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Abstract

We investigate a general HIV infection model with three types of infected cells: latently infected cells, long-lived pro-
ductively infected cells, and short-lived productively infected cells. We consider two kinds of target cells: CD4™ T cells and
macrophages. We incorporate three discrete time delays into the model. Moreover, we consider the effect of humoral immunity
on the dynamical behavior of the HIV. The HIV-target incidence rate, production/proliferation, and removal rates of the cells
and HIV are represented by general nonlinear functions. We show that the solutions of the proposed model are nonnegative
and ultimately bounded. We derive two threshold parameters which determine the stability of the three steady states of the
model. Using Lyapunov functionals, we established the global stability of the steady states of the model. The theoretical results
are confirmed by numerical simulations.
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1. Introduction

During the last decades several mathematical models have been proposed with the aim to understand
the dynamics of HIV in the human body [1, 3-8, 10-12, 14, 16-18, 20-25, 27, 28, 30-33, 35-37, 39]. The
basic and pioneering model describing the HIV dynamics is due Nowak and Bangham [33]. The model
contains three compartments: uninfected CD4™" T cells (s), infected cells (y), and free HIV particles (p):

$(t)=p—0s(t)—As(t)p(t),
Y (t) =As(t)p(t) —my(t), (1.1)
P (t) =Nny (t) —gp(t),

where p, §, and A represent the production, death, and infection rates of the uninfected CD4+E cells,
respectively; ) and g are the death rate constants of the infected cells and free HIV, respectively; N is the
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average number of HIV particles generated in the lifetime of the infected cells. A lot of considerations
have been added that aim to get the best representation of the HIV infection. Most notably is latent HIV
reservoirs which serve as a major barrier in curing HIV infection. In despite of antiretroviral therapy limits
significantly the level of HIV in the blood, there still a low viral load due to ongoing latently infected cells
reservoir reactivation. Variant models have been developed to study the dynamics of HIV in the presence
of latent reservoirs (see, e.g., [2, 9, 13, 15, 29]).

In a very recent work Elaiw et al. [19] have modified model (1.1) by considering: (i) three types
of infected cells, latently infected cells (w), short-lived productively infected cells (y), and long-lived
productively infected cells (u); (ii) three types of time delays; (iii) antibody immune response (x); (iv)
general nonlinear functions for the HIV-target incidence rate, production/proliferation and removal rates
of the cells and HIV; and (v) highly active antiretroviral therapy (HAART) which combine both reverse
transcriptase inhibitor and protease inhibitor. The model presented in [19] is given by:

s(t) =7(s (1)) — (1 —e)Ax(s (1), p (1)),

(t) = (1—e)Me M Tx(s (t—T1),p (t—71)) — (e + Bl (w (),

(t) (1—81)726 M (s (t—12), p (t—T2)) + cabr (w (1)) —mba(y (1)), (12)
(1) = (1—e)Aze” ¥ ™x(s (t—3),p (t —13)) — vibs(u (),

(t) = )7

(t)

S
I —e2)Nnz(y (t))+(1—€z)m\/¢2(u( t)) — ga(p (1)) — mba(p (£)s(x (1)),
)—

Parameter 11 is the time between viral entry and latent infection (i.e., the integration of viral DNA
into cell’s DNA has finished), while T, and T3 are the times between viral entry and viral production
from short-lived productively infected and long-lived productively infected cells, respectively. The factor
e "Y,j = 1,2,3 accounts for the loss of target cells during the delay period of length T;, where p; > 0
is constant. The model incorporates reverse transcriptase inhibitor (RTI) with efficacy ¢; and protease
inhibitor (PI) with efficacy €2, where €1, ¢, € [0,1]. x, 7, ;,j = 1,...,5 are general nonlinear functions.

Model (1.2) has considered the interaction of the HIV with one class of target cells, CD4" T cells.
It has been reported in [34] that the HIV can infect both the CD4" T cells and macrophages. To have
more accurate HIV dynamics model the interaction between the HIV with the macrophages have to be
considered. The aim of this paper is to propose and analyze an HIV infection model which improves
model (1.2) by taking into account two classes of target cells, CD4™ T cells and macrophages. We propose
the following model:

$i (t) = milsi (V) —Aixalsi (t),p (1),
Wi (1) = Age MMy (s (t— 1), p (t—T11)) — (o + Bi)dai(wy (1),
91 (t) = )\Zie H2i T2 (51 (t T21) /P ( )) + (Xlll)ll(wl ( )) _T]iq)Zi(yi (t))/
g (1) = Azie Mty (s (t—t31), p (t —T31)) — vibsi(ug (1),
2 (1.3)
p(t) = Z (Ninie M ™o (Y (t— 1)) + Myvie "™ g; (U (t — T51)))

im1
— a1 (p (1)) — g (p (1)) aa(x (1)),
X (1) = 1Pg (p (1)) han(x (1)) — whan(x (1)),

where i = 1 for the CD4" T cells and i = 2 for the macrophages. We have A1 = (1 — €1)Am1, Amz =
(1—fer)Ama, m = 1,2,3, N = (1— )Ny, My = (1 — €)My, Na = (1 —he)Ny, My = (1 —hey)My,
Ai = A1i +A2i +Aziand f, h € (0, 1). The parameters 14; and Ts; represent the time necessary for producing
new infectious viruses from the short-lived productively infected and long-lived productively infected
cells, respectively. All the parameters are positive.

Functions xi, i, Pji,j = 1,...,4,1 = 1,2, are continuously differentiable and satisfy the following
hypotheses:
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H1 () there exists s1L such that 7t; (s l) =0, mi(si) > 0 for sy € [0, s?);
(i) 7 (si) < O for s; € (0,00); B
(iii) there are b; > 0 and b; > 0 such that 71;(s;) < by — b;s; for s; € [0, 00);
H2 (1) Xl(sl/p) > 0 and (O/p) = Xi(si/ 0) =0 for Si,p € (O/OO);
(ii) xl xlp) >0, axla sip) > 0 and, %;i'o) > ( for all si,p € (0, 0);
(111) ~d aXl(Sll 0)
ds ap
H3 (i) ¥ji(n) > 0form € (0,00), ¥5i(0) =0,j =1,...,4,i=1,2;
(11) 11), ( ) > 0 1"’42( ) > 0 fOTT] € (0 OO)/] = 1/213/ 1: 1/2/ 11’4/;1(1'1) > 0/ fOTTI € [OIOO)I
(iii) there are o1 >0,j=1,...,4,i =1,2, such that, P;;(m) > oin for n € [0, 00);
4 X1(51,P)
Pa1(p)
Remark 1.1. From H1-H4 we have
(xi(si,p) ~ Xilsi,p¥)
P (p) ba (p*)

Xilsi,p) W (p) ) < _Xi(Si,P*)>
(o~ vm) (5 <o
We consider system (1.3) with the initial conditions:
s1(t)=91(08), s2(t)=¢2(0), wi(t)=¢3(0), wa(t)=04s(6), y1(t)=s5(6)

Yt =96(0), w(t)=¢7(0), uw(t)=¢s(0), pt)=9e(0), x(t)=@i(0), (1.4)
©;(0) >0, 8¢€-0,0, j=1,...,10,

> 0 for s; € (0,0);

H is decreasing function w.r.t p for p € (0, 00).

> (xi(si,p) —xil(s1, ™)) <0,

which gives

7
7

where 0 = max{Ty1, T12, T21, T22, T31, T32, T41, Ta2, T51, T52} and denote by C is the Banach space of continuous
functions mapping the interval [—o,0] into R>¢ and (¢1(0),...,910(0)) € C <[—cr, 0] ,]R1>00>. Then, the
uniqueness of the solution for t > 0 is guaranteed [26].

1.1. Preliminaries
Lemma 1.2. Let hypotheses H1-H3 be valid, then the solutions of system (1.3) is non-negative and ultimately
bounded.

Proof. Let us write system (1.3) in matrix form k (t)=L (k (t)), where k=(s1, s2, W1, W2, Y1, Y2, Uy, ug, p,x) T,
L= (Ll,Lz, ce ,Llo)T and

Ly (k(t))

L
L= | 2RO

Lio (K (1))

(st (1)) —Aixals1 (t),p (1)
(52 (1)) —Aoxa(s2 (t),p (1))
Arre” Mg (s (t— 1), p (t —T11)) — (o + B1) b1 (wy (1))
Aze M12T2x0 sy (t —T12), P (t — T12)) — (a2 + B2) P12 (w2 (1))
Az1e M2y (51 (t —T21), P (t —T21)) + 11 (wy (1)) =121 (Y1 (t))
Ape M2T2yo (55 (t —T22) , P (t — T22)) + co12(wa (1)) —m222(y2 (1))

L= Az1e M1y (51 (t —T31), P (t —T31)) — vibsr (ug (1))
Azpe H2T2y0 (55 (t —T32) , P (t —T32)) — vabaz (uz (1))
2
D (Nimie i mdy; (ys (£ —Ta0)) + Mivie Mg (1 (t — T51))) — gbar (p (1)
im1

—g (p (1)) a2 (x (1))
a1 (p (1)) aa(x (1)) — wibgp(x (1))
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We have
L (k ()| oyere, =0, §=1,...,10.
Using lemma 2 in [38], the solutions of system (1.3) with the initial states (1.4) satisfy k(t) € 1R1>00 for all
t > 0. The non-negativity of the model’s solution implies that lim_, sup si (t) < My, where My; = ::
Let
Ti(t) = Nie M1Mis (t —13¢) + Niem M2 (t — o) + Mie M isi (t — 131)
+ Niwi(t) + Niyi(t) + Miui(t),

then

Ti(t) = Nye M [ (s (t— T11)) — Aixalsi (t— i), p (t— T11))]

+ Nie  F2720 [y (s (t —T21)) — Avxi(si (t—T2i), p (t —T21))]

+ Mie P [y (s (t —131)) — Avxa(si (t—T31),p (t —T31))]

+ Ni [Mie M ixg (s (t—T11), p (t—T13)) — (o + B1) Wz (wy(t))]

+ Ny [Aoie™ M2 (s (t—T21) , p (t—T21)) + o bri (Wi (1)) =i (yi(t))]

+ My [Asie M ixg (i (t—T31), p (t—T31)) — viwsi (ug (1))]
< Nie MMt [y —bisy (t—113)] + Nie M2 [by — bis (t— 1)

+ Mie M3 [by — bisi (t—T3i)] — NiBioxaiwi(t) — Nimiooiyi (t) — Miviasiug(t)
< by (Nie M4 Nye 2™ 4 Mye H3i™1) — gy [Nje MMl (t — 1p4)

+ Nie F2T2s (t — Tp1) + Mie P Bisi(t — 131) +Nijwi(t) + Nyyi(t) + My (t)]
< by (2N +My) —o;Ti(t),

. The non-negativity of

— bi (2N; + M;
where 07 = min{b;i, Biot1i, Nio2i, Vixzi}). Then lim¢_,o sup Ti(t) < M

the system’s variables implies that o
tlgrgo supwi(t) < b (2NNZ;M21) = My;,
tli_>nfo1o supyi(t) < bl(z]\]]\]z;]vll) = My,
tli_{go supui(t) < W = Mas;i.

Moreover, we let T3(t) = p(t) + £x(t). Then
2 o
T3 = Z (Ninie "™ (Y (t —141)) + Myvie  H5s; (ui(t — T51))) — gbar (p) — Tll)42(x)
2 o
<) (Ninge M ™in; (Mai) + Mivie "5 ™ai (Msi)) — gourp — 042X
2
<) (Nimibai(Mai) + Mivihsi (Mai)) — 03T3(t),

where 03 = min{gay;, wayy}. Hence,

= My,

lim sup T3(t) <

t—o0

i (Niniw2i (Mai) + Mivisi (Msi))

o
im1 3
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lim supp(t) < My,

t—o00

t11_>10co1<> supx(t) <

Therefore, s; (t),w; (t),yi (t),u; (t),p (t), and x (t) are ultimately bounded.
According to Lemma 1.2, we can show that the region
Q = {(s1,52,W1,W2,Y1,Y2,u1, Uz, P, x) € C0: [[s¢]| < My, [ wi] < My,
lyill < Moy, [lui]l < May, [[pl] < My, [Ix]| < My2},

is positively invariant with respect to system (1.3). O

1.2. Steady states
We define the basic reproduction number Ry of system (1.3) as follows:

2 oy Oxals?,0)

— by (0)  dp
The steady state of (1.3) satisfies the following equations:

Ry =

0 = mi(si) — Aixi(si, p), (1.5)
0 =Aie MTlix (s, p) — (i + Bi)dri(wy), (1.6)
0 =Aaie” *2™2ixi (sq, p) + oibri(wi) —niai(yi), (1.7)
0 = Asie ”31’(3‘)(1(31/19) —vipszi(uy), (1.8)
2
0= Z (Ninie ™M™y (y3) + Mivie ™51 (1q)) — gar (p) — mbar (p)baa(x), (1.9)
im1
0 = 141 (p)haz(x) — wihaz(x). (1.10)

From Eq. (1.10) we have two possible solutions: 1b42(x) = 0 and P41 (p) = w/r. The first possibility
Pyo(x) = 0 implies that x = 0. H3 implies that P! ji=1,...,4 1=1,2, exists, strictly increasing and

ll);il(O) = 0. Let us define

ji’

)\He—uli’fu )
77'[. (S.) P
Ailog +Bi)
xiAjie M A (o 4 Bi)Agie HaT
T4 (Si) ’

Mi(si) = b7 (

Agi(si) = Wy (

Aimi(og + Bi) (1.11)
2
_ Aa; e H3iTsi _ .
Asi(si) = b3 (%m(&)) , Ag(s) =y <Z}:ﬂi(si)> ,
1v1 1:1 1
2
where p; = ZN ie Mt (o Agie 1T 4 (i + By )A(z;ei;”éi:)ﬁ)+M167“3'1T3i67“5”5'17\31(0&1-%(51)' It follows from Egs.
i=1
(1.5)-(1.9) that:
wi = A1i(si), Yi = Milsi), wi=Azisi), p=A4(sq). (1.12)

Obviously, A1i(si), Agi(si), Asi(si), As(si) > 0 for s; € [0,s9) and Aqi(s?) = Api(s?) = Azi(s?) = Ag(s)) =0,
i=1,2. From Egs. (1.5), (1.11), and (1.12) we obtain

2
D pixilsy, Aglsi)) — a1 (As(si)) = 0. (1.13)
i=1
Eq. (1.13) has two possible solutions, Ay = 0 and Ay # 0. The solution Ay = 0 implies s; = s9

1

which gives the infection-free steady state ﬂo(sl,sz,O 0,0,0,0,0,0,0). The other solution A4 # 0 admits
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a humoral-inactivated infection steady state IT; (81, 32, W1, Wo, U1, §2, Ti1, Tiz, P, 0) where the coordinates sat-
isfy the equalities:
7 (31) = Aixi(8i, D),
Arie MG (81, D) = (o + Bi) i (W),
N2 (Gi) = ?\2'6 H2T20 (81, D) + o 1i (W), viai (T) = Azie™ "™ (34, P), (1.14)

9 (P Z Ninge™ My (§i) + Mivie 5™ (1)) -

The other solution of Eq. (1.10) is Y41(p) = %, which yields p = 1])211 (%) > 0. Substitute p = p in
Eq. (1.5) and let Ai(si) = 711(51) —AiXi(si,P) = 0. According to H1 and H2, A; is strictly decreasing,
Ai(0) = m(0) > 0 and A;i(s ) = —?\ixi(s?,f)) < 0. Thus, there exists a unique 5; € (0, s(-l)) such that
A;(5;) = 0. It follows from Eqs (1.9) and (1.12) that,

Wi = A1i(51) >0, Ji =A2i(51) >0, T =As(5) >0,
2
1w o a-1(9 Xi(5i,P)
=P (=) >0 x=v; 2 pi 1.
P=%a (T> 2\ = " har(p)
Thus, x > 0 when Zp1 ) > 1. Now we define the humoral immune response activation number as

i=1
follows:

(54, 7)
Zpl Pg1(p)

If Ri > 1, then x = 1]);21 (ﬁ(Rl — 1)) > 0, and there exists a humoral-activated infection steady state

M2(51, 52, W1, Wo, U1, U2, Ty, T2, P, X). Clearly, from H2 and H4, we have

2 2 2 2
Xi(51,P) . Xi(51,p) Pi  0xi(51,0) pi  0xi(s),0)
Ry = i —— < ) lim p; — < < — =Ro.
1= 2P 2 S0P n () S S (0) 2 57,0 ’

3
0 op izl r4l

We will use the following equalities throughout the paper:

In (Xi(si (t—Tu),p(t—Tu))> In (11)11(%))(1(81( —Ti), P(t—Tu)))
Xi(si,p) Pri(wi)xi(8i,

)

Pa1 (p)xilsi, ) Py (P 11’21(91))
*ln <1J)41 TA) Xil Si,P )) in (¢41 P 1b21(yl)
+11‘1( g Pyi(wi) )

Poi (Y1 (W
In (Xi(si (t—Tzi)/P(t—Tzi))> = (1b21(yl)x1.(sl( Toi),p (t— Tzl))) tIn (Xi(%ﬁ))
Xi(si,p) Poi(yi)xi (31, 9) Xi(si,P)
Pg1 (P21 91)) (1P41 PIxi(si, f’))
in (11)41 21 (91) in Py (P)xilsi,p) /)’ (1.15)
Xilsi (t—T3i),P(t—T3i))> _ (ll)3l(u1)X1(sl( —T34) P(t_T3i))> (Xi(%ﬁ))
1“( Xilsip) i s (i) (81, D) o p)
P3i(ui)har (P) 1|)41(P)Xi(sirf>))
1 RALANE SR LIES
i <1|)31(U1 T ( )) n (11’41(15))(1(51/19) ’
P2i(yi (t—uﬂ)) B (11’21(%( —T4i)) 041 (P )) <1|)2i(gi)11’41(p)>
In{ ——————= ] =1 1
n( Poi(yi) " P2i (G ) a1 (p) n Ui (yi)war (p) /7
Yai(ug (t—7151)) ) P3i (ug (t—151) ) g (P) ¢31(Ai)¢41(p)>
In ( P3i(uy) ) =1n ( P31 (1) b (p) ) +in <ll’3i(ui)11’41 (p)
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2. Global properties

The following theorems investigate the global stability of the steady states of system (1.3).
Let us denote (si, Wi, yi, ui, p,x) = (si (t), wi (t),yi (1), ui (t),p (), x (t).

Theorem 2.1. If Ry < 1 and hypotheses H1-H4 are valid, then Tl is GAS.

Proof. Define a Lyapunov functional Vj (s1, s2, W1, W2, Y1, Yz, Uy, Up, P, X) as:

S

= pi|si— lim X Xilsy,p) dﬂ + liwi + By + i
S p—0* Xi T] p
s!
T1i T2i
+ i J e MiTixi (s (t—0),p (t—0))d0 + LMo J e M Tixi(si (t—0),p(t—0))do
0 0
T3i T4i
bk J e Ry (s; (t—0),p (t—0))d0 + Lyens J e i, ¢ (t— 0))dO
0 0
hsi
+ 514 J e Mot (uy (t— 9))d9] +Le1p + Le2x,
0

where {1i,..., {51, {51, and g satisfy the following equations:
Ai=Arilpie” T Apilpie MR Agilaie MU (o 4 Bl = xiloi, @.1)
by = Ly MH™ 3y =538 MY, pily; = Nilgr, pilsi = Miler, e = 1lep. ‘

The solution of Egs. (2.1) is given by

ociNiMe’”‘“T‘“ Ni)\iefuzumi Mi)\iefust’fsi
biy=—7——7—, bhi=———, bBi=—""—
Pig(ai + Bi) Pig Pig
N A; M A; A A
lyy=——, lbi=—7,1i=12, Lg="—, (562:“ -
Pig Pig 9 Tg

Cleaﬂ}’; VO (Sll S$2, W1, W2,Y1,Y2,U1, U2, P, X ) > O for all $1,82,W1,W2,Y1,Y2, Uy, U2, P, X > 0 and VO (5(1); Sg/ 0/
0,0,0,0,0,0,0) = 0. We calculate dvo along the trajectories of (1.3) as:

2 0
GoLe [ (1= tim X5 r(s0) < Aol )
), p (t—m11)) — (i + Bi)b1i(wi))
( ), p (t—121)) + i (wi) —niwoi(yi))
+ l3; (Azie™ M (s (t—T30), p (t—T31)) — vivai(wy))
+ LriArie” M (X (sq,p) — Xilsi )P )))
+ biAgie M2 (i sy, p) —xilsi (t —T2i) , p (t—T2i)))
i (si ( ),p ))
( )

+ Lo (Apie M2 ™2y (i (t— o3

(t—T11

(2.2)

+ L3iA3167 M (X (si, p) — Xi(sq (t—mT31)))

+ Lginie” M (Poi (yi) — W2i(yi (t—T41)))

+ 51 vie” P (Ui (ug) — Pz (ug (t—T54)))

2
+ €61Z (Ninie Mg (y; (t—T41)) + Myvie M5 ihg; (U (t — T51)))

— L1941 (p) — lerbar (P s (x) + Loz (141 (P)Pa2 (x) — awap (x)).
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Collecting terms of Eq. (2.2) and using 7t(s ) = 0, we obtain
2 0
dVy B ) ) Y Xi(sirp)
at ; - Pi (7'[1(51) i (s )) (1 pg%h Xi(si/p)>

+ Z PiAiXi(si, P im Xilsp) le19Wa1 (p) — Lo han (x)
-0+ Xi(si,P)

2 ) (1= xi(s), p)
Zpl(m si) — ) _pig)l*)(i(silp)

2 (0
+<Zpl ¢ lim XGuP) p, XileuP i—m) Da1(p) — L (x)

p—0+ Pg1(p) p—0+ Xilsy,p

2
B iy 0 _aX1( )/0p
= ; Pi (7'[1(51) 7'(1(31)> (1 aX'L( si, )/ap>

2
pidi  Oxi(s),0)
+4e19 (; lov, (0 op 1) Pa1(p) — oo Pgp(x)

2 oxi d
=> i (7'[1(51) - m(s?)) (1 - W) +L619(Ro — Dbar (p) — Lpwibaa (x).
i=1 1St

By H1 and H2, we obtain

(e (0 oxi(s),0)/0p
(mis0-msD) (1- g ) <O

Therefore, if Ry < 1, then dd\,io 0 for si,p,x € (0,00). Clearly, <5 dVO = 0 at Tlp. Applying LIP, we get that

Ty is GAS. O
Lemma 2.2. If Ry > 1 and hypotheses H1-H4 are valid, then

sgn(R; —1) =sgn(p —p) = sgn(s; — §1).
Proof. Using hypotheses H1 and H2, for §;,5;,p,p > 0, we get

(81 —5¢) (mi(51) —mi(31)) > 0, (2.3)
(8 —31)(xi(5:,P) —xi(31,P)) >0, (2.4)
(P —p) xi(5u,P) —xi(31,P)) >0, (2.5)

and from hypothesis H4, we obtain
. (xa(8,P) Xi(§m5)>
— — ~ > 0. 2.6
PP ( PaP)  walp) (26)
First, we show that sgn(p —p) = sgn(5; — 5i). Suppose that sgn(p —P) = sgn(5; — 5i). Using the steady
state conditions of TT; and TT,, we obtain

7 (5¢) — i (31) = Ay [xa (54, P) —xi (31, P)] = A [(xa (54, P) —xi (31, ) + (xi (31, P) —x1(84, P))].
Therefore, from the inequalities (2.3)-(2.5) we obtain sgn (5; — 3i) = sgn (3; — §i), which is a contradiction;
hence, sgn (p —p) = sgn (51 — §i) . Using Eqs. (1.14) and the definition of R;, we get

Ri—1= ip, (Xi(gi/f?) _ Xi(@uf’)) _ i o [ 1 (i (505) — X1 (50, 7)) + Xi(31,P) _Xi(§i,f))
— 1 = = — i 1])41 (I_)) ilsi, iloiy — -

Va(p)  bar(p) Va(p)  $u(p)
Thus, from inequalities (2.4) and (2.6) we obtain sgn(R; — 1) = sgn(p —p). O
Theorem 2.3. Suppose that hypotheses H1-H4 are valid, T1y exists, and Ry < 1, then Tl is GAS.
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Proof. Let Vi (s1, 52, w1, W2,Y1,Y2, U1, U2, p,X) as

2
Vi=D) pi|si—8i—
i=1

Yi
+ Bzi J'
‘9

—

i(3i,P
i(n,p)

dn + g

w%'ﬁ,}
>< ><

Wifwif

—6),p(t—0))

+ 3117\10(1(51,?)

e PLhThF (Xi(si (t

Xi(31,P)

+bidaixi(§i,P) | e AT (Xi(si (t=0),plt— e))) do
) Xi(3i,P)
+lidgixi(§i,P) | e MU (Xi(si (t=9),plt— e))) do
) Xi(31,P)
. " st e (W2i(yi (t—G)))
Lainioi (Ui P —=——~————=— ) do
lanub2i (9 J y ( Poi(Ti)
i (i (£ —0)) 1 b ()
Al (5 —M5iT5iF 31Uy x 41\P
+ €5 vidoi(Tii) J)' e ™ (11)31 o ) d9] +l1 | P—P Jll)zu(ﬂ)dn + leox.
P

We can see that, Vi (s1,s2, W1, W2,Y1,Y2, U1, Uz, p,x) > 0 for all s1,s3, Wi, W, y1,yz, Uy, up,p,x > 0 and

Vi (31,32, Wi, Wn, U1, a2, Ty, Tip, P, 0) = 0. Calculating % along the solutions of (1.3) we obtain:

(Sl,P)

g (-

+ b (1 - 1|)1?(VV?)> (Are™Mix (si (t—T14), p (t—T11)) — (i + Bi) i (wi)

+ €1 Aie M (xq (sq,p) —

(Azie™ iy (sq (t—T31),p (t—T31))

Xi(si (t—

sl,P)> (mi(si) —Aixi(si,p))

—vidsi(ug))

T11),p (t—T11)))

+xi (50, P)liMie MiTi In <Xi(31 (

t—T1i),p (t_Tli))>

Xi(si/p)

+ b1 Axie” 2T (xi(sq,p)

+ 3iAz1e” P (x4 (s, p)

+ lyinie M <1|)21(yi) — P2 (yi (t—Ta1)) + 21 (Fi) In (

+ lsivie Mot <U23i(ui) —Yai(ui (t—151)) +¥si (i) In <

—Xilsi (t—721),p (t —T121)))

+Xi(51, P)loiAgie M2 ™2 In <

Xilsi(t—mi),p(t— T2i))>
Xi(si,p)

—Xilsi (t—731),p (t—131)))

+ i (51, P)lziAzie P In (

Xilsi(t—msi),p(t— TBi))>
Xi(si,p)

P2i(yi)
P3i(ug (t—151))

P3i(ui)

> (Aaie M2 ™2y (s (t— i), p (t— T21)) 4+ abri (Wi) —niwoi(yi))

Poi(yi (t —141)) >>

)

(2.7)
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2
+ L1 (1 _Yu (p)) Z (Ninie M ™o (Y (t— 1)) + Myvie "™ s; (ug (t— T51)))

bai(p) ) S
oo (1 Y (P) 0 B
61 bar () (gWa1(p) + mba1 (p)baz(x)) + Loz (1a1 (p)Paz (x) — whaa(x)).
Collecting terms of Eq. (2.7) and applying i (8;) = AiXi(8i, P) we get
v ¢ { N ( x(w)) ) ( x(sup)) Xi (54, P)
at épl (mri(sy) —mi(81)) (1 xi(su,P) +Aixi(8i,P) (1 Xi(s1,P) Jr}\lXI(Sl’p)Xi(Sirﬁ)
7(3“)\“6—%7“&(51 (t—711),p (t — 1) )1 (Wi) s (o 4 B ()
Y1i(wi)
+ 0inib2i(Gi) — laiAgie” M2 Xalsi (t= TZiL;Zpi ((;) T2i)JW$2i (G1)
o biiwigai(84) waity Xi(8i (t—T31) , P (t — T31) )i ()
T e b3

+ €31 vidai (i) + GiAixi (8, ple M1 In <Xi(si ) p (e~ Tli)))
Xi(si,p)
Xil(si(t—mai),p(t— TZi)))
Xi(si/p)
+43iA31Xi (51, ple” H ™t In (Xi(si (=), p(t= T3i)))
Xi(%,p)

Poi(yi (t— 741)))
11)21 Ul

R u; t T
+ U5 vilsi(Tiy)e Mot In (11)31 : 5i) )] —Lle1gbar (p
)

+0iAiXi(5i,p)e” M2 In <

+ Linibi (Gi)e 4™ In (

l|)31 ui)
Poi (Yi (t—T41) ) 0ar (P
Pa1(p)

P3i(ug (t—151))bar (P)
Pa1(p)

2
—lg Z Ninje H4iTs
i=1
2
—l Z M, vie MsiTsi
i=1

+L619W41 (P) + Wle1War (P42 (x) — Lo wipgp (x).

From the conditions of the steady state TTy:

(i + Bi)P1i(Wi) = Aie MMy (51, P),  Limibaa(0i) = ((3117\1167”““" + biAxie M2 )% (5, P),

‘\/11])31(111) Azie et ( ,]9) €619w41 = Zpl 1X1 Si, P

we get

dV1 Z Pi { i (si) — mi(84)) <1 - M) + Aixi(8i,P) (1— i%i”g)

GiApie My (81, D) + Aixi (8i, P xi(si,p)  Wbalp ))
e TR A Eep (xl(sl,fa)) bar(p)

_gh}\uxi(gi,ﬁ)efunru Xil(si (t X’:;il/p)g;h('tlj)wh(w i)
Je— 2T Xi(si (t—12i),p (t —12i))b2i(§1)
Xi (8, P)w2i(yi)

Poi (i) b1i(wi)
P21 (yi)h1i (Wy)

—biAixi (51, P

—liMie MG (8, P) + (€131 MU 4 £y A g e H2T20) x4 (5, P)
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e a0 oy e i(si (t—731),p (t —7130)) 3¢ (i)
+1{ i?\ i Hai T3t i\, —4{ 1}\ iX1\91, H31T31X =
sitote Xi8u,P) —laidaixi (81, Ple Xi (8¢, Pbsi(ug)
+€11?\11X1(§1 f))e_uliTli In <Xi(si (t—Tu) P (t_Tli))>
Xi(si,p)
s pe e (S D1
Xi(si/p)
+E3'>\3'X'(§’ f))eiHﬁTﬁ In (Xl(sl (t— 731) P (t— T31)))
1 1Al 17 X.L S.L p
ilt—
(ell)\l e M1iTii +€21)\2 e |J>21T21. § 1’5 ( }i’21 yl T41 )
_ . . ~ ~ 1 1 t 1
+ L3iAzie PL31T3‘Xi(si/p)ln <L|)3 11;31 U—L T5i) )] + Z PiA 1X1 Si,P
2
N it ey W2i(Yi (= T41) ) Wa1 (P)
_ i L 1'.)\ i H1iT1i +€ i)\ . H2iT2i (83, -
;p e 2 (30 7) P2i(Fi) a1 (p)
2
s - o Usi(ug (t—158) )P4 (P) W
_ ie 1'.}\ i H3iT, 31 — + L _ .
é pilziAzie i(31,P) D (0 bar (0) %) (11)41(]9) . ) Py (x)
Using the equalities (1.15) with §; = §;, Wy =Wy, ;1 = i, 14 = {1y and P =P, we can obtain
2
Vi [ 51,9)
F = é Pi [(7'[1(51) i (54 ( f’ )
o [ xi(sup) 11)41(]3) Pa1(p)x ( f?))
+)\1 ilSi = -1+ =
xi(8:.P) (Xi(SiIP) P41 (p) 11)41 PIxilsi, p)
e Xi(suﬁ) Xl Si, P
oy (Va1 (p)xi(si, P) (‘4’41(?) Xi(si, P )))
—Aixi(8y, — = 1l—In| —
xil8i/p) (11)41( )xi(si,p) " P41 (P)Xi(si,p)
v (D1iW)xi(si (t—T11),p (t—T11))
o (84, H1iT1i =
AuX(Si ple ( Wiz (WX (55, D)
11— (ﬂ)li(Wi)Xi(Si (t—Ti),p (t—’fli))>)
Pri(wi)xi (31, 9)
g (51, B e i <11’21(91)X1(Si (t—Ti),p (t—T2i))
vherAy P21 (Yi)xi(51,P) (2.8)

)xil
o (W2u(Gi)xilsi (t—Toi), P (t—Toi)) >
11“( b2i(yi)xi(3:,P)

P3i(ty)xilsi (t—T31),p (t—T31))
1I)3i(ui)Xi(§irf?)

—l3iAziXi (81, e Hoi™at (
In (¢3i(ﬁ1)X1(51 (t— T3i),
(uwi)xi (54

11)21

- f?)
)Ib ( ) 1 11’21(141)11)11 Wl)))
s ! h‘( W
1) xi

—elixlieiu]iTliXi(girﬁ) ( ( ) 11)21(y1) 11%‘7\)1)
41

<1b21(y‘l. (t—T41) (P)

)
i Aq; e H1iTL +Lr:iMrie —H2iT2i
— (e 2o P2 (i )P

Vs
P)
¢21(y1 (t—Ta1) L')41 ) T ~ (d)?n ug (t— T51 (ﬁ)
—1—1In — ¢ 1}\ i —H3iT3i
( Poi (Gi)bar (p BLABE xi(Su/P) P3i (T )Pa ( )
n (ll)?ﬂ(ul (t—5))bar (P )
P3i (T )P4 (p)

))}w@(m( ) — bt (5))

—1
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Eq. (2.8) becomes:
dV1 2 Xi(84, P ) L ( Xi(si, p) 1I)41(p)>< xi(si,ﬁ))
Zpl{m si) (1 Xi(si, D) Aixil8i,P) i(si,P)  Wau(p) - Xi(si,p)
B i(81,P a1 (p)xilsi, P B T . ( 1(yl)¢1i(wi)>
hxi(sy (( (si,p (11)41 (sup )) fhaae B0 S0 PR oy o)
F

)

)

_elJ\th(Su e H1iTI <1b11 WI X1 51 t Th Tll)))
Pri Wl)Xl(sllp)

€217\21X1 (51/ e THATAE

(11)21 Ul Xl 51 t TZI) 1% (t_TZi))>
P2i(yi)xi(51,P)
<1b31 u'l. Xl 31 t T31) P (t_TBi))>

— 031311 (5, p)e M
3iNA3iXilSi 11)31 ul)Xl(Sup)

O a T e v ot o (e v [ W2i(Yi (t— i) ) ha (P ))
(e e ) x:l8u PIF < V2 (Gi) a1 (p)

P3i(ug (t—150) ) da (ﬁ))}
Do (T a1 (p) +1ls2 (Wa1(P) — Va1 (P)) Yz (x).

H1, H2, H4, Remark 1.1, Lemma 2.2, and the condition R; < 1 imply that

e s _Xi(gi,f?)) (Xi(si/p) _11)41(13))( _Xi(&ﬁ)) o m
(me(s1) —m(5) (1 Xi(si,P) <0 xi(si,P)  Yar(p) ! Xi(si,p) <0 balp) —dalp) <0

— lidsie” M (8, PIF (

It follows that, for all si,yi,p,x > 0, we have dd\f 0 and % =0 at TT;. By LIP, TT; is GAS. O
Theorem 2.4. If Ry > 1 and hypotheses H1-H4 are valid, then Tl is GAS.

Proof. Define V5 (s1,52, W1, W2, Y1, Y2, U1, Uz, P, X) as

= Lo s oo (o [ i)
+ ( J ) + 03 ( — 1y jq:lj’;(:;)) dn)
+ 1A 1x1 (51, P) | e “hThF< ilsi(t= esu )( —9))) do
n EZiAZiXi(gi/f’)i JRETE < 2. )(t—G))) d6
0
+€317\31Xi(§irf’) | e TR < ey )(t—@))) de
0
+ Lini i (Gi) Tof e HHTHE <‘I’Zi$;i§;i) 9”) do + €s5ivibai (i) Ii e HsTSE (‘p“&; ((TL) 9”) dG]
v (o [t sea (s [t
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Note that, V5 (sq, Sz,wl,Wz,yl,yz,ul,uz,p, x) >0 for all sy, sp, Wi, W2, Y1, Y2, p, x>0 and V; (51, 52, Wi, Wo, U1,
Uo, iy, Up, P, %) = 0. Calculatmg + along the solutions of model (1.3), we get

dV, B 2 . Xi(5i,P) " s
at ; P Kl - Xi(Si,ﬁ)) (7i(s) — Aixi(si,p))

wli(wi) —H1iTliq,. (c. _ . _ ) — . . . .
+ i <1¢11(Wi)) (Arge My (s (t—1y4), p (t— 1)) — (o + Bi) b1z (wy))
+ oy <1— $§i(3i)> (Aaie M2 (s (t—21), P (£ —T21)) + abri(wi) —nibai(yi))
+€31< 1])31(u1) (Azie™ M3 ™ixg (s (t—130), p (t —T31)) — viai(uy))

+ GiAie M (X (s, p) — Xa(si (t—T11) , p (t—T11)))
t—111),p (t— Ty

+xi (51, P)liiArie” M In <X1(s1 t=mi),pl Tll)))
Xi(si/p)

+ biAoie M2 (xi(sq,p) —Xilsi (t—T21), p (t —T21)))

+Xi (51, P)l2iAzie "2 In (Xi(si (=), plt= TZi)))
Xi(si/p)

+ L3iAzie P (xi (s, p) —Xilsi (t—T3i), p (t —T31)))

i(si (t— T34 t — Ta:
+Xi (51, P)lsidsie M3 In (Xl(sx (t—31),p 131)))
Xi(si,p)

+ lyimie M <11)Zi (Y1) =21 (yi (t — 141)) +2i(Fi) In <

(2.9)

Poi(yi (t— T4i))>>
Poi(yi)

+ l5yvie Mo (11)31(1%) —W3i(ug (t—751)) +3i(ti) In (q)ﬁ(ui .(t — Ts51)) ) >]
ll)Sl(ul)

2
+ L1 <1 Wbar (p)> Z (Ninie Mo (ys (t—Taq)) + Myvie  H55ipg (ug (t— T51)))

bai(p) /) =
— o1 < 1])41(p)> (gba1(p) + mgr (p)baa(x))
g (1 Py (X

Pa1(p)

(%)

Py (x)

Collecting terms of Eq. (2.9) and applying 7;(5i) = AiXi(5i,P) we get

de : _ Xi(5i,P) e - Xi(5i,P) o Xxilsup)
= 3o [fmts —mtsi) (1) +hvatse) (140 ) ot p e
Xilsi (t =), p (t—mi))ai(Wi)
Pri(wi)
- lymibas (T4) — Lyghgre— Mot Xt (si (t— Tzi)q;; ((;5 1)) 21 (Ti)
WriWiai(Gi) e Xi(51 (8= T3), P (t— T3i) s (Ts)
P2i(yi) s WPai(ui)
+ €31 vidai (i) + biiArixi(5i,p)e” M n <Xi(si t=m,pt=m) )
Xi(si, p)
Xi(si (t_TZi)/P(t_TZi))>
Xi(si,p)

) (a1 (p)ar(x) — Wb (x).

— Ly Aqe M + i (o + Bi)ri(Wy)

— il

+ 6iA2iXi (51, p)e M2 In <
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+€3.}\3.X.(§. ﬁ)e*HSiTﬁ In <Xi(si (t_T3i)/p (t_T3i))>
ANA3LX1S1,
Xi(xlp)

P2i(yi (t_T4i))>

P2i(yi)

P3i (?p;, i(E[u:)Tﬁ)) ) ] —Le1gW41(p)

oy V21 (Yi (t —T41) ) a1 (P)
Pa1(p)

+ Lni2i(gi)e M In (

+ €5y vipsi(ty)e * ™ In (

2
+ L1941 (P) — a1 Z Ninje H4
i1

2 _
— o1 ; Mjvie  HsiTse il (:;1?;))11)41 (p) + wls1 a1 (P a2 (x)

— Loy wPgo (x) + Lepapgp (%) — e a1 (p)Pan (X).

Using the steady state conditions for TTy:

(i 4+ Bi) P11 (Wi) = Age M1y (54, ), binioi(Ti) = (911?\1'67““1“ + b1 Apie M2 x4 (54, D),

viwsi(Ti) = Asie” * (84, P), le19Wa (P Z PiAiXi (81, P) — o1 a1 (P) a2 (X),
Vu(p) o
le19Wa1(p) = ﬁ(g) ; PiAiXi (51, P) — Wle1ar (p) a2 (%),
we obtain
de = . Xi(51,p)
e Z Pi |: 7-[1 1 7-[1(31)) <1_ Xi(si/p)>

(e = _Xi(%ﬁ)) (e = <Xi(si/p) _11)41(19))
+ Aixa(si,P) (1 Xi(si,P) + Al p) Xi(si,P))  bar(p)

(si (t—T111),p (t— 1)1 (Wi)
Xi(31, P)b1i(wy)

(e = o Xi(81 (t—T2i), p (£ — T2i) )i (Ti)

tihaixi(Su,ple Xi (51, P)2i(yi)

11)21( )Il)ll(wl)

11)21( )wll(wl)

+ 3iA31e B (54, P) — L3iAsiXi (54, P

—|—€117\116 H1 T ( /P) _€117\11X1(31/p)eipouﬁcu)GL

— iAie MG (54, P)

+ (Lr1iAie MU £ A0 e HAT2) x4 (84, P)

Je—HaTi Xilsi (t—13i),p (t —T31) Pai (W)

Xi (81, P)bai(wi)
+ 6iA1iXi(8i,p)e M In (Xi(si (=) plt= Tli)))
Xi(si,p)
+iA2iXi(5i,ple M2 ™ In <Xi(si (=), pt= Tﬂn)
Xi(si, p)
+83iAsiXi (5, p)e M In (Xi(si (=), plt= TBi)))
Xi(si,p)

i(Yi ([t — Ty
+ (GriAie” M + by Agie” M2 )X (8, P) In <Ll)2 (i ( T‘h)))

11)21(91)

s Taie (= = ui(t—t
+ liAsie M (84, P) In (11)31(11); ™) a >] +Z piAiXi(Si, P
1 1
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Poi (Yi (t —T41) )01 (P)
P2i(Ji) a1 (p)

P3i(ug (t —158) ) a1 (P)
P3i (i) Par (p) '

2
= pillridie T 4 Dy hgie M2 )y (51, B)
i1

2
— ) pilsihgie MO (54, P)
i1

By the equalities (1.15) with §; = 5;, Wy = Wy, 01 = Ui, 14 = Ty, and p = P, we can get

v, ¢ _ Xi(3i,P)
Fap i [ims(s0) = mfsy)) (1~ 2EePY)
e = [(Xisu,P)  ba(p) Va1 (p)x ( P))
+AixilsuP) (Xi(si,f?) P41 (p) S Va1 (P)xilsi, P)
7 o (xa5uP) L <X1 5u,P >)
Aixil ,p) (Xi(suf)) ! X1 Si, P
o [ Var(p)xilsi, P) <1P41(P)X1(Sup)>>
—Axilsy,p) | —="F+""=—-1-In
Axe(54,P) (1P41(P)Xi(sirp) ! P41(p)x(si,p)

—51'7\1'X'(§' f))eiu“ﬁi (11)11(‘7\’1))(1(31 (t— Tl) P(t Tli))
v P1i(wi)xi(5i,P)

1 Y1 (Wi)xi(si (t—T111) ,p (t —T11))
! h’l( Pri(wilxil Slfp >>

11’21(U1)X1(51(t TZ‘L) (t—121))
Y2i (Yi)xi(8i,P) (2.10)

— liMixi(51,p)e M2 <

il
e (W2ilGi)xilsi (t— i), p (t— TzJ)))
! ln< Ui (yi)xi(51,P)
A (5. A e—M3iT3 11)31(“1))(1(51 (t— T31) p(t_T3i))
631A3iX1(51,P)e ( W3 (w)xi (5, P)

e ((Wsi(wi)xi(si (t—T31),p (t — T51))
! ln( P3i(ui)xi(54,p) ))

 byAgge Mg (5, B) <11’z(3§¢1() 1 I (W))

Poi (yi)1i(Wwy) Poi(yi)1i(Wwy)
T T P2i (Yi (t —T41) ) aq (P)
— (¢ i}\ i H1iT1i L i}\ i H2iT2i i
(tidvie e )x(s ( P2i(Gi) a1 (p)

1mn (lbzi(yi (t— 741))11);11 (P) ))

$2i(Gi)da (p
s (o wy [(Wai(wi (t—T5))Wa(P) L (ll)si(ui (t_T5i))1b41(f’)>>:|
313 Xi(5i,P) ( P3i (i) az (p) 1= P3i (i )har (p) '

Eq. (2.10) becomes
v, & [ Xi(50,P )> (xl(sl,prpmp))( xi(si,m>
a2 [““(S” sy ( xisup)) TP o) T wa ) ) U xasup)
e i(5i,p 1(P ]5)) T, (2. = <11’21(gi)1|)1i(wi)>
MxalseP [ ( 81,P>+F< (P)xilsi, p) ~ hidnem M a5 PIF Wi (Y1 (W)
Ur’ll Wl X1 51 t T1i ) P (t Tli)))

ll)h Wi X'L( f))

P21 (Ti)xilsi (t—T2i),p (t_TZi))>
P2i(yi)xi(5i,P)

11’31 U-l Xl 51 t T31) P (t_TBi))>
1I)?n uq Xl(slrp)

— i MiXi (51, p)e MITHF

- 831)\31)(1 51/ € TR

- €217\21XL 54, P e T2 <
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_ (‘3117\1167“”“ + QZi}\Zie*HﬁTZi) xi(51,P)F <1P2i(yi (t —Tai))ba (P)>

P2 (Ji)a(p)
it e v (Wil (t_TSi))ll’All(f?))]
_e )\ e H3{T3i,,. Si, F( - .
S xilSip) P3i (i) P4 (p)
According to H1, H2, and H4 we get dd—\,? < 0 and %ﬁz = 0 at TT. LIP implies that T, is GAS. O

3. Numerical simulations

We now perform some computer simulations on the following application:

: B s1(t) (1—e1)As1 (B p (1)
$1(t) = p1 — 8181 (t) +Bsy (1) (1 i ) - T+ 07 (© ,

(1—fer)Aasz (B p (1)
1+9p(t) ’
(1—eg)Ajpe "1 ™sy (t—713) p (t—111)

Wi (t) = T3 97p (t—111) — (o 4+ B1)wi (),

8 (t) = p2 — 0252 () —

. (1 —feq)Appe™ M12™i25) (t — T0) p (t — T12)
t) = — (o + t),
Wy (t) T 92p (t—112) (2 + B2)wa (1)

. (1 51)}\216 21T21Sl (t [21) P (t [21)
- + t)—n t),
Y1 (t) 1+ (t 21) 1W1 ( ) 1Y1 ( )

b (3.1)
. (1 —feq)Ape™ H2™25; (t —1p0) p (t — T22)
t) = t)— t),
Y (1) Ty r— + oows (1) —mpy2 (1)
. (1—e1)Azre Mgy (t—31) p (t—T31)
t) = - t),
1 (1) 1101 (t—3) viug (t)
. (1—feq)Agpe M32T2s) (t — 135) p (t — T32)
t) = — 1),
s (t) 14 92p (t—T32) vaus (t)
p(t) = (1—e)Nymre M1y (t— 149) + (1 — hep)Nompe ™ M2y, (t — 1yp)
+ (1 —e2)Myvie M55y (t — 151) + (1 — hep)Mpvoe M2™52u, (t — Tsp)
—gp (t) —pp (t)x (),
X (t) =7p (t)x (t) —wx (1),

where B < 8;. In this application, we consider the following specific forms of the general functions:

1 (51 (1)) = py — 8151 (1) + Bsy () <1 _a m) . (s () = p2— 252 (1),

smaX
xalss (0),p () = TP, Pr(O) =0, j=1,...,4, i=12

First we verify hypotheses H1-H4 for the chosen forms, then we solve the system using MATLAB. Clearly,
7 (0) = py > 0and m(s?) =0, where

0 __ Smax 2 4918 0 __ P2
= B— B— —_— = —.
S1=>p ( 61 + \/( 61)% + r =

Smax

We have
2381

Smax

my(s1) = -8 +B—

<0, 7'E/2(Sz) =—0p < 0.

Clearly, 7;(si) > 0 for s; € [0,s?) and

sT
mi(s1) =p1 — (01 —B)s; —B

Smax

< p1— (01 —B)sy, m(s2) = p2—d250.
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Then H1 is satisfied. We also have x;i(si, p) >0, xi(0,p) = x(si,0) =0 for s;, p € (0,00), and
aXi(Si,O) _

oxilsu,p) _  p
aSiL

_ Oxi(si,p) _ Si
(1+9:p)’ op (1+9:p)% op

Then, aXia(:_li’p) >0, ax%?’p) > 0, and %;i’o) > 0 for all s;,p € (0,00). Therefore, H1 is satisfied. In

addition
aXi (Si, 0)
op
It follows that, H2 is satisfied. Clearly H3 holds true. Moreover,

!
> =1>0forall s; >0.

0 (Xi(si/p)> _ —Uis
— = > <0.
op \ Vbai(p) (1+9p)
Therefore, H4 holds true and Theorems 2.1, 2.3, and 2.4 are applicable.The parameters Ry and R; for this
application are given by:

Ro = i ({NjA e HiT4 4 M Agie™ M3 (o + Bi)e—usi”fm}sg
= gloi + Bi) v
R i ({NjA{e HaiTa 4 MAg e M3 (o + By)e M5iT5) 55
1= =
= gloi +Bi) 1+9p

Aq = oidpie M (o + Bi)Agie MR

Remark 3.1. There are several forms of the general function x;(si, p) where H1-H4 can be satisfied such
as:

(i) Holling-type incidence xi(si,p) = 1%5%}
(ii) Beddington-DeAngelis incidence xi(si, p) = 17520557
Sip

(iif) Crowley-Martin incidence X;(si,p) =

m
s™p

(iv) Hill-type incidence Xi(si,P) = gmrgm-

(T+9:s0)(1+0:p)’

Now we are ready to perform some numerical simulations for system (3.1). The data of system (3.1) are
provided in Table 1. We let Tini = T, i = He, i = 1,2, A;n1 = 0.000625, and A,,2-0.0000625, m = 1,2, 3.

Table 1: The data of example (3.1).

Parameter | Value || Parameter | Value | Parameter | Value || Parameter | Value
P1 10 P2 0.03198 M 0.36 2 0.03
o1 0.01 oy 0.005 V1 0.031 Vo 0.01
B 0.0001 Xmax 1200 g 3 i 0.5
1 0.2 o 0.01 w 0.1 e 1
B1 0.02 B 0.002 f 0.5 h 0.5
H 0.01 ) 0.002 Ny 20 N, 5
M, 6 M, 1 €1, €2 varied T, T variad

3.1. Stability of the steady states of the system

To discuss our global results, we choose three different initial conditions:
IC1: (sq1,s2, w1, W2,Y1, Y2, ug, up, p,x)(0) = (900, 6,2,0.02,3,0.02,15,0.02,2, 3);
IC2: (Slr $2, W1, W2,Y1,Y2, U1, U2, P, X) (O) = (700/ 5/ 4/ 008/ 5/ 006/ 25/ 01/ 5/ 5)/
IC3: (s1,82, W1, W2,Y1,Y2,u1, Uz, p,x)(0) = (500,4,6,0.15,6.5,0.1,40,0.2,7,8);
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Let us address three cases for the parameters €1, €5, T, and .

Case (I): Choose ¢1 = 0.6, ¢2 = 0.8, 71 = 1.0, and r = 0.009, which gives Ry = 0.1232 < 1 and R; = 0.0635 < 1.
Therefore, based on Theorem 2.1, the uninfected steady state Ty is GAS. As we can see from Figures 1-10
that the concentrations of the uninfected CD4™" T cells and macrophages are increased and approached
their normal value before infection, that are, 3(1) = 1001.7, sg = 6.4; while concentrations of the other
compartments converge to zero for all the three initial conditions. As a result, the HIV is removed from
the plasma.

Case (IT): We take ¢;1 = 0.1,e5 = 0.2,T = 0.5, and v = 0.009. For these values, R; = 0.8910 < 1 < Ry =
2.6577. Consequently, based on Theorem 2.3, the humoral-inactivated infection steady state TT; is GAS.
Figures 1-10 confirm that the numerical results support the theoretical results presented in Theorem 2.3. It
can be observed that, the variables of the model eventually converge to TT; = (443.186,4.960,5.143,0.121,
6.0,0.089,36.497,0.145,8.088,0.0) for all the three initial conditions. This case corresponds to a chronic
HIV infection in the absence of humoral immune response.

Case (ITI): ¢1 = 0.1,e» = 0.2,T= 0.5, and r = 0.08. Then, we calculate Ry =2.6577 > 1 and R; = 2.1744 > 1.
According to Theorem 2.4, the humoral-activated infection steady state I, is GAS. We can see from Fig-
ures 1-10 that, there is a consistency between the numerical results and theoretical results of Theorem 2.4.
The states of the system converge to T, = (829.705, 6.118,1.589,0.023,1.853,0.017,11.273,0.028, 1.25,5.99)
for all the three initial conditions. In this case the humoral immune response is activated and can control
the disease.

3.2. Effect of the time delay on the stability of the system

Choosing €1 = ¢ = 0 and r = 0.08, the initial conditions are considered to be (s1, 2, W1, W2, Y1, Y2, u1,
up,p,x) (0) = (850,6.2,2,0.01,1.5,0.01, 10, 0.015,1,7). Figures 11-20 and Table 2 show the effect of the time
delay parameter T on the stability of TTp, IT;, and TT,. Clearly, the parameter T has similar effect as the drug
efficacies parameters ¢ and ¢s.

Table 2: The values of steady states, Ry and R; for model (3.1) with different values of .
T steady states Ro | Rg
0 I, = (814.16,6.11,2.86,0.04, 3.33,0.03,20.27,0.05,1.25,38.42) | 9.22 | 7.40
0.5 | T, = (814.16,6.11,1.73,0.024,2.02,0.02,12.29,0.03,1.25,10.34) | 3.69 | 2.96
1.0 T, = (814.28,6.11,1.05,1.23,1.19,0.011,7.45,0.02,1.25,0.01) 154 | 1.24

1.1 T, = (981.43,6.37,0.10,0.00,0.12,0.00,0.73,0.00,0.11, 0) 1.3 | 1.04
1.2 Ty = (1001.7,6.4,0,0,0,0,0,0,0,0) 1.1 | 0.88
15 Ty = (1001.7,6.4,0,0,0,0,0,0,0,0) 0.68 | 0.54
1100 ‘ ‘ ‘ ‘ 6.5
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Figure 1: The concentration of uninfected CD4" T cells. Figure 2: The concentration of uninfected macrophages.
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