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Abstract
The paper discusses fuzzy real and complex linear equations and system of linear equations with
coefficients as crisp and the right-hand side as generalized trapezoidal fuzzy number where fuzzy
numbers have been represented with mean and semi width. We have solved each case by using the
concept of Strong and Weak solution with numerical examples.
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1. Introduction

Systems of linear equations are mainly used to solve several problems in various areas of
mathematical, physical and engineering sciences such as circuit analysis, structural mechanics, heat
transport, fluid flow etc. In most of the applications, the system's parameters and measurements are
vague or imprecise. In that situation we can represent them with fuzzy numbers rather than crisp
numbers.

In literature, standard analytical techniques to solve fuzzy linear equation ware proposed by Buckley
and Qu [5,6,8,9]. Buckley [6,7] considered the solution of linear fuzzy equations using Classical
methods, Zadeh’s extension principle and the concept of fuzzy numbers and arithmetic operations on
it introduced by Zadeh [10,11]. Fuzzy linear systems are the linear systems whose parameters are all
or partially represented by fuzzy numbers. A general model for solving a Fuzzy linear system whose
coefficient matrix is crisp and the right-hand side column is an arbitrary fuzzy number was first
proposed by Friedman et al. [12]. They have used the parametric form of fuzzy numbers and replace

the original n X n fuzzy system by a 2n X 2n crisp system. Fuzzy linear system has been studied by
several authors [1,2,4,13,14,15, 16, 17,18].

In this paper we have used another approach to solve real and complex fuzzy linear equations and
system of linear equations where fuzzy numbers have been represented with mean and semi width. In
Section-3 we have solved real and complex fuzzy linear equations and system of linear equations
respectively by using the concept of Strong and Weak solution and coefficients are taken as
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Generalized Trapezoidal Fuzzy Numbers (GTrFNs). We have also illustrated each case by numerical
examples along the methods.

2. Preliminaries

Definition-2.1: The Signum function of a real number x is defined as follows:

-1 ifxr<0,
segn(x) (= ¢ 0 if x =0,
1 if x > 0.

Definition-2.2: Interval Number: An interval number is a closed and bounded set of real numbers.
A=lab]={x:a<x<bVab,x €R}
Any interval of real number can be expressed as an interval number.

A
a b

Fig2.1: Interval number A

Any Interval number may be represented with its mean and semi width.

An interval number A (=[a, b]) may be denoted as (m(A), w(A)) where m(A) = aTH’ and w(4) =
b—-a

2
Definition-2.3: Interval Arithmetic:

For any two interval numbers
A ={(m(4),w(4)), B = (m(B),w(B)) and scalar k, we have
A =B iff m(4A) = m(B) and w(4A) = w(B)
A+ B ={(m(4) + m(B),w(4) + w(B))
A—B ={(m(A) —m(B),w(4) + w(B))
KA :{ (km(A),kw(A)) , k=0
(km(A),—kw(A)) , k<0

m(A) w(A4) )

{m(4)}2—{w(4)}?’ (m(4)}2—{w(4)}?

A wdhE

5. A7t =(m(4),w(4)) ! =¢

Definition-2.4: A fuzzy number X in parametric form is defined as mg () + wg () K where mg(«)
is the mean of X, wy (<) is the semi width of X and K = [—1,1]is the constant interval.

A fuzzy number in parametric form is completely determined by a pair (mg (o), wg(x)) of
functions my (<), wg () ,0 <x< 1, which satisfy the following requirements:

dmg(«) dwg ()
dx dx

1.|

2. wg(x) >0 vxe (0,1]
Definition 2.5: Fuzzy linear equation (FLE):

These are the equations in which coefficients and unknowns are fuzzy numbers, and formulas are
constructed by operations of fuzzy arithmetic. These equations are of three very simple types: AX =
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B, X+ A= Band AX + B = C where 4, B, C are fuzzy numbers, and X is an unknown fuzzy number
for which either of the equations is to be satisfied.

Definition-2.6: The n X n linear system

ai1Xx1 + A12Xy + -+ A1 nXpn = b1
a21x1 + azzxz + -+ aznxn = bz ............. (21)

Ap1X1 + Apaxy + o+ appxy, = by,
where the co-efficient matrix A = (aij), 1<i<n 1<j<nis acrisp real nXxn matrix and
b;,1 <i <n arefuzzy numbers is called a fuzzy linear system.

Theorem-2.1: A fuzzy number vector (x;, x5, ..., x,)T given by
x; = (m(x;),w(x;)),1 < i <n,is called a solution of the fuzzy linear system (2.1) if

Yi=1 aijm(x) = m(by) , Xj=qy az; wlx;) sgn(aij) =wb;) i (2.2)

Definition-2.7: If x = (m(x,), m(xy), ..., m(x,), w(xy), w(xy), ..., w(x,) )Tis a solution of (2.1) and
foreach1 <i <n,w(x;) = 0 hold, then the solution x is called a strong solution of the system (2.1)
and in this case the strong solution is x; = (m(x;), w(x;)),1 <i <n.

Definition-2.8: If x = (m(x;), m(xy), ..., m(x,), w(xy), w(xy), ..., w(x,,) )T is a solution of (2.1)
and for some € [1,n], w(x;) < 0 hold, then the solution x is called a weak solution of the system
(2.1) and in this case the weak solution is x; = (m(x;), — w(x;)),1 <i < n.

3. Solution procedures
3.1 Solution procedure for real fuzzy linear equation

Consider the equation AX +B=C ............ (3.1)

Where A is a crisp number, B and C are known fuzzy numbers and X is unknown fuzzy number.
B = (m(B),w(B)) and € = (m(C),w(C))

Let X = (m(X), w(X))

Then equation (3.1) becomes

A{mX) + KwX)} + {m(B) + Kw(B)} = {m(C) + Kw(C)}

or, A.m(X) + m(B) = m(C) = m(X) = m(C);m(B)
_ _ w(©)-w(B)
and A.sgn(4) .w(X) + w(B) = w(C) = w(X) = Asgn(4)

Example3.1: Consider the equation AX + B = C
Where A = 9,B = (—4,-3,-2,—1;0.8),C = (3,5,7,9;0.9)
B=(-2515-2)and C = (6,3 - %")

where w = min(0.8,0.9) = 0.8

Let X = (m(X),w(X))
Then the given equation becomes
9.m(X) — 2.5 =6 = m(X) = 875

25
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o 2K 1 (¢4
and 9. wX) +15-S=3-Z=w(x) =3(1'5_Z)

Here w(X) > 0, so the solution is a strong solution and the solution is

2= (83309)

3.2 Solution procedure for complex fuzzy linear equations
Consider the equation AZ + B=C ............ (3.2)
Where A, B and C are known complex fuzzy numbers and X is unknown complex fuzzy number.
A=a; +iay,, B=Db,+ib,, C=¢ +ic,
= (m(B),w(B)) = (m(by) + im(by), w(by) + iw(b,))
and ¢ = (m(C),w(C)) = (m(cy) + im(cz), w(cy) + iw(cz))

LetZ = x7 + ix;
We denote Z as (m(Z), w(2)) = (m(x;) + im(x,), w(x;) + iw(xy)).

Then equation (3.2) becomes
(a; +ia){m(X) + Kw(X)} + {m(B) + Kw(B)} = {m(C) + Kw(C)}

or, (a; +iay) .m(X) + m(B) = m(C)
i -2
and (al. sgn(a;) + ia,. sgn(az))w(A) +w(B) = w(C)

~ w(C)-w(B)
= W(X) = (allsgn(a1)+ia2.sgn(az))

Example3.2: Consider the equation AZ + B = C

Where A = 10 — 7i, B = (—8,—7,—6,—5; 0.8) + i(1,2,3,4;0.9),

¢ =(3,57,9;0.9) +i(12,14,16,18; 0.8)

5 Xy 1 x A L _
B=(-6515-2)+i(2515-")and C = (6,3 - =) +i(153 =)

where @ = min(0.8,0.9) = 0.8

LetZ = X +i¥ = (m(Z),w(2)) = (m(X) + im(Y),w(X) + iw(Y))

Then the given equation becomes
(10 = 70).m(X) = 65+ 251 =6+ 151 = m(X) = o=
2

and (10 +70) . w(X) + (15 -2) +i(15-2) = (3-Z) +i(3-%)

(15-5)a+D)
(10+71)
Here w(X) > 0, so the solution is a strong solution and the solution is

5 12 29 46 63 208 211 214 217
o (325 2 08) i (52 2 0
51°51°51° 51 08)+1 51 " 51 " 51 0.8

= wX) =

3.3 Solution procedure for n X n real fuzzy linear system

Consider the n x n linear system
a11x1 + a12x2 + -+ alnxn - bl
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ay1X1 + Ay2X; + -+ AoynXn = b2 ............. (33)

Ap1X1 + AQpaxy + -+ appxy, = by,
where the co-efficient matrix 4 = (aij), 1<i<n1<j<n, is a crisp real n x n matrix and
b;, 1 < i <n are fuzzy numbers.

Let us now rearrange the linear system so that the unknowns are m(x;), w(x;),
1 <i < n, and the right hand side column is

b = (m(by) + K w(by),m(b,) + K w(by), ..., m(by) + K w(by,))'.

We get the crisp linear system
a; {im(xq), +Kw(xy)} + a{m(xy), +Kw(xz)} + -
+ain{m(x,), +Kw(xn)} = {m(by), +Kw(b,)}

az1{m(x,), +Kw(x,)} + azo{m(x;), +Kw(xz)} + -

+azn{m(xy), +Kw(x,)} = {m(b;), +Kw(b,)}
an{m(xy), +Kw(x)} + ana{m(x;), +Kw(xz)} + -

+ann{m(xn)v +KW(xn)} = {m(bn)r +KW(bn)}

Comparing both sides we get two linear systems as
a;im(xy) + a;pm(xz) + -+ + a;pym(x,) = m(by)
az1m(xy) + azam(xy) + -+ + azpm(xy,) = m(by)

an1m(xy) + apom(xz) + -+ + ap,m(x,) = m(by,)

and

a1 w(x1)sgn(as;) + ajpw(xz)sgn(as,) + -+ + agw(x,)sgn(as,) = w(by)
az1w(xy)sgn(azy) + azw(x;)sgn(az,) + -+ + azuw(x,)sgn(az,) = w(by)

anlw(xl)sgn(anl) + anZW(xz)Sgn(anl) +oet annW(xn)Sgn(ann) = W(bn)

Using matrix notation we get Sx = b

where S = (Sl O) is 2n x 2n matrix,

0 S,
a1 A1z - Qin a;1sgn(a;)  agsgn(asz) .. agpsgn(agy,)
S, = a:21 a:22 a?n and S, = a215gfl(a21) azzsgr:l(azz) aznsgr:l(ClZn)
n1 Qnz - Gnn an158N(an1)  an2sgn(@nz) - Anpsgn(ann)

x = (m(x) W(x))TWhere m(x) = (m(xl),m(xz), ...,m(xn))T,
w(x) = (W(xl),w(xz), ...,w(xn))T

and b = (m(b) w(b)) where m(b) = (m(by), m(by), ..., m(by))’,
w(b) = (w(by),w(by), .., w(by)) .

So we can write
(s s)() = ()
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In order to solve the above linear system we must now calculate S ~(if exists).
Assuming that S is nonsingular we get
x=S"1h

S, ot /s, 0
Now §—t = ( ! ) =
0 SZ 0 52_1

Therefore the solution is
x=S"1p

Cm@)\ _ (S 0\ m(b)
e (W(x)) ‘( 0 52‘1>(w(b)>
or, m(x) = S, *m(b) and w(x) = S, *w(b)

Theorem-3.1: (Friedman et al 1998): The matrix S is non singular if and only if the matrices S; and
S, are both nonsingular.

e AT
Proof.SlnceS—(0 51)

Clearly det(S) = det(S5;S,) = det(S;) det(S,)
Therefore det(S) # 0 if and only if det(S;) # 0 and det(S,) # 0
which concludes the proof.

Theorem-3.2: The necessary and sufficient conditions for the existence of a strong solution:

Let S = (501 SO) be a nonsingular matrix. The system (2) has a strong solution if and only if
2

S, tw(b) =0
Proof: Let us define m(x) = (m(xl),m(xz), ...,m(xn))T,

w(x) = (w(xy), wix,), ...,W(xn))T

and m(b) = (m(by), m(by), ..., m(by))"

w(b) = (W(b), w(by), ..., w(bn))"

from the system (3.1) we obtain

(Sl 0 ) (m(x)) _ (m(b))
0 S/ \w(x) w(b)

Hence S;m(x) = m(b) and S,w(x) = w(b)

Therefore w(x) = S, 'w(b)

If the system (2) has a strong solution then by the definition3, we have
w(x) =0

Hence S, 'w(b) = 0 holds.

Conversely if the above inequality holds then from the relation
w(x) = S, 'w(b) we get w(x) = 0

Example-3.3: consider the 2 x 2 fuzzy linear system

T o+% =b

251 +3%, = b,

where b; = (4,5,6,7;0.8), b, = (11,12,13,14;0.9)

(1), = [by, Ba| = [4+2,7 =] ,(B7), = [b2,B2] = [11+5,14 -]

28



S. Banerjee, T. K. Roy / J. Math. Computer Sc. 15 (2015), 23-31

where w = min(0.8,0.9) = 0.8
m(by) =55 , w(by) = 1.5 —%,m(bz) =125, w(b,) =15 —%
Let us denote the solution x; as m(x;) + Kw(x;),i = 1,2.

So following above we get
m(x;) =3x55—-1x125=4
m(x,) =—-2%x55+1x125=1.5

w(x1)=3(1.5—§)—1(1.5—§)=3—2_°‘

w
w(x,) = -2 (1.5 - %) +1 (1_5 - %) =—-15 +%
Now as 0 <x< w so, w(x;) > 0and w(x;) <0

Therefore we get x7 as strong solution and X as weak solution
and ¥7 = (1,3,5,7;0.8),%; = (0,1,2,3; 0.8).

3.4 Fuzzy complex linear system

Consider the n x n complex linear system
Cllzl + C1222 + .-+ Clnzn = dl
C2121 + szzz + -+ CZTlZTl = d2 ............. (34)

Cn1Z1 + CpaZy + -+ Cppzp = dy

where the co-efficient matrix C = (cx;), 1<k <n,1<j <n, isacrisp complex n x n matrix and
d = (dy,dy, ...,d,)T isacolumn vector of fuzzy complex numbers and zj,j = 1,2,...,n are unknown
fuzzy complex numbers.

It means ¢ ; = ayj + iby;, z; = x; +iy; and dy = py +iqy

Let us now rearrange the linear system so that the unknowns are m(z; ), w(z;),
1 <j < n, and the right hand side column is

d = (m(dy) + K w(dy), m(d) + K w(dy), ..., m(dy) + K w(dy)) .

We get the crisp linear system
c11{m(z1), +Kw(z1)} + c12{m(z;), +Kw(z,)} + -
+en{m(zy), +Kw(z,)} = {m(d,), +Kw(dy)}

c21{m(z1), +Kw(z1)} + c22{m(z;), +Kw(z;)} + -

+ean{m(z,), +Kw(z,)} = {m(dy), +Kw(d,)}
cn1{im(z1), +Kw(zy)} + cpa{m(z;), +Kw(zy)} + -

+enn{m(zy), +Kw(z,)} = {m(d,), +Kw(d,)}
Comparing both sides we get two linear systems as
Z?=1 ckjm(zj) =m(dg),k=12,..,n
and Z};lci}qnw(zj) =w(dg), k=12,..,n

where c,i}‘.]n = agjsgn(ag;) + ibyjsgn(by;)
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Now solving the above systems we can find m(z;) and w(z;).
Further forj =1,2,..,nif w(z;) > 0then we get z; as a strong solution and if w(z;) < 0 then we
get z; as a weak solution.

Example-3.4: [9]: Consider a 2 x 2 fuzzy complex system
(10 — 7.50)7z7 — (6 — 507, =d;

—(6—50)z7 + (16 +3D)z; =d,

where d; = (4,5,6,7;0.8) + (—1,0,1,2; 0.9)i

d, =(-3,-2,-1,0,;0.9) + (—4,—-3,-2,—1;0.8)i

@, = [orr -3 a2 @, gD e
where w = min(0.8,0.9) = 0.8
m(dy) = 5.5 + 0.5i , w(dy) = (1.5 - %) + (1.5 - %)z ,

m(d,) = —1.5 — 2.5 , w(dy) = (1.5 - %) + (1.5 - g)l

Let us denote the solution z,as m(z;) + Kw(z;),i = 1,2.

(m(zl)) _ (10 —-75i —6+ Si)‘l ( 5.5 + 0.5 ) (—0.0245 +0.1731 i)
m(z,) —6+5i 16+3i/ \-15-25i 0.4631 — 0.5356 i

w(zl)) _ (10 +75i 6+5i )‘1 (1'5 B %) + (1'5 B %)l
( ~\ 6+50 16+3i (1.5_5)4_(1.5_5)1-
w w

w(z;)
. (o
(0.2923 + 0.0324 i) (1.5 - Z)

. (o
(0.2520 + 0.0655 i) (1.5 - ;)

Here as 0 <x< w,w(z;) > 0 and w(z,) > 0 .So we get the strong solutions.
71 = (—0.4630,—0.1707,0.1217,0.4140; 0.8) + i(0.1245,0.1569,0.1893,0.2217; 0.8)
7z, = (0.0851,0.3371,0.5891,0.8411; 0.8) + i(—0.6340,—0.5685,—0.5029, —0.4374; 0.8)

4. Conclusion

Various approaches have been used by the other authors to solve fuzzy real and complex linear
equations and linear systems but those are sometimes lengthy or not efficient to compute. In this paper
we have used a new approach to solve both real and complex fuzzy linear equations and linear
systems. We have also considered numerical examples and solved by using this approach. Further we
can also use this approach to fully fuzzy linear systems. There are so many areas in Engineering
Sciences where we can handle the problems involving linear systems by this approach.
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