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Abstract: The object of the present paper is to study a semi-symmetric non-metric connection in an
indefinite para Sasakian manifold. In this paper, we obtain the relation between the semi-symmetric
non-metric connection and Levi-Civita connection in an indefinite para Sasakian manifold. Also, the
Nijenhuis tensor, curvature tensor and projective curvature tensor of semi-symmetric non-metric
connection in an indefinite para Sasakian manifold have been studied.
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1 Introduction

The idea of semi-symmetric connection was introduced by Friedmann and Schouten [13] in 1924. A
linear connection V on a Riemannian manifold (M™, g) is called semi-symmetric, if its torsion tensor T
satisfies

T(X,Y) = n("X — n(X)Y, (1)
where 7 is a non-zero 1-form associated with a vector field ¢ defined by

nX) = gX,$). (2)
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In 1930, Bartolotti [4] gave geometrical meaning to such a connection. In 1932, Hayden [14] defined and
studied semi-symmetric metric connection. In 1970, Yano [22] started the systematic study of semi-
symmetric metric connection and this was further developed by various authors such as Amur and Pujar
[2], Chaki and Chaki [6], Chaki and Konar [7], De [8], De and De [9], De and Ghosh [10], Imai [15], Mishra
and Pandey [17], Prvanovic [18], Singh and Pandey [20], Yano and Imai ([23], [24]) and several other
geometers.

In 1975, Prvanovic [18] introduced the concept of semi-symmetric non-metric connection with the name
pseudo metric which was further studied by Andonic [3]. The study of semi-symmetric non-metric
connection is much ancient than the nomenclature 'non-metric’ was introduced.

In 1992, Agashe and Chafle [1] introduced a semi-symmetric connection V satisfying Vyg # 0 and
called such a connection as semi-symmetric non-metric connection. They gave the relation between the
curvature tensors of the manifold with respect to the semi-symmetric non-metric connection and the
Riemannian connection. They also proved that the projective curvature tensors of the manifold with
respect to these connections are equal to each other.

The study of manifolds with indefinite metric is of interest from the stand point of physics and relativity.
Manifolds with indefinite metrics have been studied by several authors. In 1993, Bejancu and Duggal [5]
introduced the concept of (g)-Sasakian manifolds and Xufeng and Xiaoli [20] established that these
manifolds are real hypersurfaces of indefinite Kahlerian manifold. Recently De and Sarkar [11]
introduced (&)-Kenmotsu manifolds and studied conformally flat, weyl semisymmetric, ¢-recurrent (&)-
Kenmotsu manifolds. Motivated by the above studies, in the present paper, we have studied semi-
symmetric non-metric connection in an (g)-para Sasakian manifold. The present paper is organized as
follows-

In section 2, some preliminary results regarding indefinite Sasakian manifolds are recalled. Section 3
deals with semi-symmetric non-metric connection in (g)-para Sasakian manifold. Section 4 is devoted to
the study of Nijenhuis tensor of semi-symmetric non metric connection. In section 5, curvature tensor of
semi-symmetric non-metric connection have been studied. The last section deals with projective
curvature tensor of semi-symmetric non-metric connection in M™,

2 (&)-Para Sasakian Manifolds

Let M™ be an almost para contact manifold equipped with an almost paracontact structure (¢, &,n)
consisting of a tensor field ¢ of type (1,1), a vector field £ and a one form 1 satisfying

P*=1-1Q®%, (3)

n =1, (4)
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() =0 (5)

and

no¢ = 0. (6)

Let M™ be an n-dimensional almost paracontact manifold and g be semi-Riemannian metric with index
(g) = v such that

g(@X,pY) = g(X,Y) —en(X)n(¥), (7)

where € = *1. In this case, M" is called an (g)- almost paracontact metric manifold equipped with an
(€)- almost paracontact structure (¢, &,n,g) [21]. In particular, if index(g) = 1, then an (g)- almost
paracontact metric manifold will be called a Lorentzian almost paracontact manifold. If in case, the
metric is positive definite, then an (&)- almost paracontact metric manifold is the usual almost
paracontact metric manifold [19].

In view of equations (4), (5) and (7), we have

gX,¢Y) = g(¢X,Y) (8)

and

g, $) = en(X), (9)

forallX,Y € TM™ . From equation (9), it follows that

9¢.$) =¢ (10)

i.e. the structure vector field & is never light like. An (g)- almost paracontact metric manifold (resp., a
Lorentzian almost paracontact manifold (M™, ¢,&,1, g, €) is said to be space like (g)- almost paracontact
metric manifold (respectively a space like Lorentzian almost paracontact manifold), if € = 1 and M" is
said to be a time like (g)- almost paracontact metric manifold (respectively a Lorentzian almost
paracontact manifold), if € = -1.

An (&) - almost paracontact metric structure is called an ()- para Sasakian structure if

(Vxp)(¥) = —g(X, 9Y)§ — n(V)p*X, X,Y € TM", (11)

where Vis the Levi-Civita connection. A manifold M™ endowed with an (&)-para Sasakian structure is
called an (&)-para Sasakian manifold. For € = 1 and g Riemannian, M™" is the usual para Sasakian manifold
[19]. For € = -1, g Lorentzian and ¢ replaced by- &, M™ becomes a Lorentzian para Sasakian manifold
[12].

In an (&)-para Sasakian manifold, we have

Vx§ = €9, (12)
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QX Y) =eg(@X,Y) = (Vxm(Y), (13)
forall X,Y € TM™, where Qis the fundamental 2-from.

In an (&)- almost para Sasakian manifold M™, the following relations holds.

R, X)Y = —eg(X,Y)$ + en(Y)X, (14)
R(X,Y)¢ = —en(Y)X + en(X)Y, (15)
NR&X,Y)Z) = —e[g(Y,Z)n(X) — g(X, Z)n(Y)]. (16)

In an n-dimensional (&)- para Sasakian manifold M™, the Ricci tensor S satisfies
S(oY,¢z) = S(Y,Z) + (n — Dn(¥)n(2), (17)
for all X, YE TM™. By virtue of above equation, we have
S(pY,Z2) =SY,¢Z) (18)
and

S, 8) == —Dn(¥). (19)

Example 1 Let R3 be the 3-dimensional real number space with a co-ordinate system (x,y,z) we define

n =dz — ydx, &=—

o()=nvn o= o(3)=0

g1 = (dx)* + (dy)* —n ®n,
op (dx)? + (dy)? + (d2)? — y(dx ® dz + dz @ dx),
g3 = —(dx)? + (dy)? + (dz)? — y(dx ® dz + dz ® dx).

then the set(p,&,n) is an almost paracontact structure in R3. The set (¢,&,71,91) is a timelike
Lorentzain almost paracontact structure. Moreover, the trajectories of the timelike structure vector &
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are geodesics. The set (¢,¢,1m,g,) is a spacelike Lorentzian almost paracontact structure. The set
(¢, &,1, g3) is a spacelike (€)-almost paracontact metric structure (@, &,1, g3, €) with index (g3) = 2.

3 Semi-Symmetric Non-Metric Connection

Let V be a linear connection and Vbe a Levi-Civita connection of an (g)- para Sasakian manifold M™ such
that

VyY = VoY + H(X, Y), (20)

where H is tensor of type (1,2). For V to be a semi-symmetric non-metric connection in M", we have

HX,Y)=-[TX, ")+ T*X,Y)+T*(Y,X)] + g(X,Y)¢, (21)

N =

where T*is a tensor of type (1,2) defined on M™ as
9(T(Z,X),7) =g(T"(X,Y),2). (22)
By virtue of equation (1), equation (22) takes the form
T*(X,Y) = n(X)Y — g(X,Y)&. (23)
Using equations (1) and (23) in equation (21), we get
HX,Y) =n()X. (24)

Hence in view of equations (20) and (24), a Semi-Symmetric connection on an (&)- para Sasakian
manifold M" is given by

VY = VyY + n(Y)X. (25)
Conversely, the torsion tensor Tof the connection Vdefined in equation (25) is given by

T(X,Y) =VyY —VyX —[X,Y]
= VY + (V)X — VY —n(X)Y — [X,Y],

T(X,Y) = n(")X — n(X)Y. (26)

The above equation shows that the connection V is a semi-symmetric connection. Also, we have

(Vxg) (Y,2) = Vxg (Y.Z) — g(VxY,Z) — g(Y,VxZ),

Vx(Y,Z) = —n(Y) g(X,Z) —n(Z)g(X,Y). (27)
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In view of equations (26) and (27), we conclude that the connection V is a semi-symmetric non-metric
connection. Thus equation (25) is the relation between the Levi-Civita connection V and semi-symmetric
non-metric connection V on an (&)- para Sasakian manifold M".

Now, in view of equation (25), we have

Vxp) () = Vxp(¥) — p(VxV),

Vxd)(¥) = (Vxd)(¥) — n(Y) dX). (28)
Replacing X and Y by X and Y respectively, where X = ¢pX and using equation (6), we get
V) (V) = (Vxp) (V) = —g(p*X,9*Y)§, X,Y € TM". (29)
Thus, we can state as follows -

Theorem 3.1 An n-dimensional (¢)- para Sasakian manifold admitting semi-symmetric non-metric
connection Vsatisfies equation (29).

Now, we have
VxQ) (Y, Z2) = VyQ(Y,2) — Q(VyY,2) — Q(Y,VxZ) (30)
In view of equation (25), above equation takes the form
VxD)(¥,2) = (Vx)(Y,2) —n(NQX, Z) = n(2)Y, X) (31)
ReplacingYand Zby Y and Z respectively in above equation and using equation (6), we get
Vx) (V,2) = (Vx)(,2) (32)
Thus we can state as follows

Theorem 3.2 An n-dimensional (€)- para Sasakian manifold admitting semi-symmetric non-metric
connection Vsatisfies equation (32).

Now, writing two more equations by the cyclic permutations of X, Y and Z from equation (31), we get
VYD (Z,X) = (VyQ)(Z, X) —n(Z)QY,X) —n(X)QZ,Y) (33)
and

V) (X, Y) = (VDX Y) — n(OAZ,Y) - n(")AX, Z). (34)
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Now JQ(X, Y,Z) is defined as
daX,Y,2) = (Vx) (V,2) + (y(ZX) + (VX Y). (35)
By virtue of equations (31), (33) and (34), equation (35) takes the form

dOX,Y,Z) =dQ(X,Y,Z) — 2[QX, Z)n(Y)

(36)
+n(X)QY, Z) + n(2)Q(X, V)]
Thus, we conclude that
Theorem 3.3 An n-dimensional (¢)- para Sasakian manifold admitting semi-symmetric non-metric
connection Vsatisfies equation (36).
Now, from equation (21), we have
'HX,Y,Z) =3[TXY,Z)+'T(ZX,Y) )

+'T(Z,Y,X)]+en(2)g(X,Y),

where '"H(X,Y,Z) = g(H(X,Y),Z and 'T(X,Y,Z) = g(T(X,Y),Z). Interchanging X and Y in above
equations, we get

'H(Y,X,2) =5[T(,X,2)+'T(ZXY)

c (38)
+'T(Z,Y,X)] +en(Z)g(¥,X).
Now subtracting equation (37) and (38), we get
'T(X,Y,Z)-'T(Y,X,Z) =2[H(X,Y,Z) —'H(Y,X,2)]. (39)

Thus we can state as follows

Theorem 3.4 On an (¢)- para Sasakian manifold with respect to semi-symmetric non-metric connection,
we have

'T(X,Y,2)='T(Y,X,Z) =2[H(X,Y,Z) —'H(Y, X, Z)].
4 Nijenhuis Tensor of Connection V.

The Nijenhuis tensor of semi-symmetric non-metric connection V is given by

N&X,Y) = (Vxgp)(¥V) = (Vrp)(X) — (Vx ) (Y) + (Vy ) (X)), (40)

where X = ¢X. From equation (28), we have

(Vx$) (V) = (Vgop) (V) —n(Y)¢*X. (41)
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Interchanging X and Y in above equation, we get

(Vrd) (X) = (Vrg) (X) —n(X)9*Y. (42)

Operating ¢ on both sides of equation (28) and using equation (3), we get

(Vx9) (Y) = (Vx) (V) — n(Y)¢*X. (43)

Interchanging X and Y in above equation, we get

Vyd) (X) = (Vyp) (X) — n(X)¢?Y. (44)
By virtue of equations (41), (42), (43) and (44), equation (40) takes the form.
N (X,Y) = N(X,Y). (45)
Thus, we can state as follows

Theorem 4.1 The Nijenhuis tensor of an (€)- para Sasakian manifold is preserved under semi-symmetric
non-metric connection.

In view of equation (45), we have
NX,Y) = 0 & NX,Y) = 0.
Thus, we have a theorem as follows

Theorem 4.2 An (¢)- para Sasakian manifold with respect to semi-symmetric non-metric connection is
integrable if and only if it is so with respect to Levi-Civita connection.

5 Curvature Tensor of Semi-Symmetric Non-Metric Connection

Let R be the curvature tensor of connection V defined as
R(X,Y)Z = VxVyZ —VyVxZ — Vxy|Z, (46)
which on using equations (8), (13) and (25), gives

R(X,Y)Z = R(X,Y)Z + e[g(X, pZ)Y

(47)
=9, 92)X] +n(Z)[n(Y)X —n(X)Y],
where R(X,Y)Z is curvature tensor of connection V. From above equation, we have
'R(X,Y,Z,U) ='R(X,Y,Z,U) + e[g(X,pZ)g(Y,U) (48)

—9(Y,0Z)g(X, )] +n(Z)[n(V)gX,U) —n(X)g(Y,U)],
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where 'R(X,Y,Z,U) = g(R(X,Y)Z,U) and 'R(X,Y,Z,U) = g(R(X,Y)Z,U). Let {e})-; be an
orthonormal basis of the tangent space at each point of the manifold. Putting X = U = ¢; in above
equation and taking summation over i, we get

S, 2)=S,Z)— (n—1De g, p2) + (n — Dn(Y)n(2), (49)

where S(Y,Z) =3¥",'R(e;,Y,Z,e;) and S(Y,Z) =YY", 'R(e;,Y,Z,e;) are the Ricci tensors of
connection V and V respectively. Contracting above equation and using equation (10), we get

r=r+n-1g (50)

where r =Y, S(e;, ¢;) and r =Y, S(e;, ¢;) are the scalar curvatures of the connections V and V
respectively.

Now, writing two more equations by the cyclic permutations of X,Y and Z from equation (47), we get

R(Y,Z)X =RV, D)X + £ [g(Y, pX)Z

—g(Z,$X)Y] + n(OM@)Y - n(¥)Z] 1)

and

R(Z,X)Y =R(Z X)Y +¢[g(Z, V)X
—g (X, ¢Y)Z] + n(V)[n(X)Z — n(2)X].

Adding these two equations to equation (47) and using the fact that R(X,Y)Z +R(Y,Z2)X +
R(Z,X)Y = 0, we get

(52)

R(X,Y)Z + R(Y,2)X + R(Z,X)Y =0 (53)
Thus we have a theorem as

Theorem 5.1 An (¢)- para Sasakian manifold admitting semi-symmetric non-metric connection satisfies
the condition

R(X,Y)Z + R(Y,2)X + R(Z,X)Y = 0.

Now, interchanging X and Y in equation (48), we get

'R(Y,X,Z,U) ='R(Y,X,Z,U) + £ [g(Y, pZ)g (X, U)

(54)
—9&X,92)g(Y, )] +n(Z)[n(X)g(Y,U) —n(¥)gX,U)],
Adding equations (48) and (54) and using the fact that 'R(X,Y,Z,U) + 'R(Y,X,Z,U) = 0, we get
'R(X,Y,Z,U) +'R(Y,X,Z,U) = 0. (55)
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Again interchanging pair of slots in equation (48), we get

'R(Z,U,X,Y) = 'R(Z,U,X,Y) + ¢ [g(¢pZ, X)g(U,Y)

~g($U, X)g(2,Y) +n(X) nU)g(Z,Y) ~n(Z)g (U, 2)]. %0l
Subtracting equation (48) and (56) with the fact that 'R(X,Y,Z,U) — 'R(Z,U,X,Y) = 0, we get
'R(X,Y,Z,U)—"R(Z,U,X,Y) = ¢ [g(¢pX,U)g(Y,Z) (57)
—9@Y, Z)g(X, D] +nZn¥)gX,U) —n()OnU)g ¥, 2).
Thus, in view of equations (55) and (57), we can state a follows
Theorem 5.2 An (&)- para Sasakian manifold M™ admitting a semi-symmetric non-metric connection
Vsatisfies the condition
()R (X,Y,Z,U) + 'R(Y,X,Z,U) = 0,
(i) 'R (Y,X,Z,U) — 'R(Z,U,X,Y) = e[g(¢X,U) g(Y,Z) — g(¢Y, 2D)g(X,U) ]
+n(Z)n(¥)gX,U) —nXnW)g(,Z).
Now, suppose R(X,Y)Z = 0, then in view of equation (47), we have
RX,Y)Z = e[g(Y, 9p2)X — g(X, 9pZ)Y] + n(2)[n(X)Y —n(¥)X], (58)
which gives
en(R(X,Y)Z) = eleg (Y, pZIn(X) — eg(X, pZ)n(¥)], (59)
which shows that
RX,Y)Z =¢€[g(Y,pZ)X — g(X,pZ)Y]. (60)

Thus, we can state as follows

Theorem 5.3 If the curvature tensor of semi-symmetric non-metric connection in an (&)- para Sasakian
manifold vanishes, then

RX,VNZ=¢e[glV,pZ)X — gX,¢pZ)Y].
6 Projective Curvature Tensor of Semi-Symmetric Non-Metric Connection

Projective curvature tensor P of semi-symmetric non-metric connection V in an (g)-para Sasakian
manifold is given by

1
(n-1)

P(X,Y)Z = R(X,Y)Z — [S(Y,Z2)X — S(X,Z)Y] (61)
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Using equations (47) and (49) in above equation, we get
P(X,Y)Z = P(X,Y) Z,

where P(X,Y)Z is the projective curvature tensor of connection Vin M" defined as

1

PXX,V)Z = RXYVZ — =5

[S(Y,2)X — S(X, 2)Y].

(62)

(63)

Writing two more equations by the cyclic permutations of X,Y and Z from equation (62) and adding them

to equation (62) with the fact that P(X,Y)Z + P(Y,Z)X + P(Z,X)Y = 0, we get
P(X,Y)Z + P(Y,Z2)X + P(Z,X)Y = 0.
Again interchanging X and Y in equation (62), we get
P(Y,X)Z = P(Y,X)Z
Adding equations (62) and (65) with the fact that P(X,Y)Z + P(Y,X)Z = 0, we get
P(X,Y)Z + P(Y,X)Z = 0.
Thus, in view of equations (64) and (66), we can state as follows

Theorem 6.1 An (&)-para Sasakian manifold M™ admitting semi-symmetric non-metric connection
satisfies the conditions

()P(X,Y)Z + P(Y,2)X + P(Z,X)Y =0,

(i) P(X,Y)Z + P(Y,Z)X = 0.

Now, suppose S = 0, then in view of equation (61), we have
P(X,Y)Z = R(X,Y)Z.
Thus by virtue of equations (65) and (67), we have

Rx,V)Z

P(X,V)Z.
Thus, we can state as follows-

Theorem 6.2 If the Ricci tensor of semi-symmetric non-metric connection vanishes in M™, then the

(64)

(65)

(66)

(67)

(68)

curvature tensor of semi-symmetric non-metric connection is equal to the projective curvature tensor of

the Levi-Civita connection in M™.
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Again, by virtue of equations (47), (63) and (68), we have

S(X,2)Y — S(Y,2)X = (n — De[g(X, pZ)Y

69
~g(Y, $D)X] + (n — DD [OX — (XY, (©3)
Taking the inner product of above equation with U, we get
SX,2)g(Y,U) =S¥, 2)g9(X,U) = (n — De[g(X, pZ)g(Y,U) (70)
g, 9Z)g(X,U)] + (n = Dn(Z)[n(Y)g(X,U) —nX)g (¥, U)].
PuttingY = U = e¢; in above equation and taking summation over i, we get
S(K,2) = e(n—1) g(X,¢2) + (n— ) n(X) (2. (71)

Thus, we have a theorem as follows-

Theorem 6.3 If the curvature tensor of semi-symmetric non-metric connection in an (&)- para Sasakian
manifold M™ is equal to the projective curvature tensor of Levi-Civita connection, then equation (71) is
satisfied.

Again, suppose R = 0, then in view of equation (68), we have
P(X,Y)Z = 0.

This shows that M™" is protectively flat.

Thus, we can state as follows -

Theorem 6.4 If in M™ the curvature tensor of semi-symmetric non-metric connection vanishes, then the
manifold is projectively flat.
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