. The proof will be given in several steps.
Step 1. The control u(-) is bounded on Y,. Indeed,
2 2 112 2 2 o?M?  (® 200—2 b 2
= < - _ — )%
Iulfy = sup Bl < Lo} { MEISOIP + 5 | to=sroas | EFs %) Pas
o®M?2||(Lo) 1|? ° 2002 ° : 2
— - E
ot 1) Jo (b—s) dsJ I J (T, x¢)dw(T)||ds
B 2M2b20c 1 )\
<t e [eforo)? + =2 o).
Step 2. We show that ® maps Y, into itself. If x(-) € Y;, from (3.1) and (3.2) for t € J, we have
ZMZMZ bZ(xfl b
Ox||2 = sup E[|(Dx)(1)]]2 < M2E[|d(0)|% + — B JE 24
|@x]f = sup El (@) (0] 9001+ o1y parar ) ), el ds
“2M2b2cx71 t ) t s )
+ 2o—1) 2o 1) UO E||F(s, xs)|| ds—i—JO EHJO (T, x¢)dw(T)]| ds}
2 L )71”2M4M2 chxfl ZMZchx 111) H}‘H
g M2E 2 x ”( 0 B E 2 1 bT
o2 MZL2 (1) A
<.
oD (ag 1) LTPTrQIsr
Hence, ® maps Y, into itself.
Step 3. The operator ® maps Y; into equicontinuous set of Y;.
Let 0 < t; < tp < b. For each x € Y;,, we have
EJ|(@x)(t2) — (@)x(t1)?
< sup E[[[S«(t2) — Salt)]d(0)]?
te]
151
+ (1B (Lo) HPE| JO [(t2— 8)% M Ta(ta —s) — (t1 — ) T (t2 — $){S (b) H(0)
b b Z
[ - 0m - OFExdac | (b- 0% Talo- 01| 6(rxndw(m)adas]?
0 0 0

t2
BRI PE J (t2— )% T (tz — ){Sa(b)b(0)

b b 4
+ J (b—C)“_lTa(b—C)F(C,Xc)dC+J (b—a“—lTa(b—o(J G(t, %) da (1)) de)ds|?
0 0 0
to s
—|—supE||J (t2—s)°‘1Ta(t2—s)[F(s,xs)+J G(T,x)dw(T)lds|?
te] t 0

te] 0 0

t1 S
+supE||J [ty — ) To(ta —s) — (t — 8)* ' To(tg — 8)] [F(s,xs)—FJ G(T,XT)dw(T)] ds|%.

(3.1)

(3.2)

(3.3)
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From the above fact, we see that E||(®x)(t2) — (®)x(t1)||? tends to zero as t, — t;. The equicontinuity for
the cases t; < t; < 0 and t; < 0 < t; follows from the uniform continuity of ¢ on the interval [—,0].

Step 4. For arbitrary t € ] the set V(t) = {(®x])(t) : x(-) € Y,} is relatively compact. In fact, the case where
t = 0 is trivial, since V(0) = {¢$(0)}. So, let 0 < t < b be fixed. For 0 < & < t and arbitrary & > 0, take

(ee]

t—§& roo
na(e)su“e)mmdemjo L 0t — )% M (0)S((t — 5)%0)[Bus)

(O55x)(t) = L

+F(s,xs) +J G(T,x¢)dw(T)]dsd6
0

(0.¢]

=S(a“zs)L 1 (8)S(£76 — £%5)h(0)dO

t—& proo
+oc5(a“6>JO L Bt — )% M (0)S((t — 5)%0 — £%5)[Bu(s)

+ F(s, xs) +J G(t,xc)dw(T1)]dsdo.
0

Since S(£%8), £%6 > 0is a compact operator, the set VES (1) = {(PEOx)(t) : x() € Yy} is a relative compact
set in H for every &, 0 < & < t and for all 6 > 0. On the other hand, for every x(-) € Y; by (3.3) we have

[@x — @5°x|)} = sup E||(Dx)(t) — (O5°x)(t)|]?
te]

< supEHJ6 n(0)S(£%8)(0) 8

te]
rt o0
+sup E|le B(t—s)* N (0)S((t—s)*0)Bu(s)ds]|
te] Jt—§& Jo
t 00
+sup E||« B(t—s)* N (0)S((t—s)*0)F(s, xs)ds|
te] t—&J6
rt (00 S
+sup E||a G(tfs)“_lncx(e)S((tfs)“G)J G(T,x)dw(T)ds|?
te] Jt—& Jo 0
rt o
+sup E|lec B(t—s)* Ny (0)S((t—s)*0)Bu(s)ds|
tE] JO JO
t b
+sup E||« B(t — )% Na(8)S((t—s)*0)F(s, xs)ds|?
te] 0Jo
rt o s
+sup E||e e(tfs)“—lna(e)sutfs)“e)[ G(T,x¢)dw(T)ds|?.
te] JO JO 0

We see that, for each x € Y;, | ®x — d)‘iféxH%( —0as & = 0" and & — 07". Therefore, there are relative
compact sets arbitrary close to the set V(t). Hence, for each t € J, the set V(t) is relative compact in H
(see [22]).

From the steps 2-4 and by the Ascoli-Arzela theorem, one can conclude that @ is compact. On the
other hand, it is easy to see that @ is continuous on Y,. Hence, @ is a compact continuous operator on
Y;. From the Schauder fixed point theorem ® has a fixed point. Thus, the system (1.1) is exactly null
controllable on J. O]

4. Example

We consider the following fractional stochastic integro-partial differential equation

x2(t,0) =x,(t,1) =0, t €], 4.1)

{ D x(t,z) = aa—;x(t,z) +u(t,z) +f(t,x(t —h,z)) +f(§ g(s,x(s—h,z))dw(s), te], 0<z<1,
x(t,z) = ¢(t,z),t € [=h,0],
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where 0 < o« < 1 and w(t) is Wiener process, u € L[;(0,b), and H = [([0,1]). Let f : RxR — R
and g : RxR — L(R) are continuous. Also, let A : H — H be defined by Ay = aa—;y with domain
DA)={y€eH:y, a are absolutely continuous, and Y € H,y(0) =y(1) =0}.

It is known that A is self-adjoin and has the e1genvalues An = -2 2, n € N, with the corresponding

normalized eigenvectors e, (z) = v/2sin(nnz). Furthermore, A generates an analytic compact semigroup
of bounded linear operator S(t), t > 0, on a separable Hilbert space H which is given by

1

— Z Yn,€n)en = Z 2e Tt gin nrtz)J sin(n7ng)y(&)dé, y € H.
0
n=1

If u e L[(]J,H), then B =1, B* = I. We consider the fractional linear system

D y(t,z) = y(t,z) +u(t,z)+f(t,z) +g(t,z)dw(t), te], 0<z<]1,
Yz(t,0) = ( 1) =0, te], (4.2)
y(t,z) = d)(tz —h<tg0.

The system (4.2) is exact null controllability if there is a y > 0, such that

b b
L IB*(b— )% 1 T2(b— s)y|%ds > [||s;(b)y||2+J0 (b — )% 172 (b — s)y|Pds]

or equivalently

jn §)% T (b — s)ylPds > vI|Sa(bly| + j (b — )% Ta(b — s)y|ds].

If f =0and g = 0in (4.2), then the fractional linear system is exactly null controllable if

jn §)% T (b — s)y|ds > b]|Sx(b)y|2

Therefore,

[ 10— 95 Tato —iras > 1 Pplisaon+ [ 10— 91 Tuo — syiast

Hence, the linear fractional system (4.2) is exactly null controllable on [0,b]. So the hypothesis (H;) is
satisfied.
We define F: ] xH — H,and G: ] x H— L(K, H) as follows:

F(t/Xt) = f(t,X(t— h/Z)) and G(tlxt) = g(tlx(t_hlz‘))
Assume F and G are continuous and there is a constant 0 < 3 < 1 and a function v € L,(]) such that
IF(, 0)]| VG (t, 8)]| < v(t)[0]|®

for all (t,0) € J x H then the condition (H2) is satisfied. Hence, all the hypotheses of Theorem 3.1 are
satisfied, so the fractional stochastic integro-partial differential system (4.1) is exact null controllable on
[0, b].

5. Conclusion

In this paper, we have presented, by using fractional calculus and Schauder’s fixed point theorem,
sufficient conditions for exact null controllability of semilinear fractional stochastic integro-differential
equations in Hilbert spaces. We provided example in fractional stochastic integro-partial differential
equation to illustrate our results.
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