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Abstract

Let X,Y, Z be normed spaces. We show that, if X is reflexive, then some extensions andadjointsof
the bounded bilinear map f: X x Y — Z are Arens regular. Also the left strongly irregular propertyis
equivalent to the right strongly irregular property. We show that the right module action 73 : A®*) x

A — A* factors, where A is a Banach algebra.
Keywords: Arens regular, module action, derivation, topological center, factor.
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1. Introductionand Preliminaries

Arens showed in [1] that a bounded bilinear map f: X X Y = Z on normed spaces, has two natural

different extensions f***, f™***"from X** X Y™ into Z**. When these extensions are equal, f is
saidto be Arens regular. Throughout the article, we identify a normed space with its canonical image
in thesecond dual.

Let X,Y,Z be normed spaces andf:X XY — Z be a bounded bilinear mapping. The natural
extensions of fare as follows:
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)f*Z*xX - Y" givenby(f*(z",x),y) = (z", f(x,y)) wherex €X, y €Y, z* € Z" (f" is saidthe
adjoint of f).

i) f*: Y™ X Z* = X*, given by(f " (y**,z%),x) = (¥, f*(2",x)) wherex € X, y*™* € Y*",z* € Z".
|||)f***: X** X Y** N Z**, given by (f***(x**’y**)' Z*> — (x**,f**(y**,z*)>Where x** € X**, y** €
Y™, z* e Z".

Let f7:Y X X — Zbe the flip of f defined by f7(y,x) = f(x,y), forevery x € Xandy € Y. ThenfTis
a bounded bilinear map and it may extends as above to f™**: Y** X X** — Z**. In general, the
mapping fT7: X X Y** — Z™*is not equal to f***. When these extensions are equal, then fis
Arens regular. If the multiplication of a Banach algebra A enjoys this property, then A itself is
calledArens regular. The first and the second Arens products are denoted by, ¢ respectively.

One may define similarly the mappings f***: Z*** X X*™* = Y™ and f*™***: V"™ x Z*** - X**and
the higher rank adjoints. Consider the nets (x,) € X and (yg) €Y convergetox™ € X™ and

y** € Y*"in the w*-topologies, respectively, then

e, y™) =wt = limw® —lim f(x,, ¥p)

« B

and

(™, y™) =w" —limw* — lim f(x, ,VB)

B [od

so Arens regularity of f is equivalent to the following

lior(nlirgliﬁﬁz*,f(xa,yﬁ» = liéllligl(z*,f(xa, yB))
if the limits exit for each z* € Z*. The map f*** is the unique extension of f such that
X - (™, y™): X - Z* isw® —w™ continuous for each y*™* € Y**and
Yy - 7 (x,y™): Y™ > 27 isw" —w”™ continuous foreach x € X.
The left topological center of f is defined by

Zi(f)y=x"eX™y™ - ™, y™): Y™ - 2™ isw* —w™ continuous}.

Since fT* 7 X** X Y** = Z™** is the unique extension of f such that the

*%

mapy** — fT (x**, y**): Y™ - Z** isw* —w* continuous for each x** € X**, we can set
Zl(f) — {x** € X**:f***(x**,y**) — fr***r(x**’y**)’ (y** € Y**)}
The right topological center of f may therefore be defined as
Z,(f)y={y"ey™x™ > frr(x™,y™): Y™ - Z* isw" —w” continuous}.

Again since the map

*

> T, y): YT > 27 isw® — w™ continuous for each y** € Y**, we can set

Zr (f) — {y** € Y**:f***(x**, y**) — fr***r(x**’y**)’ (x** € X**)}

A bounded bilinear mapping f is Arens regular if and only ifZ;(f) = X**, or equivalentlyZ, (f) = Y*".
It is clear that X € Z;(f).If Z;(f) = X then the map f is said to be left strongly irregular. AlsoY <
Z.(f) and if Z.(f) =Y then the map f is said to be right strongly irregular. A bounded
bilinearmapping f : X XY — Z is said to factor if it is onto. Let A be a Banach algebra, X be
aBanachspace and ; : A X X — X be a bounded bilinear map (7 is said the left module action of A

x*
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on X).f my(ab,x) = mi(a,m(b,x)), foreacha,b € A, x € X, then the pair (71, X) is said to be a
left Banach

A-module. A right Banach A-module (X, m;) can be defined similarly. A triple (mq, X, ;) is said
tobe a Banach A-module if (q,X) and (X, ;) are left and right Banach A-modules, respectively,
andmq(a, my(x, b)) = my(my(a,x),b) for each a,b €A, x €X. Let (my,X,m;) be a Banach
A-module. Abounded linear mapping D : A — X"is said to be a derivation if D(ab) = D(a).b +
a.D(b), for eacha, b € A.

2. Arens regularity of bounded bilinear maps

Remark 2.1. Let f be a bounded bilinear map from X X Y into Z. f**" means that the number of
starsis 3n for everyn € N.

Let f be a bounded bilinear map and , x™ € X™*,y** € Y**. If f is Arens regular then for every z* € Z*,
(T (™, 1), 2°) = (£ (6™, y™), 2°) = (F7 (x**, y*), 2°) = (7 (y™, x™), 2°)

Therefore,f” is Arens regular. Now let f7 is Arens regular, for every x™* € X**,y** € Y™, z* € Z~,
T (2™, 7™, 2°) = (7 (y™, ™), 2°) = (7 (v, x™), 2°) = (F* (&%, ™), ")

Hence f is Arense regular if and only if f7 is Arens regular.

Lemma 2.2. If f: X X Y — Z is Arens regular and X is a reflexive space, then f**"and f****" are

Arens regular for everyn € N.

Hkk sokkkkk

Proof. First, we show that f*** is Arens regular for an arbitrary f. Then we show that f

7T By [7, Theorem 2.1], for every x*™*** € X****, y™*** € Y™™, z°** € Z**", we have

(o (X7, ™), 2%) = (™%, F™**** (y****, 7°**))
= (e (O X))
= (e, frReeT (e greyy
= (T (e, ), 270
(e (grees yueeey ey
It follows that f*** is Arens regular. This completes the proof of Arens regularity of f***". Now if f

kK ok

is Arens regula. we should show

(1) f******* — f****r***r

is Arens regular then we show that f

Since f is Arens regular,

(2) (f***)**** — (fr***r****)

so it is enough to show that
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(3) fr***r**** — f****r***r

3 3k 3k 3k 3k k.

f** is Arens regular, thereforef = ™77 5o from the Arens regularity of f”,we have
frem = freesT Thereforef ™ = f7**** From the Arens regularity of f,
frewmesr - greces Now by [6, Theorem 2.1], for every x™* € X™*, y*** g y #* g ¢
Z*** we have
A e I A e TN
= (xR s ey
= (g, freen e gy
= (e (g ey ey
Therefore equation (3) holds and f**** is Arens regular. Hencef****" is Arens regular, for everyn € N.
Lemma 2.3. Let f: X XY — Z beis a bounded bilinear map. If X is reflexive, then f and every
adjoint and every flip map of f such that its domain contains X, X*, X**,... is Arens regular.
Proof. First we show thatif Y is reflexive, then the result holds. f****(Z***, X*™) C Y™™ andY " is
reflexive, therefore
F(Z5, X)) C F (2 X)) C Y
Now by [7, Theorem 2.1], f is Arens regular. Therefore f7 is Arens regular, so the result holds.
Lemma 2.4. If X is reflexive and the bounded bilinear map f**** factors, then f and every adjoint map
and every flip map of it is Arens regular.
Proof. If X is reflexive space then by lemma 2.3, f and f"* are Arens regular and by[7, Corollary 2.2]
itis equivalent that f***(Z***,X™) € Y * and f**** factors, therefore Y *** C Y * and it is equivalent
that Y is reflexive. Now for every adjoint map or every flip map, X or , X* orY *,is contained in a part
ofits domain. Since these spaces are all reflexive, therefore by lemma 2.3 the result holds.
Theorem 2.5. Let X be is reflexive and let f**** factors. Then f is left strongly irregular if and only if it is
right strongly irregular.
Proof.By lemma 2.3 f is Arens regular. From the definition, fis Arens regular if and only ifZ;(f) = X**.
X is reflexive therefore Z;(f) = X, i.e. f is left strongly irregular, therefore f is Arens regular if and only

f is left strongly irregular.On the other hand by lemma 2.4, Y is also reflexive, therefore by definition
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of topological centers, f is Arens regular if and only ifZ,.(f) = Y**, since Y is reflexiveso Z,.(f) =Y,
thus f is right strongly irregular. therefore f is Arens regular if and only f is right strongly irregular. It

follows that f is left strongly irregular if and only if right strongly irregular.

3. Module action

In [5] Eshaghi Gordiji and Filali show that left module action of a Banach algebra A on A™ factors.
Now let T, ~be the right module action of A on A Thus T, mMaps AM x AintoA™and 5 maps
AP % A0 into A*, for everyn > LAlsorr;, =m"" andm, =mj  suchthat A =4, 7=

Ty, = Ty, In the next theorem we show that the right module action factors.

0
Theorem 3.1. Let A be a Banach algebra.

I) If A has a left bounded approximate identity, then n}nfactors for every positive even integer n.
1) If A has a right bounded approximate identity, then n}nfactors for odd positive even integer n.
Proof.I) We use the induction onn. Letn = 2 and (eg) be a left bounded approximate identity in A

kk ok

with a cluster point e** € A™. Therefore for every a™* € A™* we have m;,(a™, ™) = a

kkk

Let(ay)be a netin A* with a cluster point e*** € A*™**, so foreverya € A4,
(m3,(a™, €),0) = (@3, (€,0) = (@7, i, (e, @)
= lim(e™, 1y, (a,az)) = lim(e™, 3" (a,a,))

04 [04
T - TR
= 1101(1111511( Ty, (ag, a),eg) = llénllén(aa,nzo (eg,a))

kK

= lim(a;,a) = (a",a).
o

Therefor forn = 2,1y factors. Now suppose that the result holds for n = 2k — 2. So,
(T3 (@, €7),0) = (@', Tz, (€™, @) = (@', ], , (€™,))
= (€™ M1y, (@aY) = (7, w5, , (a,a%))
= (e, my,, , (@%@) = (a", T}, , (a.e™)
= (@', Tz, (€7 Q) = (T, , (a"e™),a)
thus T[;(Zk) factors.
II) Again by induction. Let (e, ) be a right bounded approximate identity in A with a cluster point

e™ € A™. forn = 1itis enough to show that m; (™, a*) = a*for everya® € A™.
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(13, (e7,a%),a) = (7,1, (a%,a)) = (e, my,(a’,a))= lim(a",my, (@, eq)) = (a’, a).
Now suppose that is true forn = 2k — 1, then
(M) (€70, 0) = (€7, a0y, (@, @) = (€7, i, (@",@))
= (a %, (@,e™) = (@, 15, (@e™)
=(a", m5,, (™) = (7, mhy, , (a,a")
= (e, My, (a%,a)) = (M3, (e7,a"),a).
so the result holds.
Here is a new proof for the theorem [4.7.1]
Theorem 3.2. If X is a reflexive space and D : A —» X is a derivation, then D** is also a derivation.
Proof. As X is reflexive, by lemma 2.3 the following module actions are Arens regular,
m:AXX > X ) Myt X XA ->X
i X"X A - X” , myt tXTX A - X'
Now the maps bellow are Arens regular by [7, 4.4],
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