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Abstract
In this paper we have considered the following coupled system of nonlinear ordinary differential

equations.
N v

n
20\
where f1’f2 are real valued functions on [to,oo)XR, tzt0>0. We have given sufficient conditions on the

nonlinear functions f_ ,f

1l such that the solutions pair x

1% asymptotically behaves like a pair of real

polynomials.
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1. Introduction

There are many physical phenomena where systems of differential equations arise, in fact the fact that any
two variables of the physical world are mutually dependent, makes us realize the importance and need for
the study of these systems of differential equations. Some such studies can be found in [9]. The authors
have worked on the existential analysis of certian generalized systems in [Error! Reference source not
found., Error! Reference source not found., 6], in the recent past. Equally important is to find out the
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qualitative nature of solutions to these systems. In literature we find lot of work done on the qualitative
behavior of solutions for ordinary differential equations. we can find a lot of work done in [3, 8] on the
second order nonlinear differential equations. The same problem for higher order nonlinear differential
equations was treated in [7]. We specifically mention [2], in which sufficient conditions for every solution

of a nt" order nonlinear differential equation to be asymptotic to a real polynomial of at most degree n—1
at co. In this paper we have extended these type of results to 2-dimensional systems of nonlinear coupled
ordinary differential equations. This kind of work would be helpful in analyzing the systems where the
coefficient matrices are anti-diagonal.

In this paper we investigated the solutions of the coupled system (1), which behave asymptotically at oo

like real polynomials in t. We have given sufficient conditions for the solution pair X1%y to behave like

real polynomial pair of at most degree m,,m, respectively, where l§m1§n1—1, 1§m2§n2—1 . We

mention here that the nonlinear terms in the system are explicitly dependent on only one variable, this
gives a scope for further findings where these nonlinear terms could be dependent on both the vaiables.

2. Main Result
We investigate the solutions of (1) which are defined for large t i.e on the interval [T,c), where tho may

depend on the solution.
Before we prove our main result, we give some preliminaries which we use in the proof.
Schauder’s Fixed Point Theorem

Let E be a Banach Space and X any nonempty convex and closed subset of E. If S is a Continuous
mapping into itself and SX is relatively compact, then the mapping S has at least one fixed point.

Definition

A set of real-valued functions H defined on [T,) is called equiconvergent at o if all functions in H are

convergent in R at the point oo and for every £>0, there exists T‘ZT such that for all heH
| h(t)—li ms_mh(s) | <
for all tzT0

Compactness Criterion

Let H be a equicontinuous and uniformly bounded subset of the Banach space B([T,»))(Banach space of
all continuous and bounded real valued functions on [T,«)). If H is equiconvergent at oo, then it is also
relatively compact.

Note: The Banach space B([T,0)) is endowed with the sup-norm ||.||

||l =supe=r | fit)| for h e B(T,0))
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This compactness criterion is a corollary of the Ascoli-Arzella Theorem and is an adaptation of a lemma
due to Avramescu [1].

Theorem 1

Let m,.m, be integers with 1<m1 -1, 1<m2<n2 and assume that

|f.(t2) 4, (Vg (M}q (t)
|f(t2) 4, (D9 [M}q (t) @

for all (t,z)e[to,oo)xR ,
where p and g are nonnegative continuous real-valued functions on [to,oo) such that

o0
St p (Ddt<oo

%

o0
St g, (Ddt<oo

%

o0
St 'p (t)dt<oo

%

o0
f tnz_lqz(t)dt<oo 3)
tO

and g is a nonnegative continuous real-valued function on [0,00) which is not identically zero.

Let clo,cll,...,clml and C20’C21""’02n1 be real numbers and T be a point with T>t o and suppose that
there exists positive constants Kl,K2 such that
(S T)nl_l K |CZ||
s)dssu 2):0<z<—=
I gy Pie)dssup 9(2): = ZTmz
s—T
+ f LlL)Iq (s)ds=K, (4)
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and

[ (S(;T_)l), pz(S)dssup{g(z) 0<z< i | }

¥ f £ﬂ%qz(s,)olss@ (5)

Then the system (1) has a solution pair {xi1, X2} on the interval [T,oc] such that

m
X17C107Cq - FCo 1t !

m
Xy=CoptCyptHtCy 2t 2 (6)

Proof: By substituting
— m
yl(t)—xl(t) (c10+c11t+ FCy 1t 1)

— m
yz(t)—xz(t) (c20+021t+ +C, 2t 2)
the system (1) gets transformed in to

m,

n -
y,'O=f, | ty, 0+ Xt
i=0

my

V2=, | ty, O+ _zocliti ™
i=

Therefore we can clearly see that it is sufficient to prove that the system (7) has a solution pair yyY, 0N

the interval [T,o] with
. Q.
Ilmt_my1 (=0

lim___y,2()=0 ®)

where leo,l,...,nl—l and Q2=0,1,...,n2—1

Now consider the Banach Space E=B ( [T,co ]) with the sup-norm ||, and define
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Y= {Y1 €k :”yl” = Kl}
Y, = {Y2 € E:HYZ”S Kz}

CIearIle, Y2 are non-empty closed convex subsets of E. Let Yy and Y, be arbitrary functions in Y1

and Y2 respectively. Then for every t>T

m

1
yl(t) cht m
S ) R T L Y
tm1 tm1 z t —|S Tm1+ z Tml—i
i=0 i=0
and
m,
v+ et
S = O L W Y BV Y
M2 M2 t 2 t zfiST 2+ ™) -
i=0 i=0
So
m1 i
y,(O+ 2c it
i=0 -
g {m =7
m2 i
YO+ 2 c,it
i=0 -
g {m, =T,

where T,T, are defined as

c
elzel(clo,cn,....,clml:T K, )= sup{g(z) O<z< ZT|mll-|1}

0, :192(c20,c21,....,c2mz T ) sup{g(z) 0<z< -|-sz +Z-|E]2;-1}

From (2) we get
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m,

| Ly, _ZOCZiti <t.p, (0+q, (1)
1=
My
f, Ly10)+_§%clﬁ' <t,p,()+9,(t)

1=

for every =T

Thus, from (3) we can conclude that

Q0 n,—1 m2
s—T)1

f@r((n 31)! A sy,0+ eys' ds

T 1 i=0

© (-T2 M

S S |30 Zeys' g5

T 2 i=0

exist in R.

Now, by using (9) for every t>T we get that

. My
f %1 {S,y2(8)+ Yc,s ;s
i=0

< f g(n—lL),p1 )ds+_|f_ K(TIL),q (s)ds

o N -1 m1
S S(n:f)! [syl(s)+ e s;
t =0

<t fﬁ_L ()ds+f§_L

(n,-D)1 P2 1)1 Gp(8)ds
From (4) and (5) we get
T m,
KS—%fl S.Y,(8)* ZOC s ds K,
1=
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My
!S T! i
D2 oSy, () ¢S ds EK, (10)
i=0
for every t=T. As this is true for any pair Y1, We now define mappings S1 and 82 on Y1 and Y2

respectively as

m

(5,) 0= (—1>1f (SnTll). 5,9+ i;:)cms‘ s
with
ml
y2(3)=f ﬁ%_l%f ry,(0+ i§0c“r‘ r
and
m,
(szyz)(o:(—l)“zf ‘T_l%fz sy,(5)+ zoc s ds
with
m

g _ 2 2 .
yl(S): f ; 1)| I’,yz(l’)+ Z CZirI r
i=0

for every t>T.

Clearly we can see that S1 maps Y1 into itself and are valid. Now we shall show that these mappings have
fixed points using the Schauder’s fixed point theorem. We will do this for S1 and similar proof follows for

82 also, which we exclude.

Since SlYng and Yl is closed, convex, S1 is uniformly bounded. As t—oo, SlY1—>0. So SlY1 is

convergent in R. Moreover for some t>T >T, we have
m,

|Slyl(t)—0|: ﬁs;Lf syz(s)+ Zc s S

(n -1 s
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0 on -l m,
SI% (sy2(5)+ >ec s) ds
t i=0
<t f g(TlL)lpl (s)ds+ { (%IL),q (s)ds

s—t T n,—1
<K, f ((n )1), p,(s )ds+f (nt) 57, (s

So, by using (3) and suitably choosingT', we can easily see that SlY is equiconvergent at co.

Now by using (9) for any ylEY1 and for every tl,t2 with T§t1<t2, we get

(s t2) 1 m,
LS o fu | 39,60+ Z s gs

t, i=0
0 (s—tl)”f1 m,
e 20y e, s s
1
= [ %%)'f (syz(s)+ 2.C,8 }
2
- L%f S, Zc }
t
1

8

&
- _tf ) ?nlr 21)' 1( SYp(S)* ZCle) r

L
2] ("1
Stf f (n,-2) f, y2(s)+ Zc s r
r
1
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t t
2 ( ) 2| © , \n-2
<t, | f ?nr Y pl(s)ds dr+ || [ %I_z%ql(s)ds dr

By using condition (3) we can always have a bound on the right hand side of the inequality, so SlY is

equicontinuous. So by the given compactness criterion SlY is relatively compact.

Now we will show that the mapping S1 is continuous. Let Y1y be an arbitrary sequence in Yl’ converging

to Yy under the norm defined before. From (9) we have

m
2 .
f | ty,, O+ _ZOcZit' <t,p,()+q, (1)
1=

for every =T and for all v

Now, by applying the Lebesgue dominated convergence theorem we get

m
. s—)™M 1
lim f g—lL),f $.Y,,(9)* _ZOCZiSI s
1=
m
0 st nlfl 1 i
=/ K—Lf(n i Sy ()+ 2 cys s
t 17 i=0

So we have shown the pointwise convergence i.e

lim
V—00 (Slylv) (0= (Slyl) ®)
Now, consider an arbitrary subsequence uH of Slylv. Since SlY is relatively compact, there exists a

subsequence vy of uu and a v in E such that v, converges uniformly to v. So

Vﬁnoo (Slylv) ()= (Slyl) (t)=v

for all =T under the sup-norm. So S1 is continuous.

Thus we have shown that Sl satisfies all the assumptions of Schauder’s theorem, So S1 has a fixed point

yleY such that Slylzyl. That implies
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o0 n—1 ml
s—t) 1 :
=" S G | sn,0% Teyd g
t 1=
So we can see that
m
nl 2 i
y, O=F | ty,()+ Zc,t
i=0

for all t=T.

similarly we can show for the other function Y, also. Consequently Yy satisfy the transformed system
(7). It is also easy to verify that Y1Ys satisfy the condition (8) This completes the proof of the theorem. o
Example:Consider the following system of equations

Y
X (t)=a(t) [X,0) s9n %,)

Y
Xo(t)=h(t) [%, @] s9n %, (12)

where a and b are continuous real valued functions on [0,00] and vy is a positive real number. Let m be an
integer with 1<m<n-—1, and assume that

o0
L7 a | dt<oo
0
o0
L bt dt<oo (13)
0
and let CpCq:CornCry and dO,dl,dZ, ...... ,dm be real numbers and T be a point with T>0 and

suppose that there exist positive constants Kl and K2 such that

0 N1 K m Ci

L ™ OISl ¥ ',

T i=0

o0 ( . }n—l K m di
[f S(nil)! s |b(s)|d5](_|__n21+ )y Tm_l)YSKZ (14)
T i=0
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Then by invoking the main result that we have proved earlier (12) has a pair of solutions x, and X, which

1

asymptotically behave like mt" degree polynomials.

Remark: We note here that these results are simple and hold true only for a special case of coupled
systems. The nature of conditions (2) needs to be discussed and analyzed so that more general non-
linearities can be brought under the view of these results. The possibility of such an extension needs to be
highlighted.
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