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Global dynamics of humoral immunity Chikungunya virus R Check for updates
with two routes of infection and Holling type-II
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Abstract

In this work, we analyze the global dynamics of within-host Chikungunya virus (CHIKV) infection model with humoral
immune response. We incorporate two modes of infections, attaching a CHIKV to a host monocyte, and contacting an infected
monocyte with an uninfected monocyte. The infection incident rate is given by Holling type-II. The basic reproduction number
Rp is used to prove that the CHIKV-free equilibrium E is globally asymptotically stable when Ry < 1 and the infected equilib-
rium E; is globally asymptotically stable when Ry > 1. Numerical simulations have been performed to confirm the theoretical
results.
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1. Introduction

Mosquito is one of the dangerous insect throughout the world. It can carry and spread viruses to
humans and animals causes many of deaths every year. A great efforts has been paid to develop and
analyze mathematical models that describe the population dynamics of mosquito-borne diseases such as
Zika [2, 4, 7], dengue [1, 27, 43, 48], malaria [3, 5, 6, 36], yellow fever [40] and chikungunya [8-10, 34, 37—
39, 46]. Chikungunya virus (CHIKV) is transmitted to humans by infected Aedes albopictus and Aedes
agypti mosquito. CHIKV causes severe joint and muscle pain, fever, rash, headache, nausea and fatigue.
Wang and Liu [45] have proposed and studied a within-host CHIKV dynamics model which contains four
compartments, uninfected-monocytes (s), infected monocytes (y), free CHIKV particles (p) and antibodies
(x). The model has been extended in [13, 14] by considering general CHIKV-monocyte incidence rate. In
[13, 14, 45] it has been assumed that the uninfected monocyte becomes infected by contacting with CHIKV
(CHIKV-to-monocyte transmission). Long and Heise [35] have reported that the CHIKV can also spread
by infected-to-monocyte transmission. Mathematical models of different viruses with both cellular and
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viral infections have been studied in several works [24, 25, 31-33, 41, 44, 47]. In a very recent work, Elaiw
et al. [15] have studied the dynamics of CHIKV model with two routes of infection, however, they did not
consider the holling-II. The aim of the present paper is to propose and analyze a CHIKV dynamics model
where the infection rate is given by Holling type-II incidence. The proposed model is given as:

Cms(Up(t)  mas(ty(y)

S =B=8sU= T ) " Trws)’ (1.1)
ey s(B)p(t) | mas(t)y(t)

O =T ws) T 1rws Y (1.2)
p(t) = my(t) —cp(t) —rx(t)p(t), (1.3)
() = A+ px(t)p(t) — mx(t). (1.4)

The uninfected monocytes are generated monocytes by rate {3, die with rate 8s(t) and be infected by

nis(t)p(t) + ms(ty(t
1+ws(t) 1+ws(t)

Holling type-II constant, and 111, and n, are the incidence rate constants. Constants €, c, and m represent,
respectively, the death rate constants of the infected monocytes, CHIKV, and antibodies. Constant 7 is the
production rate constant of the CHIKV from infected monocytes. Antibodies attack the CHIKV at rate
mx(t)p(t). Once antigen is encountered, the antibodies expand at a constant rate A and proliferate at rate
px(t)p(t). All the parameters of the model are positive.

CHIKYV and infected monocytes with rate ), where w is the uninfected monocyte

1.1. Basic properties
The following lemma establishes the nonnegativity and boundedness of the solutions of system (1.1)-
(1.4).
Lemma 1.1. There exist M1, My, M3 > 0, such that the following compact set is positively invariant for system
(1.1)-(1.4);
N={(s,y,p,x) € 1R4>0 0<s,y <M, 0<p<Mp,0< x < Msh

Proof. We have

s.|S:O:B>O/
n1sp
1+ ws
Plp=o=my >0 forally >0,
X|X:0:7\>0.

Y ly—o = >0 foralls,p>0,

This shows that (s(t),y(t), p(t), x(t)) € ]R4>0 with (s(0),y(0),p(0),x(0)) € 1R4>0. Let us define
Hi(t) = s(t) +y(1), Ha(t) = p(t) + _x(t)
Then from Egs. (1.1)-(1.4) we get

Hi(t) = B —8s(t) —ey(t) < B —oi(s(t) +y(t)) = B —o1Hi(t),

where, 01 = min{§, €}. Hence H;(t) < My, if H1(0) < My, where M = Gﬁl It follows that 0 < s(t),y(t) <
My if 0 < s(0) +y(0) < My. Moreover, we have

Fo(t) = my(t) — cp(t) + 57\ =) < vy o+ %?\ — o, (p(t) + ;x(t)> = M, + gx — oyHa (1),

7‘[M1+g7\

where, 0o, = min{c, m}. Hence Hj(t) < Mo, if Hy(0) < My, where M, = o
all non-negative, then 0 < p(t) < M and 0 < x(t) < M3 if 0 < p(0) + %X(O) < My, where M = M2 [

T

. Since p(t) and x(t) are
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1.2. Equilibria
We define the basic reproduction number as:

(Mmmm +mn2cm +121A)

Ro = elcm+1A)(d+ pw)

Lemma 1.2. Consider system (1.1)-(1.4), then

o if Ro < 1, then there exists only one equilibrium Eg € T, and

o if Ry > 1, then there exist two equilibria Eg € T and By € T, where T is the interior of T.

Proof. Let E(s,y,p,x) be any equilibrium satisfying

nisp 28y

R S _ 1.5

0=Pp—os 1+ws 1+ ws’ (1.5)
nisp 28y

_ — 1.
0 Ttws 1tws 7 (16)
0=my—cp—r1xp, (1.7)
0=A+pxp—mx. (1.8)

By solving Egs. (1.5)-(1.8) we get two equilibria a CHIKV-free equilibrium Eg = (so, 0,0, %), where so = %

and xg = % Moreover, we have

Cip® +Cop? + Cp+ Gy _
Cip+C2 ’
where
Cy = cep?(—mm; — cna + cew),
Co = Cp1+ Con + Coz + Cpy + Cos,
C3 = C31+ Cao + Ca3 + Cag + C35 + Cag,
Cy =mma(mmpn; —em(de — P2+ P ew) —rA(de — P2+ B ew)),
C1=Ci+Cp,
Co = Cy +Cpo,
and
Co1 = prmy (reA + mtBp), Cap = 2pc’me(n; — ew), Co3 = 2pcmreny,
Coq = 2pcred(ny — ew), Ca5 = —mp’c(de — P2 + Pew), C31 = —mmm; (reA + 2nBp),
Cap = c*m?e(—my + ew), Caz = T2A\%e(—mp + ew), C34 = rATIP(0€ — PMo + Pew),
C35 = cm(—mmeny +2reA(—2 + ew)), Czg = 2cmmp(de — Py + Pew), C11 = mpTA(1p — ew),
Ciz = 2mpm(rmy + c(n2 — ew)), Co1 = —mz(mmm; + cm(np — ew)), Cp = —mmrA(n; — ew).

Let define a function X(p) as:

3 2
X(p) = Cip” + Cop™ + Cap + Gy _ 0,
Cip+C2
we obtain
-1 A
X(0) = B(cme +r1eA)(d+ Pw)(Ry—1) lim X(p) = _mre -

elem4+TA) 8+ Bw)(Ryg—1) +ed(em +71A)’

m
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Therefore, if Ry > 1 then X(0) > 0 and there exists p; € (0, %) such that X(p;) = 0. It follows from Egs.
(1.6)-(1.8) that

A
AL N S 1 Gl L DR
m—pp1 T
=0 — P11 — Y12 + Pw + /4Bdw + (=8 — p1m1 — y1m2 + Bw)?
$1 = I > 0.

Therefore, if Ry > 1, then the system has an infected equilibrium E; = (s1,y1,p1,%x1). Now we show that

Epeland E; € l(i Clearly, Eg € T'. From the equilibria conditions of E; we have

=

N1S1P1 N2581Y1
1+ws; 14+ ws;

Moreover, from Egs. (1.7) and (1.8) we have

:651+€y1:f5:0<31<ﬁ <M, 0<y; < — < My

=0
B =0s;+ 5 S -

T, mr mr T T
CpP1 :T[yl+67\_?X1 = Cpl""?xl :”91+67\<7[M1+6>"

™™ + EA ™1 + LA M
pr<—— P <My, x <P < P2 s
C T m T

It follows that, E; € T O

2. Global properties

To investigate the global stability of the equilibria we construct Lyapunov functions using the method
presented [30] and followed by [11, 12, 15-24, 26, 28, 29, 42]. Define F(v) =v—1—Inv.

Theorem 2.1. For system (1.1)-(1.4), if Ro < 1, then Eq is globally asymptotzcally stable in T
Proof. Let Ry < 1 and construct a Lyapunov function Uy(s,y,p,x) a

_So_r so(1+ wb) y 180 ot ™10 on<x)
s 0(1+ wso) (¢ +1x0)(1+ wsp) p(c+1x0)(1+ wsp) x0 /"

Up(s,y,p,x) =s

Clearly, Up(s,y,p,x) > 0 for all s,y,p,x > 0 and Ug(sp,0,0,%9) = 0. Calculating % along system (1.1)-
(1.4) we obtain

+ €(fR0 — 1)y

dUy so(1+ ws) n1sp N2sy nisp N2sy
0 (2T &5 — — —
dt < s(1+ wsp) s 1+ws 1+ ws +1+ws+1+ws Y
n18o 180 X0
—cp— 1—-2)(a —
T let o) 1+ wso) <”9 P T"") i P(C+TX0)(1+(USO)< x)( e m")
so(1 + ws) 280y N1So
= (12T -5 _12%05
( s(l—Huso)><[3 S> +1—i—wso €yt (c—l—rxo)(lerso)mJ
L % (1 - "0) (7\ mx)
p(c+rxo)(1+ wsg) X
Substituting 3 = 8sp and A = mx( we get
dUp _ (s —s0)? e( 280 N1807C _ )y _ ™MiSem (x —x0)?
dt s(1+wso) e(14+ wsg) elc+rx)(1+ wsp) p(c+1x0)(1+ wsg) X
(S—So) T1Spm (x —x0)?
(

s 1+ wsg) plc+1x0)(1+ wsp) x

If Ry < 1, then duo < 0 for all s,y,p,x > 0 and dd—LiO = 0 when s = sp,x = xg and y = 0. It can be easily

shown that duo = 0 at Eg . Applying LaSalle’s invariance principle, we get E is globally asymptotically
stable when IRO . O
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Theorem 2.2. For system (1.1)-(1.4), if Ro > 1, then E is globally asymptotically stable in I
Proof. Let a function Uy (s,y,p,x) be defined as:

S

s1(1+ wo) <y ) Mms1p1 (P ) T™M1S1P1 (X>
Ui(s,y,px) =s—s1— | 2T g9 yp( Y ) MSIPL (P TISIPL e X))
1(s:y,p.x) ! Ll 0(1+ wsq) 91 Y1 7Ty1(1+w81)p1 p1 pry1(1+ wsy) \x

Clearly, U;(s,y,p,x) > 0 for all s,y,p,x > 0 and U;(s1,y1,p1,x1) = 0. Calculating % along the trajecto-
ries of (1.1)-(1.4) we obtain

duy s1(1+ ws) n1sp N28yY Y1 n1sp N2sy
— =1 —bds— — 1—= —
dt ( s(14 wsq) b—ds 1+ws 1+ ws + y 1+ws+l+ws v

N181P1 P1 ™M181P1 X1
T ) R - U C—
ﬂy1(1+wsﬂ< p e py1 (1 + wsq) X P

s1(1+ ws) n1s1p 281y niSp Y1 M2sy Yyp
= (1-22T22 ) (g5 — 2L 2
< s(1+u)s1))<B S)+1—|—wsl 1+wsy 14+wsy 14+wsy €Y+ et
N1s1P1 Y N181P1 P1Y N181P1 N181P1 N181P1
+ = s cp + cp1+ T
1+wsiyr T+wsipyr  myi(l+wsq) P mtyq (1 + wsq) P myq (1 + wsq) b

M181P1 TM181P1 X1
- xp+——(1— A—mx
(1 +wsg) 7 Pﬂy1(1+w31)( X)( )
Applying the equilibrium conditions for E;

N181P1 N281Y1 ~ M1s1P1 N281Y1

/ = , Cp1 = —TX1P1, A= mXx;— PX1P1.
1+ wsy 1+ wsq U1 1+ ws;g 1+ wsy P1 = TY1 1P1 1 — PX1P1

p=06s1+

we get

! —_5 (s —s1)? 1— s11+ws)\ (misip1 | M2s1y1
dt s(14 wsq) s(14 wsq) 1+ws; 14+ ws;

_ msipr spyi(l+wsy)  mesiyr s(I+wsy)  misipr | M2siys

1+ wsys1pry(l+ws) 14+ wsysi(l+ws) 14+ws; 1+ wsg 2.1)
MN1s1P1 P1Y | Mis1P1 N181P1 N181P1 '
— — -2 X1P1+ = TX
T+wsipy | T+ws; my(l+ws) P my(1+wsy) 2
N181p1 X1 misipim (x —xp)?
= TX1p1 - — .
my1 (1 + wsq) x  pmyr(l+wsy)  x
Eq. (2.1) can be simplified as:
duy o (s—s1) )2 L Mis1p1 [3 si(l+ws)  spyi(l+ wsy) Ply]
dt s(14 wsq) 1 + wsq s(1+ws1)  s1py(l+ws)  pyr
M281Y1 [ s1(1+ ws) (1+¢U31)] msPL [2_ x Xl}
1+ wsy s(1+wsy)  s1(1+ ws) ﬂy1(1+ws1) ! x
__ ™isipim (x —x1)?
pmy(1+wsy)  x
_ s (s —s1)? msipr A (x—x1)* | misipa { ~s1l4ws)  spyi(I1+wsy)  pry
s(1+ wsq) 7ty1(1—|—w51) pPX1 X 14+ wsy s(1+wsy)  sipy(l+ws)  pyp

msiy1 [, sil+ws)  s(1+wsq)
1+ wsq s(1+wsy) si(14+ws)|’

Using the rule

we get

1<s1(1+ws) spy1(1+ wsq) ply>>1 1<s1(1+ws) s(1+w51))>1
3\s(14+ws1)  sipriy(l+ws) pyr /)~ " 2\s(1+ws;)  s1(1+ws)
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Therefore, dd—lil < 0 for all s,y,p,x > 0 and % = 01if and only if s = 51,y = y1,p = p1 and x = xg. It
follows that the global stability of E; is induced from LaSalle’s invariance principle. O

3. Numerical simulations

Using the values in Table 1, we consider two cases as follows:
Case 1: We simulate system (1.1)-(1.4) with the following initial conditions:

IC1: s(0) =14.0,y(0) =1.0,p(0) = 1.5, and x(0) = 1.5;
IC2: s(0) =8.0,y(0) =2.0,p(0) = 3.0, and x(0) =4.0;
IC3: s(0) =4.0,y(0) =3.5,p(0) = 6.0, and x(0) = 7.0.

We fix w = 0.09 and consider the values of 11; and 1 as following sets:
Set (I): We let 1 =12 = 0.001. Computing Ry = 0.0857 < 1, Figures (1)-(4) show that, Eg = (so,0,0, %) is
globally asymptotically stable, where sy = % =20 and xg = 2 = 1.4, which agrees with the result of (2.1).

Set (II): We choose 111 = m = 0.05. Calculating Ry = 4.2857 > 1, we compute the equilibria as
E0(20.0,0,0,1.4) and E; = (6.66,2.66,3.73,5.51). We have observed that in Figures (1)-(4), when Ry > 1,
the solution of the system tend to E; for IC1-IC3 and (2.2) is confirmed.

Case 2. We fixed the value n; = n = 0.06, by using the following initial conditions s(0) = 7,y(0) =
2.0,p(0) = 3.0, and x(0) = 4.0, we can see from Figures (5)-(8) that the evolution of the system’s states
with different values of w. We have observed that Ry > 1, and the trajectory of the system converges to
the equilibrium E; for smaller values of w e.g. w =0.0,0.2,0.4. Whereas, Ry < 1, and the system has one
equilibrium Ep when w become larger e.g. w = 2,5. Let w®* be the critical value of the parameter w, such

that
(Mm7m +nacm +121A) B

e(lcm+71A) (6 + pwet)

Using the data given in Table 1, we obtain w®* = 0.67. The variation of Ry w.r.t. w are listed in Table 2.
We can observed that as w is increased then Ry is decreased. Moreover, we have the following cases:

(i) if 0 < w < 0.67, then E; exists and it is globally asymptotically stable,
(ii) if w > 0.67, then Ey is globally asymptotically stable.

Table 1: The value of the parameters of model (1.1)-(1.4).

Parameter | Value | Parameter | Value
B 2 > 0.1
M varied 2 varied
T 4 c 0.1
T 0.5 A 1.4
m 1 P 0.2
w varied € 0.5

Table 2: The value of R for different values of w.
w Equilibria Ro
0.0 (3.77,3.24,3.91, 6.43) | 14.3997
0.2 (8.93, 2.21, 3.54, 4.80) 2.8800
04 | (15.93,0.08, 2.25,2.60) | 1.6000

0.67 | (20.00, 0.00, 0.00, 1.40) 1.00
1 (20.00, 0.00, 0.00, 1.40) | 0.6857
5 (20.00, 0.00, 0.00, 1.40) | 0.1426
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