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Abstract

In this paper we discuss weakly Moénch type maps and obtain Leray—Schauder alternatives for such maps.
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1. Introduction

Leray-Schauder type alternatives for weakly compact, weakly condensing and weakly Monch type
maps were established in the literature in a variety of settings, see for example [1, 2, 5] and the references
therein. Using the notion of an essential map (originally introduced by Granas, see [3]) we present
general Leray-Schauder alternative type theorems for general weakly Monch type maps (see [4, 5]) and
our results generalize those in the literature. Our theory is also motivated by recent fixed point theorems
in the literature by the author [6, 7] and for completeness we state some of these fixed point result which
would be useful in applying the results in Section 2.

Theorem 1.1. Let E be a Banach space, Q a nonempty closed convex subset of E, xo € Q and F: Q — K(Q) (here

K(Q) denotes the family of nonempty, convex, weakly compact subsets of Q) has weakly sequentially closed graph.
Assume either

ACQ, A=tco({x}UF(A)) with CCA

countable and C C co ({xg} UF(C)),

implies CW is weakly compact,
or

ACQ, A=co({x}UF(A)) with CC A

countable and C C co ({xg} UF(C)),

implies C* is weakly compact,

holds. Then F has a fixed point in Q.
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Remark 1.2. In Theorem 1.1 we can replace E a Banach space with E a Hausdorff locally convex linear
topological space provided certain conditions are satisfied (see [7]).

Theorem 1.3. Let E be a Banach space, Q a nonempty closed convex subset of E, xg € Q and F: Q — K(Q) has
weakly sequentially closed graph. Assume the following conditions hold:

countable set N C A there exists a countable set

A CQ, A=co({xo}UF(A)), for any
{ P C A with co ({xg})UF(N)) C Pw,

and

countable and CW = co ({xo} U F(C)),

ACQ, A=7co({xgUF(A)) with CC A
implies C" is weakly compact.

Then F has a fixed point in Q.

Theorem 1.4. Let E be a Banach space, Q a nonempty closed convex subset of E, xo € Q and F: Q — K(Q) has
weakly sequentially closed graph. Assume the following conditions hold:

countable set N C A there exists a countable set

ACQ, A=co({x}UF(A)), for any
{ P C A with ©o ({xo} UF(N)) C PW,

and

countable and CW = co ({xo} U F(C)),

ACQ, A=co({x}UF(A)) with CC A
implies C* is weakly compact.

Then F has a fixed point in Q.

Theorem 1.5. Let Q be a nonempty, closed, convex subset of a metrizable locally convex linear topological space E
and let xo € Q. Suppose F : Q — K(Q) has weakly sequentially closed graph and assume the following conditions

hold:
ACQ, A=co({xg}UF(A)) with C¥ =AW (= A)
and C C A countable, implies AW (= A) is weakly compact,

and
F maps separable sets in Q to separable sets in Q.

Then F has a fixed point in Q.

Remark 1.6. In Theorem 1.5 we can replace E metrizable with E a Smulian space (i.e., E is such that if the
weak closure of a subset () of E is weakly compact then

(i) Q is weakly sequentially compact; and

(ii) if x € QW then there exists a sequence (xy ) in Q with x, — x).

2. Main results

Let X be a Hausdorff locally convex topological vector space and U a weakly open subset of X. In this
section we consider a class A of maps.

Definition 2.1. We say F € M(UW,X) if F: U¥ — 2X and F € A(UW,X). Here U™ denotes the weak
closure of U in X.
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Definition 2.2.

(i) We say F € MM(UW,X), if F € M(UW,X) and if D € U¥ and D C co ({0} UF(D)) with C € D
countable and C C ¢o ({0} UF(C)), then CW is weakly compact.

(ii) We say G € MMM(Q,X) (here Q C X), if G € M(Q,X) and if D C Q, D = co ({0} U G(D)) with
C C D countable and C C ¢o ({0}U G(C)) (or C¥ =¢o ({0} U G(C))), then C" is weakly compact.

Definition 2.3. We say F € M}, (UW, X), if F e MM(UW, X) and x ¢ F(x) for x € 9U. Here U denotes the
weak boundary of U in X.

Definition 2.4. Let F € M}, (U, X). We say F : UV — 2X is essential in MY} (UW,X) if for any map
J € MM, (U, X) with Jlau = Flou there exists an x € U with x € J (x).

Remark 2.5.

(i) Note if F € M%(W,X) is essential in M%(W, X), then there exists an x € U with x € F(x) (take
] = F in Definition 2.4).

(ii) In Definition 2.2 (and throughout the paper) we could replace {0} with {xo} where xy € X is fixed.

We begin with a nonlinear alternative of Leray-Schauder type (a more general result will be presented
in Theorem 2.14).

Theorem 2.6. Let X be a Hausdorff locally convex topological vector space, U a weakly open subset of X and
F e MM(UW, X). Assume the following conditions hold:

the zero map (denoted by 0) is in M(UW, X) 2.1)

and 0 is essential in M}, (UW, X), ’

x ¢ tF(x) for every x € 0Uand t € (0,1), (2.2)
and _

uF e M(Uw,X) for any weakly continuous (2.3)

map w:UW — [0,1] with p(oU) =0. '
Let Q ={x € U™ : x € tF(x) for some t € [0,1]} and we suppose

Q is weakly compact. (2.4)

Then there exists an x € U™ with x € F(x).

Remark 2.7. Note 0 € MM(UW,X), since if D € UW, D C o ({0}U0(D)) with C C D countable and
C Cco ({0}u0(C)) then since 0(x) = {0} for x € C we have (trivially) that C* is weakly compact.

Proof. Suppose x ¢ F(x) for x € 90U (otherwise we are finished). Let Q be as in the statement of Theorem
2.6 and note (2.1) guarantees that Q # (). Also note Q NoU = () (see (2.2), x ¢ F(x) for x € oU is assumed
at the beginning of the proof, and 0 € M%(W,X)). Now X = (X,w), the space X endowed with the
weak topology, is completely regular. Thus there exists a weakly continuous map p: UV — [0,1] with
1(dU) = 0 and u(Q) = 1. Define a map R by R(x) = u(x) F(x) and note (2.3) guarantees that R € M (U™, X).
We now show R € MM(UW, X). To see this let D C U™ and D C co ({0}UR(D)) with C C D countable
and C C ¢o ({0}UR(C)). Note R(C) C co ({0} UF(C)), R(D) C co ({0} UF(D)) so

co ({0yUR(D)) cco ({0} U co ({0} UF(D))) = o (co ({0} UF(D))) =co ({0} UF(D)),
and co ({0} UR(C)) € co ({0} U F(C)). Thus

D c co ({0} UR(D)) € co ({0} UF(D)),
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and
C Cco ({0} UR(C)) € co ({0}UF(C)).

Then since F € MM (UW, X) we have that C* is weakly compact. Thus R € MM (UW, X). Next notice if
x € 0U then R(x) = {0} (note n(0U) = 0) and since 0 € U then x ¢ R(x). AsaresultR € M%(W,X)) with
Rlau = Olpu and since 0 is essential in M%(W,X) then there exists a x € U with x € R(x) = u(x) F(x).
Thus x € Q so u(x) =1 and as a result x € F(x). O

Remark 2.8. Suppose

(i) A(UW,X) is the class of maps F : U™ — K(X) with weakly sequentially closed graph and F takes
relatively weakly compact sets into relatively weakly compact sets; and

(ii) X is a Eberlein-Smulian space (ie., X is a Smulian space and X is such that the weak closure of a
subset C of X is weakly compact, if and only if, C is weakly sequentially compact).

Then (2.3) and (2.4) hold.

To show (2.4) first we show Q is weakly sequentially closed. To see this let (x,) be sequence of
Q which converges weakly to some x € QW (in particular x € U") and let (A,,) be a sequence of [0, 1]
satisfying xn € An, Fx. Then for each n there is a z,, € Fxn, with x;, = An zn. By passing to a subsequence
if necessary, we may assume that (A, ) converges to some A € [0, 1] and without loss of generality assume
An # 0 for all n. This implies that the sequence (z,) converges weakly to some z € U™ with x = Az.
Since F has weakly sequentially closed graph then z € F(x). Hence x € AFx and therefore x € Q). Thus
Q) is weakly sequentially closed. Now let {x,}%°_; be a sequence in Q. Then there exists a sequence
{tn)_; in [0,1] with x,, € t, Fx,, and we may assume without loss of generality that t, — t € [0,1].
Let C = {xn}}°_;. Note C is countable and C C co ({0}U F(C)l. Since F ¢ MM(UW, X) (take D = C) we
have that CW is weakly compact. Now since X is a Eberlein-Smulian space then there is a subsequence
N of {1,2,---} and a x € CW¥ with x, — x asn — oo in N. Now since Q is weakly sequentially closed
we have x € ). Consequently Q is weakly sequentially compact, so QW is weakly compact since X is a
Eberlein-Smulian space. In fact QW = Q. To see this let z € Q™. Then there exists a sequence (z,) in
Q with z,, — z (since X is a Smulian space). Since Q is weakly sequentially closed we have z € Q, so
QW = Q. Thus (2.4) holds.

To show (2.3) we first note that R = pF has weakly sequentially closed graph since F has weakly
sequentially closed graph and p is weakly continuous. Next suppose A C UW is weakly compact and
Yn € R(A). Then yn = p(xn)zn where z,, € F(xn) and x, € A. Without loss of generality we may
assume there exists x € A and z € F(A) with x, — x and z, — z (recall A and F(A)" are weakly compact
and in fact a standard result (see [1, P. 87] where one replaces E a Banach space with E a Smulian space)
guarantees that F : A — K(X) has weakly closed graph and from another standard result (see [1, P. 37])
we have that F(A) is weakly compact). Then z € F(x) since F has weakly sequentially closed graph. Let
y = u(x)z. Then yn — y and y € R(A). Thus R(A) is weakly sequentially compact so R(A)" is weakly
compact since X is a Eberlein-Smulian space and again since X is a Smulian space we have R(A)" = R(A).
Thus R = uF takes relatively weakly compact sets into relatively weakly compact sets so uF € A(UW, X).

We now present a result which guarantees (2.1).

Theorem 2.9. Let X be a Hausdorff locally convex topological vector space, U a weakly open subset of X, 0 € U
and assume the following conditions hold:
0 e M(Uv,X), (2.5)

for any map J € M}, (UW, X) with Jlou = Oloy and

f Jx), xeuw,
Rix) = { 0}, x e X\Uw, (2.6)
we have that R € M(X, X),
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countable set P C X with PN UW relatively weakly compact (2.7)

for any map J € M}, (U™, X) with Jlou = Olpu and for any
we have that the set co ({0}UJ(P N UW) ) is weakly compact,

and
{ for any map H € MMM(X, X) there exists

x € Xwith x € H(x). (2.8)

Then the zero map is essential in MY} (UW, X).

Remark 2.10. Note the theorems in Section 1 give conditions to guarantee (2.8) (we might have to change
slightly the definition of MM and MMM depending on the theorem we use).

Remark 2.11. In the proof below we will in fact show R in (2.6) is in MMM (X, X) so one could replace (2.8)
with “there exists x € X with x € R(x)”.

Proof. Let ] € M%(W,X) with Jlau = 0lau. We must show there exists a x € U with x € J(x). Let R be
as in (2.6) and note R € M(X, X). We claim R € MMM (X X). To see this let D C X and D = ¢o ({0} UR(D))
with C € D countable and C C ¢o ({0} UR(C)) (or CW = ¢o ({0} UR(C))). First note ¢co ({0} UR(D)) C
co({0juJ(DNUW)) so D = co ({0}UR(D)) € co({0juJ(DNUW)) and C C co ({0} UJ(CNUW)). As a
result

DNUY Cco({0}UJ(DNUW)) and CNUW C co ({0}uJ(CNUW)), (2.9)

note CNUW is countable. Now since ] € MM (UW, X) we have (see (2.9)) that C N UW "is weakly compact.
Now (2.7) guarantees that C" is weakly compact (recall C C o ({0}U J(Cn'UW)). Thus R € MMM (X X).

Now (2.8) guarantees that there exists a x € X with x € R(x). There are two cases to consider, namely
x € Uand x € X\UW. If x € U then x € J(x), and we are finished. If x € X\U then since R(x) = {0} (note
also Jlau = 0lau) we have 0 € X\U, and this contradicts 0 € U. a

Remark 2.12. If A is as in Remark 2.8, then trivially (2.5) and (2.6) hold. Also note (2.7) holds in this
situation if we assume the following: if W is a weakly compact subset of X then co (W) is weakly compact.
(This is a Krein-Smulian type property which we know for example is true if X is a quasicomplete locally

convex linear topological space). To see this we just need to note that if P and | are in (2.7) then J(P N UW)
is weakly compact and co ({0} U J(PNUW)) C co ({0}U J(P N UW) W).

Our final two results are generalizations of Theorem 2.6.

Theorem 2.13. Let X be a Hausdorff locally convex topological vector space, U a weakly open subset of X,
F e MMUW,X) and G € MY, (UW,X) is essential in MY}, (UW,X). Also assume there exists a map H :
uw x [0,1] — 2X with H(.,m(.)) € MM(UW,X) for any weakly continuous function n : U™ — [0,1] with
noU) = 0, x ¢ He(x) for any x € oUW and t € (0,1) (here He(x) = H(x,t)), Hi1 = F, Hp = G and
Q= {x e UW: x € H(x,t) forsome t € [0, 1]} is weakly compact. Then there exists a x € UV with x € F(x).

Proof. Suppose x ¢ F(x) for x € 0U (otherwise we are finished). Let Q) be as in the statement of Theorem
2.13 and note Q # ) (note G is essential in M%(W,X) and Hyp = G). Note X = (X, w) is completely
regular, QN AU = () so there exists a weakly continuous map p : UV — [0,1] with p(dU) = 0 and
1n(Q) = 1. Define the map R by R(x) = H(x, u(x)). Now R € M%(W,X) with Rlagu = Glau (note if
x € 0U then R(x) = H(x,0) = G(x) and x ¢ G(x)). Since G is essential in M%(W,X) there exists x € U
with x € R(x) = H,(x)(x). Thus x € Q so u(x) = 1. As a result x € Hy(x) = F(x). O

It is also possible to generalize slightly the result in Theorem 2.13, if one modifies slightly the assump-
tions.
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Theorem 2.14. Let X be a Hausdorff locally convex topological vector space, U a weakly open subset of X, F €
MM, (U™, X) and G € MY, (UMW, X) is essential in ML (UW,X). Also assume for any map ] € MY, (UW,X)
with Jlou = Flou there exists a map HJ : U™ x [0,1] — 2% with HI(.,m(.)) € MM(UW,X) for any weakly
continuous function n : U™ — [0,1] with n(dU) = 0, x ¢ H,{(x) forany x € OU and t € (0,1) (here H,]E(x) =
H/ (x, 1)), H{ =17, H(J, =Gand Q ={xeU": xeH(x,t) forsome t € [0,1]} is weakly compact. Then F is
essential in ML, (LW, X).

Proof. Consider any map ] € M%(W,X) with Jlau = Flou. We must show there exists a x € U with
x € J(x). Choose the map HJ and the set Q as in the statement of Theorem 2.14 and note Q # () (note
G is essential in M%(W,X) and Hé = G). Note X = (X, w) is completely regular, Q N dU = () so there
exists a weakly continuous map p: UV — [0,1] with u(oU) =0 and u(Q) = 1. Define the map R by
R(x) = HJ(x, u(x)). Now R € M%(UW,X) with Rlau = Glau (note if x € U then R(x) = H/(x,0) = G(x))
and since G is essential in M%(W,X) there exists x € U with x € R(x) = HL(X)(X). Thus x € Q so

u(x) = 1. As a result x € H](x) = J(x). O
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