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Abstract
We introduce an iterative method for finding a common fixed point of a semigroup of infinite family of
nonexpansive mappings in Hilbert space, with respect to a sequence of left regular means defined on an
appropriate space of bounded real valued functions of the semigroup. we prove the strong convergence of
the proposed iterative algorithm to the unique solution of a variational inequality, which is the optimality
condition for a minimization problem.
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1. Introduction

Let H be a real Hilbert space. Assume A is strongly positive, that is there is a constant 7 with the
property:
(A, x) Al Il 2


mailto:Dianati.math@gmail.com
mailto:f-golkar@phdstu.scu.ac.ir

A. Dianatifar, F. Golkar, A.M. Forouzanfar / J. Math. Computer Sci. 11 (2014), 319-329

Let {T, }.", be a sequence of nonexpansive mappings of H into itself, we shall assume that

F = ﬂ FixT, =, and let{4 }", be a sequence of nonnegative real numbers in[0,1] . for n >1,
i=1

define a mapping W , of H into itself as follows:

U n,n+l = I

U, = AT U+ A=)

n,n+l

U n,2 :%TZU n3 +(1_j2)|
Wn :=Un,1=ﬂlT1Un,2+(l_ji)l (11)

Y.Yao in [12] introduced an iterative algorithm to appropriate the common fixed points of an
infinite family of nonexpansive self mapping in a real Hilbert space as follows:
Letx, € H is arbitrarily chosen and

Xn+l:an7f (Xn)+ﬂnxn +((l_ﬁn)| _anAWan

Where W . is a sequence defined by (1.1), f be a contraction on H with

coeffecient 7 >0 suchthat 0<y < r

[94
Under the assumption that sequences{e,}, {3} satisfy the following conditions:

C):lime, =0,

€)Y a, =,

(C,):0<liminf g, <limsup 8, <1,

Yao proved that the sequence{x , }converges strongly to the unique solution of the variational
inequality
(A=yf)x"x=x")y=0 xeF. (1.2)

In this paper motivated and inspired by Yao, we introduce a composite iteration schem as
follows:

Xna = &y () + 4 X, +(A= B =, AT W x,, (1.3)
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Let S be a semigroup, @ ={T, :t €S }is a nonexpansive semigroup on H such that

Fixp= ﬂ FixT, =, Xis a left invariant subspace of the space of all bounded real valued
teS

functions defined on S such that 1€ X , the mapping t — (T, (x),y ) is an element of X for each
X,y € H and {x,}is a sequence of means on X. Our purpose here is to introduce the general

iterative algorithm for approximating the common fixed points of left amenable semigroup of
nonexpansive mapping and infinite family of nonexpansive mappings which also solve some
variational inequalities.

2. PRELIMINARIES

Let S be a semigroup and let B(S) be the space of all bounded real valued functions defined on S
with the supremum norm. For s €S and f €B(S) we write |, andr, on B(S) by

(I,f)(t)=f (st) and (r,f )(t)=f (ts) foreacht €S and f €B(S). Let X be a subspace of
B(S) containing 1 and X ~ be its topological dual. An element x of X ~ is said to be a mean on
Xif | dl = (1) =1. We often write g (f (t)) instead of u(f ) for e X "and f X . Let X be
left invariant ( resp. right invariant), i.e I ,(X )< X (resp. r,(X )<= X ) foreach s €S . Amean
Lon X is said to be left invariant (resp. right invariant) if u(l.f )= u(f )(res u(r,f )= wu(f) for
each s €S and f eX . Xis said to be left (resp. right) amenable if X has a left (resp. right)

invariant mean. X is amenable if X is both left and right amenable.
As is well known, B(S) is amenable when S is a commutative semigroup or a solvable group.

Anet {u } of means on X is said to be strongly left regular if limj| I."z, — ]| =0 for each

s €S where |.” is the adjoint operator of I_.
Let C be a nonempty closed and convex subset of a reflexive Banach space E. A family
@ ={T, :t €S} is called a nonexpansive semigroup on C if for each t €S the mapping

T, :C —»C isnonexpansive and T, =T,0T, foreach s, t €S . We denote by Fix (¢) the set of
common fixed points of ¢.

Lemma 2.1. [1, 4] Let f be a function of semigroup S into a reflexive Banach space E such that
the weak closure of {f (t):t €S} is weakly compact and let X be a subspace of B(S) containing

all functions t —<f (t),x > withx €E". Then, forany zze X ", there exists a unique element
f ,inEsuchthat <f ,x >=y <f (t),x >, forall x eE . Moreover, if 4 isameanon X,
then

[t @©)d ut) ecoff (t):t eS}.
We can write f , by .[f t)d w(t) .
Lemma 2.2. [1, 4] Let C be a nonempty closed convex subset of a Hilbert space
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H, ¢ ={T, :t €S} be semigroup from C into C such that F(¢) =< and the mapping

t —><T,(X),y > be an element of X for each x eC and y e H, and x be amean on X. If we
write T (x ), instead of J'Tt (x)d x(t) , then the followings hold:

(i) T,, is nonexpansive mapping from C into C.

(i) T,(x)=x, foreach x e Fix (¢).

(iii) T#(x)ec_o{l't (x):t €S}, foreach x €C .

(iv) If u isleftinvariant, then T, is a nonexpansive retraction from C onto Fix (¢).

Lemma 2.3. [3] Let C be a nonempty closed convex subsetof Hand T :C —»C a
nonexpansive mapping with F(T ) =& . If {X,}is a sequence in C weakly converging tox and if

{(1 =T )x,}converges strongly to y, then (I -T )x =y .

Recall the metric (nearest point) projection P, from a Hilbert space H to a closed convex subset
C of H is defined as follows: give x e H, P (x) is the only point in C with the property:

| x =P 0l =inf{]l x —yll :y eC}
It is well-known that P, is a nonexpansive mapping of H onto C.

Lemma 2.4. [3] Let C be a nonempty convex subset of a Hilbert space H and P, be the metric
projection mapping from H onto C. Let x e H and y €C then, the followings are equivalent:
)y =P (x)

i) <x-y,y-z>>0 VvzeC.

Lemma 2.5. [9] Let {x ,}and {y ,}be bounded sequences in a Banach space E and let{, } be a
sequence in [0, 1] with 0< Iigligf a, <limsupe, <1. Suppose X, ., =a,X, +{1-«,)y,, forall

n—oo

integers n >0, and limsupl|l y,..—V.ll 4l x,...—x,ll)<0.

n—o0

Then, lim|| y,—x,||=0.

The following lemma is an immediate consequence of the inner product on H.
Lemma 2.6. Forall x,y €H , there holds the inequality

I x+yll < Il xll 2 +2<y ,x +y >,
Lemma 2.7. [5] Let C be a nonempty closed convex subset of a Hilbert space H, {T; :C —C}be
an infinite family of nonexpansive mappings with ﬂ Fix (T, ) = & ,{4 }be a real sequence such

i=1

that 0 <A <b <1,Vi >1.Considering W, which is defined by (1.1) we have:

(1) W, is nonexpansive and Fix W, ) = ﬂ Fix (T,) foreach n>1

i=1
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(2) for each x €C and for each positive integer j, limU . x exists.

(3) The mapping W :C —C , defined by
Wx =IlimW x =limU x,vx eC.

n—oo Nn—o0

is a nonexpansive mapping satisfying Fix W ) = ﬂ Fix (T,) and is called the W-mapping
i=1

generated by T,,T,,...and A, 4,,....

Lemma 2.8. [8] Let C be a nonempty closed convex subset of a Hilbert space H, {T; :C —C}be

a countable family of nonexpansive mappings with ﬂ Fix (T,) =< ,{4} be areal sequence such
i=1

that 0< A <b <1,Vi >1. If D is any bounded subset of C, then
limsug| Wx -W _x|| =0.
Nn—o0 xeD
Lemma 2.9. [3] Let {a,}be a sequence of nonnegative real numbers such that
a,,<@-b))a +bc,, vn=0
where{b, }and{c }are sequences of real numbers satisfying the following conditions

(i) {bn}C[O,l],ibn —o

(ii) either limsupc, <0 or D p,c, |<

n—oo n=0

Then lima, =0.

n—o0

Lemma 2.10. [2] Assume that A is a strongly positive bounded operator on a Hilbert space H
with the coefficient 7 >0 and0< p< || All .

Then,|| | — pA|| <1-py >0.
3. Main results

Theorem 3.1. Let f be a contraction on H with coefficient 0 <« <1. Let A be a strongly
positive operator on H with coefficient 7 >0. Let{, }be a left regular sequence of means on X

such that liml| g, ., —ll=0. Let {T.}", be a sequence of nonexpansive selfmapping of H

such that F :=("|FixT, (| Fix (¢) =& and T, (Fix ¢) = Fix (¢), foralli eN . Let x, eH ,
i=1

O<y< 7 and let{X , }be generated by the iterative algorithm (1.3), where W is a sequence
(04

defined by (1.1), and{«, },{£, }are sequences in [0, 1] satisfying conditions (C1), (C2),

(C3).Then {x, }converges strongly x e F, which also uniquely solves the variational inequality
(1.2).
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Proof. We shall divide the proof into several steps.
Stepl. The sequence {x ,}is bounded.

Since A is strongly positive operator on H, then
I All =sup{|¢Ax,x) :x e H|| x|[=1}.
| @B —a, Al =sup{l- B, —a,(AX,x):x eH|| X||=83<1-4, -, 7
Let peF,bylemma2.2in[1], [10], we have
” Xn+l_p” :" an(ﬂ/f (Xn)_Ap)+ﬂn(Xn _p)+((1_ﬁn)| _anA)(Tanan _pm
<apll 7 X)) =7F (PN +ell 7 (p)—Apll +4l x, —pll
+(1_16n _an771| T,uanXn _p" S(l_(77_7/a)an]| X, _p” ta, |7f (p)_Ap”
It follows from induction that
f -A
I x, - pll < maxq x, — pll I PI=ARNy
Y —ya
Step 2. lim| x, -T,w X [[=0
Il x, —Tﬂnwnxnll <|I x,=x,.d Hl x4 —Tﬂnwnxnll we have:
—TﬂanXn||<05|| B X)) =AT, w x| +8l x, =T, w x|l sowe have
[enll 7F () =AT, W x Il x, =x ]
Since W, T, are nonexpansive, we have

all 7 (x,)=AT, W Xl <a, ((raHl Al )Ml »f (p)—Apll) take
L, = (el Al )M Hl »f (p)—Apll) since lime, =0, there exists K, €N such that «, <Li,

0

Il x

n+l

Il x, =T, w,x II<l

n

for all n > K therefore we have

1
| Xn—T,,anXn”Sl_ [l x,-x,4JI1 VYn>K, (3.1)

It sufficient to show that lim|| x, —x, J|=0
n—oo

Define
n+1 (1 ﬂ)yn—i_ﬂnxru nZO
Observe that from the definition of y ., we obtain

ﬁn+1xn+l n+1 ﬁnxn

yn+ _yn_ n+2 ,
' 1 ﬂnﬂ l ﬁn
Gy
L f (x AT W _x .]-—" X )—AT W X
1 ﬁnﬂ[}/ ( n+1) Hnyp o DAL n+1] 1_ﬁn []/f( n) My N n]
+T,un+lvvn+lx n+l _T,uanX n

This implies that
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” yn+l_yn"
O n
S [m“ j/f (Xn+1]| +|| AT,UNlVVn{LXnH_" _l—ﬁn 7/f (Xn1| +|| ATﬂanXn” ]+
” T Wn+l n+1_Tanan" (32)
We have
” T Wn+1 n+1_Tanan"
<7, W, nﬂ—T Wox AT, Wox, =T, W x|
< WX || HI T, WX =T, WXl
"Wn+l n+l n+lX ” +"Wn+1 an” +” T,uMVVan _Tanan"
< X=Xl HE WX Wl HE T, Wox, =T, Wox (3.3)
Since T, and U, ; are nonexpansive, from (1.1), we have
”Wn+1 ” _” AlTUnJrlz ﬂlTUnZX ” <ﬂ‘1" Un+12 Un 2X " """" = Ivll]i[ﬂ’l
(3.4)

Where M, >0 is an appropriate constant such that || U
(2.4) we have| T, W =T, W x|l

X, |l <M, using (2.3) and

n+1n+1 n n+1

n+1 n+1

< X =%l +M T TAH T, W.x,-T,W x| (3.5)

i=1

Substituting (2.5) in (2.2), we have
I Yaa=Yall I X=Xl <

1 ;:+1|] j/f (Xn+l]| _|-|| AT;ln+jWn+an+1” -

Mle,, AT, Wx, -T,Wxl

(24
. AT W x| 1+
L A AT W]

Which implies that (noting that (C1) and 0< A <b <1, for i >1)
Ilmsunl yn+1_yn” —" Xn+1_xn"S0

n—oo

Hence by Lemma 2.5, we have !Lrgll Yy, —X,|[ =0. Consequently

!iﬂ.l” X=X :!m(l—ﬁnjl Y, —X, |l =0. This together with (2.1) implies that
limi| x, T, w x|l =0

Step 3. limsupsup| T, y =TT, y[[=0, VteS

n—w yeD

Set D={y eH : || y —pll <M} We point out that D is a bounded closed convex set,
{x,}< D being invariant under pand W, forall neN
Let £>0. By Theorem 1.2 in [6], there exists 6 > 0such that
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CoF,(T,;D)+B, cF (T;;D), Vte&S. (3.6)
Also by Corollary 1.1 in [6], there exists a natural number N such that
1 3 1 3
— Y -T.(——=D>T, <o,Vt,seS,yeD 3.7
I = 12 ToeY T +1§; s Y y (3.7)

Lett €S. Since {yn}is strongly left regular, there exists N, € N such that

(7 | ﬂnll vn>N,,i=12,...,N.
(MOHI Mol X’ ’
Then we have
N 1 N
suT _— . yd g, (s)| =supsu ZYy—(|——=> T, ydu (s)z
sud T,y j 12 DT, ydu, 6 SUpSUp| (T, y .2 <IN+1§HV 1, (8),2)]

-supsupl—Z(un iZ(un)s(Ftisy,ZH

yeouzu—l N +11=
N )Ty 2) = 2,) Ty, 2) |
1= yenia 2
maxl l,2,...,N|| /Jn - ti:un (M 0+” p” ) S é‘, Vn 2 No- (38)

By Lemma 2.2, we have

1 & _ 1 & .
N—+1§Tt‘syd #,(s) eco{f N—+1§Tti T.y):seS} (3.9)

It follows from 2.6, 2.7, 2.8 and 2.9 that

_ N _
T,y eco{ ZTtisy:seS}+BﬁccoF5(l't;D)+B§cFé(I't;D) vy eD,n>N,,.

Therefore, Ilmsupsuql T,y -TT,yll <o Since 6> 0Qis arbitrary, we can proof step 3.

n—owo yeb
Step 4. lim|| x, =T, x,|[[=0,Vt €S .
We have shown in Step 2 that
o
all 7f(x,))=AT, w x| <, ((raHl AlIM Al #f (p)—ApII)SL—Lo=5 forall n>K,

0
Using Step 2 we can assume, there exists K, € N such that for alln 2K,

ﬂn(xn—TﬂHann)eBﬁ
2
From Lemma 2.7 we have|| W x, —pll 4 W x, -W, pll § x,—pll <M, from definition D we
have W x, €D . Therefore by Step 3we have T W x, e F;(T,;D), so we have
X, =0, [¥f (xn)—AT#anxn]+ﬂn[xn —Tﬂanxn]+Tﬂanxn
€ B;,+B,+F;(T,;D)cB,+F,(T,;D)cF(,;D)
2 2
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For all n >K,inwhich K, =max{K,,K,}, so we have:
I x,-T.x, |l <o
Step 5. There exists a unique x e F such that
limsup(x, —x ", yf (x )—Ax")<0

n—o0

P-(I —A +yf ) is a contraction of H into itself because

| Pe(l —A+yE)x =P (I A+ )yl <[ (1 —A+yF )x =(I —A+yf)yll

ST UT=ALIEx =yl +7ell x =yll < @=(F —ye)ll x =yl

By Banach contraction principal, P. (I —A + yf ) has a unique fixed point x " e F . Then by
Lemma 2.4, we have

(F(x)-AX",y -x)<0 VyeF (3.10)
We take a subsequence{x, }of{x,} such that
limsup(x, —x ", yf (x*)—Ax*>:l!im<xnk —x" 7 (x)—-AX") (3.11)

n—oo

We may also assume that x,, [z, using Step 4 and Lemma 2.3 we have z € Fix (). We will

show that z e F, from Lemma 2.7 it follows that ﬂFixTi =Fix W ). So we must show that
i=1
z eFix (V). Assume that Wz =z , since z € Fix (p), and by assumption, T, Fix ¢ c Fix ¢
Wehave T,z eFixe Vi eN ,soW,z eFixe.Hence T,W, z =W z using Opial property of
Hilbert space, since x,, [ z, we have
IiEninfll X, =Xl >Ii£ninf|| X, —z|l vx =z
Since Wz =z by using Step 2 and Lemma2.8, we have
Iirk‘ninf|| X, —Z|l <Ii£ninf|| X, —Wz|
< Iir&igfl] X, —T%kWnkxnkll | T, W X, —TﬂnkWnkzll H T, W, z-Wz|]
slirkninfl] X, =T, W, x|l 4 x, -zl HIwW, z-Wz|]
=Ii|r(ninf|| X, —|l
This is a contradiction. Therefore z € F. Noticing 2.10, 2.11 and x,, [ z we have:
limsup(x , —x ", yf (X )=AXx"y=(z —x",yf (x")-Ax")<0.

n—o

Step6. The sequence{x , }converges strongly tox ~. By Lemma 2.6 we have

” Xn+l_X*” 2= ” , (7f (Xn)_AX*)+ﬂn (Xn _X*)+((1_ﬂn)| _anA)(T#anXn _X*ll ?
S[ﬂn” Xn _X’]l +(1_ﬂn)_an77]| Xn _X*” ]2+2an<7f (Xn)_AX*!Xn+1_X*>
=(1_an77)2” Xn _X*” ? +2an <7f (Xn)_'A‘X*'XnJrl_X*> (312)

On the other hands,
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<7/f (Xn)_yf (X*)1Xn+1_x*>£7/a” Xn _X*” ” Xn+1_X*”
<yl X, =X A=, 7 X, =X 1> 420, (F () =AX "X, =X )

< yal-a, PN X, =X +yall X, =X 208 () =AX "X =X ) e,
Since{x , }is bounded, we can take a constant G, > 0 such that

yall X, =x | 2t (x,)—AX" X, —x )&, <Gy, ¥n eN

So from the above and 2.12 we reach the following
| Xny —X *” 2
<@, 7Y X =X 2 420, (rF () = 7F (X)X =X )+ 20, (rF (X)) = AXT Xy =X )

<@-a, )l X, =% ? +2e, yal—e, 7 )l X, =% | ? +2,G o\,
+2a, (YF (X7)—AX ", X, —X )

=(1-QF —ya) + @, 7 Rra—7)a )l x, —x 12 +2a,Go\Ja, +2a,(rf (x)=AX" X, —x ")
It then follows that
I Xy =X W2 @7l X, =X 2 4,6, (3.13)
Where

Vo =@ —ya)+a,y 2ya—y))a,,
3, =28 gJa, +2(F (X ) =AX X, —X ")
By Step 4, we get limsup S, <0. Since , - 0and 0< ¥ —y , we may assume, with no loss of

n—oo

generality, that o, < || AJ| “and
0<2(y —ya)+a.7(2ya—y) <1
This together with applying Lemma 2.9 to 2.13 concludes that
lim| x, =x ] =0.
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