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Abstract

Studies on degenerate versions of Stirling, Bernoulli and Eulerian numbers started by [L. Carlitz, Utilitas Math., 15 (1979),
51-88]. In recent years, many mathematicians have studied degenerate version of various special polynomials and numbers. In
this paper, we introduce the g-analogue degenerate Carlitz’s type Daehee and higher-order degenerate Carlitz’s type Daehee
polynomials and numbers. Also, we study some explicit identities and properties for the g-analogue degenerate Carlitz’s type
Daehee polynomials and numbers and higher-order g-analogue degenerate Carlitz’s type Daehee polynomials and numbers
arising from p-adic invariant g-integral on Z,,.
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1. Introduction

Let p be a fixed prime number. Throughout this paper, Z,,, Q,, and C,, will denote the ring of p-adic

integers, the field of p-adic rational numbers, and the completion of algebraic closure of Q,,, respectively.
The p-adic norm |- |, is normalized as [pl, = %. Let g be in Cp, with |[q —1], < pfﬁ and x in Z,. Then
the q-analogue of x is defined to be [x]4 = iix Note that limg_,1[x]q = x.

For f € UD(Z,;), the space of uniformly differentiable functions on Z,,, the p-adic q-integral of f on Z.,,
is defined by Kim to be (see [1, 4, 6, 7, 15-17])

1 P!
I4(f) :J f(x)dpg(x) = lim —— > f(x)q™. (1.1)

Z, N—o0 [pN]q
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From (1.1), we can drive the following integral identity.

aly(11) = 1q(f) = {2(0)+ (a = 1100}, (12)

where fi(x) = f(x 4 1). Also, the Carlitz’s q-Bernoulli polynomials 31, q(x) are defined to be

B =3 (] ) a5 Bra,

1=0
where
Brn,q = JZ ylgdiq(y), (n>0), (see |2, 3,8,12)).
Indeed,
_ X X _AY n n
x+yl] = (1 i )> — (W + ¥yl = > (’l‘)q“[ngl. 13)
1=0

By (1.2) and (1.3), the Carlitz’s g-Bernoulli polynomials can be represented by p-adic g-integral on Z,, as
follows:

Bn,q(x) _ Z (T) qIX[X]'(qu—IBLq _ Z (T)qlx[x]g—l JZ [y]hduq (y) = JZ [X+y]2dLLq (y)

1=0 1=0 P P
The Carlitz’s type degenerate q-Bernoulli polynomials can be represented by p-adic g-integral on Z,, as
follows:

o0 t-n_
JZ (1+A) " dug (y) = > Bug (xI\) 5, (see [9)). (1.4)
) — !
The Daehee polynomials are defined by the generating function to be
log(1+1t)
g(f 1+1)* Z Dn 7', (see [4, 9-11, 13, 14, 19]).

In the special case x =0, Dy, = Dy (0) are called the Daehee numbers.
The degenerate Daehee polynomials are given by the generating function to be

Alog (1+ 3 log(1+At))
log(1 + At)

<1+110g1+7\t> ZDn)\ ,, (see [14]).

For x =0, Dn,» = Dy A(0) are called the degenerate Daehee numbers. We observe here that D, , — Dy, as
A— 0.
The Stirling numbers of the first kind are given by

Xn =) Si(n,Ux' (x > 0), (see [3, 20]),

where (x)n =x(x—1)---(x —m +1) is the n falling factorial, and the Stirling numbers of the first kind are
defined by the generating function to be

(log(x+1))" =n! Z S1(L,n) U , (n>=0),(see [5,18]).

Recently, several researchers have studled degenerate type special polynomials related to Bernoulli,
Euler, Daehee, and Changhee polynomials. In this paper, we introduce the g-analogue degenerate Car-
litz’s type Daehee polynomials and numbers and g-analogue higher-order degenerate Carlitz’s type Dae-
hee polynomials. Also, we study some explicit identities and properties for those polynomials arising
from p-adic invariant g-integral on Z,,.
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2. The g-analogue degenerate Carlitz’s type Daehee polynomials and numbers

In this section, we assume that A, t € C,, with [At], < p_ﬁ and q € Cp, with [1 —ql, < p_ﬁ.
In the viewpoint of (1.2), we define the g-analogue degenerate Carlitz’s type Daehee polynomials
which are given by the generating function to be

[x+y]
JZ (14 Alog(1+ 1) %" dugly Z Dnonld s, (n30). 2.1)
P

n"

When x =0, Dy g» = Dn,g,A(0) are called the g-analogue degenerate Carlitz’s type Daehee numbers.
From (2.1), we note that

x+ylq

(1+Alog(1+1t)) *  dugly)

[x+yl

}Z_( A )Akaogu-+tnkduqhn

ZZJZ (M;ﬂq)kxké(log(ut))kduq (y) 2.2)

o

:ijz ([x+y]q)kl7\ Z Si(n, k)duq(y)tn

P n=%k

= i sz i ([X—Fy]q)kl?\sl(n,k)duq (y)%,

where ([x+y]q)k7\ =x+ylg(x+ylqg—A) - (x+ylg — (k—=1)A).
Comparing the coefficients of % on the both sides of (2.2), we have the following theorem.

Theorem 2.1. For n > 0, we have

n

Dnar®) =3 |

i 0x+thkASﬂnﬁddudy)
k=0"4"p !

By replacing t by e* —1 in (2.1), we obtain

ad 1 x+ylq
ZquA (e -H" JZ (1+At) * d

m=0 P

oo tn'
Y =) BmalxA) . (2.3)
m=0
On the other hand, we observe the left hand side of the previous equation.

ZDkqA (et —1)" ZDkqA ZS(mk Z(ZDkqA Szm,k)>::. (2.4)
m=k )

m=0 \k=0
Comparing the coefficients of % on the both sides of (2.3) and (2.4), we arrive at the following theorem.

Theorem 2.2. For n > 0, we have

B, q(XIA) = ZDkq)\ )S2(m, k).
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Now, we consider the inversion formula of Theorem 2.2. By replacing t by log(1 +t) in (1.4), we obtain

[x+ylq

J <l+)\log(l+t)) s dug(y) = ) Bmg(xA)— <log(l+t))
Zr m=0
o0 o0 tn
= TnZ_O Bm,q (XP\) n;n Sl(n, Tn)H
=2 < 2 Bm,q(xmsl(n,m)ﬁ.
n=0 m=0 .

On the other hand, we observe the left hand side of the previous equation.

x+ylq
A

t
J <1+)\log(1+t)> dug(y Z Dinga(x
ZP

Theorem 2.3. For m > 0, we have

m

Dim,qa (% Z Brm,q(XIA)S1(n, m).

m=0

Now, we observe that

(1+Alog(1+ t))‘m = e[”—f']q log(14-Alog(14-t))

= § <[X+7\U]q> %(log(1+7\log(1+t)))

n=0

zoo: n o - 2.5
- <[X+?\y]q> Z Sl(m,n))\mw (2.5)

3
g

I
gk

k m tk
(Z Z x +ylgA™ S (m,n)S (k, m)) R

m=0n=0

i
o

From (2.5), we obtain

> tk x+ylg
ZDk,q,A(X)g —JZ (1+Alog(1+1t)) » dugly)
k=0 :

P

00 k m K
- JZ > ( b+ I AT S (m, )y (K, m)) dug (y)% 2.6)
P k=0 \m=0n=0
> k
g (;O%xm Sy (m, n)S1(k, m)B,q(x )) %

Comparing the coefficients of 7 on the both sides of (2.6), we arrive at the following theorem.

Theorem 2.4. For k > 0, we have

k m

Digga(x) =) > A™ "S1(m,n)S1(k, m)Bn q(x).

m=0n=0
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Note that
1— xX+y 1—qg* X(1— y
o yly = T =+ ] (1_qq ) — g+ q¥lla.
We observe that
(14+Alog(1 +1) 7 °
(1+7\10g(1+t))"%‘(1+Mog(1+t))
— [xlq m(log 1+t 2 g 10g(1+7\10g(1+t))
- (Z (5 )m? Z 1
m=0 1=0
ok o j p .
= (Z(Z () 2 S10 ) (3> A g™yl Silp, US16,p))
k=0 j=0 p=01=0 ):

Comparing the coefficients of 17 on the both sides of (2.6), we arrive at the following theorem.

Theorem 2.5. For n > 0, we have

Dn,q,)\(x) = Z

Using (2.4), we get

i p
573 () (8) Wyl 1, S, U511, ),

> tn [x+ylq
Z Dﬂ/qﬁ\(x)ﬁ ZJZ (1+Alog(1+1t)) *  dugqly)
: P

1 P! )

[x+y
= li 1+Alog(1+1t A Y
e 3 g1+
y=0
d— 1pN71 x+a+dy] d
= (1 log(1 —x  g9tdy
Nl_mo dp Z Z +Alog(1+1)) q
=0 y=0
d—1pN—1 dlq[ 9% 1y
. 1 [alTg~vlga
= N q%(qY)Y
N —o0 [d
a=0 y=0 (2 7)
N_ atx '
. 1 dflqa hm 1 P 1i <[d]q[ d}\ +y}gd>}\l (log(1+t))l (qd)y
T N
dq iz Noe PNge (515 L
d—1
1 a 1
=— lim
fap azo(q) N0 [pN] o
pN—1 o n 1
a-+x o\ tt
x ) (ZZslu,k)sl(n,U[d]g[ 1 +ylkaA" 1) E(qd)y
y=0 n=0 \1=0 k=0

3 by 1 ¥ k 1 a+x, |\ th
=2 ZZW (@51 (L1981, DIANBy o (S5 )

Comparing the coefficients of .7 on the both sides of (2.7), we arrive at the following theorem.
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Theorem 2.6. For n > 0, we have

ZZZ

lOkO

a-+x
d

D g (x )41 (1L, %) S1(n, DIAIGA™ "By qa ).
For r € IN, the higher-order q-analogue degenerate Carlitz’s type Daehee polynomials are given by

the multivariate bosonic p-adic g-integral as follows:

[xgtxrxlg > tn
J J (1+Alog(1+1)) dpg(xq) - dpg(xr) = ZD — (n>0). (2.8)
Z, Zy n=0 Tl
Now, we observe that
SO
ZDnr,qJ\(X)ﬁ
n=0
[ [ [Xq+-+xr+xlg
=| | (I+Alog(l1+1t)) dpg(x1) -~ dpg(xr)
JZ, JZ,
00 X1+ +xr+xlg
=| 1 > ( ) ) (Alog(1+1))" dpg(x1) - -+ duq(xr)
Jz, Jz, 1=0
- 1
= Z <x1—i— Xy +x] ) ﬁ(log(l—i—t))l dig(x1) -~ dptg (xy) 2.9)
JZ, JZ, 1=0 A '
. 00 n
= - Z <Z <X1+ X +X] ) Sl(n,l)> drg(x1) - dipg(xr)
JZ, JZ, n=0 \1=0 LA
00 n 1 n
= Z <ZZSl (L,k)[xq +- +Xr+X}E7\l_k51(n,l)> duq(xl)"'duq(Xr)ﬁ
n
Iy JZp =0 \1=0 k=0
- -k t
_Z ZZS1 LK)S1(n, DAFB) (%) =
1=0 k=0
Comparing the coefficients of t—n, on the both sides of (2.9), we arrive at the following theorem.
Theorem 2.7. For n > 0, we have
n
(=YY SiLKSim UAFBY (x).
1=0 k=0
Substitute t by et —1in (2.8), we get
[xq+-+xr+xlq > (r) n
Z Dk a A (X e — 1) J J (1+At) A dpg(x1) -+ - dpg(xr) Z By x|)\ o (2.10)
Z, Z, n=0 w
On the other hand, we observe the left hand side of the previous equation.
ZDkq N (et —1)¢ Z DkqA X)) Sa(n k) = D | D Diga¥)Sa(n k) @1
n=k n=0 \k=0

Comparing the coefficients of % on the both sides of (2.10) and (2.11), we arrive at the following
theorem.

Theorem 2.8. For n > 0, we have

V() = ZDkqA x)Sa(n, k).

k=0
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