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Abstract 

In this paper, we aim to present some properties of the space of all weakly fuzzy bounded linear 

operators, with the Bag and Samanta's operator norm on fuzzy normed linear spaces. We introduced 

the natural linear injection of a fuzzy normed linear space X in to its second dual spaceX˶. 
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1. Introduction 

In 1992, Felbin [3], by the notion of a fuzzy metric space introduced the concept of a fuzzy normed 

linear space. In fact she did this by assigning a non-negative fuzzy real number to each element of a 

linear space. In [4], Felbin introduced an idea of fuzzy bounded linear operator over fuzzy normed 

linear spaces and defined ''fuzzy norm'' for such operators. A modified definition of a fuzzy bounded 

linear operator and a ''fuzzy norm'' for such an operator was introduced by Bag and Samanta [1]. In 

this work the dual of a fuzzy normed space and Hahn-Banach's theorem for fuzzy strongly bounded 

linear functional were established. In this paper we consider the isometric isomorphism of X into X˶ 

in classical analysis of Bag and Samanta fuzzy bounded linear operators is established. In section 2, 

we state some preliminaries and concepts, whit are needed for our study. In section 3, we try to make 

an isometric linear map of X into its second dual X˶. 

2. Preliminaries 

We denote the set of all real number by ℝ and by ℤ+ the set of all positive integers. In this paper, we 

consider the concept of fuzzy real number in the sense Xiao and Zhu [8] which is defined below: 

A mapping 𝜂 𝑡 : ℝ ⟶  0,1 , whose 𝛼- level set is denoted by  𝜂 𝛼 =  𝑡: 𝜂(𝑡) ≥ 𝛼 , is called a fuzzy 

real number if it satisfies two axioms: 

(N1) There exists 𝑡0 ∈ ℝ such that 𝜂 𝑡0 = 1; 

(N2) For each 𝛼 ∈  0,  1  ;   𝜂 𝛼 =  𝜂𝛼
−, 𝜂𝛼

+ , where −∞ < 𝜂𝛼
− < 𝜂𝛼

+ < +∞. 
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The set of all fuzzy real number is denoted by 𝔽. For each 𝑟 ∈ ℝ, let 𝑟 ∈ 𝔽 be defined by  

𝑟  𝑡 =  
1   𝑡 = 𝑟,
0   𝑡 ≠ 𝑟.

  

So 𝑟  is a fuzzy real number and ℝ can be embedded in 𝔽. 

Let  𝜂 ∈ 𝔽, 𝜂 is called positive fuzzy real number if for all 𝑡 < 0, 𝜂 𝑡 = 0. The set of all positive 

fuzzy real numbers is denoted by 𝔽+. 

A partial order ''≼'' in 𝔽 is defined as follows, 𝜂 ≤ 𝛿 if and only if for all 𝛼 ∈  0,  1  ;  𝜂𝛼
− ≤ 𝛿𝛼

− and 

𝜂𝛼
+ ≤ 𝛿𝛼

+ where,  𝜂 𝛼 =  𝜂𝛼
−, 𝜂𝛼

+  and  𝛿 𝛼 =  𝛿𝛼
−, 𝛿𝛼

+ . The strict inequality in 𝔽 is defined by 𝜂 ≺ 𝛿 

if and only if for all 𝛼 ∈  0,  1  ;  𝜂𝛼
− < 𝛿𝛼

− and 𝜂𝛼
+ < 𝛿𝛼

+. 

Kaleva and Seikkala, in [5] proved a sufficient condition for a family of intervals to represent the 𝛼- 

level sets of a fuzzy real number. In fact, let  𝑎𝛼 , 𝑏𝛼  , 0 < 𝛼 ≤ 1, be a given family of nonempty 

intervals. If: 

(i) for all 0 < 𝛼1 < 𝛼2 ,  𝑎𝛼1
, 𝑏𝛼1

 ⊇  𝑎𝛼2
, 𝑏𝛼2

 . 

(ii)  lim𝑘→∞ 𝑎𝛼𝑘
, lim𝑘→∞ 𝑏𝛼𝑘

 =  𝑎𝛼 , 𝑏𝛼  , whenever  𝛼𝑘  is an increasing sequence in  0,  1   

converging to 𝛼, then the family  𝑎𝛼 , 𝑏𝛼   represents the 𝛼-level sets of a fuzzy real number. 

Conversely, if  𝑎𝛼 , 𝑏𝛼  , 0 < 𝛼 ≤ 1, are the 𝛼- level sets of a fuzzy real number then the conditions (i) 

and (ii) are satisfied. According to Dubois and Prade [2], the arithmetric operations ⊕,⊝,⊙,⊘ on 

𝔽 × 𝔽 are defined by             

 𝜂 ⊕ 𝛿  𝑡 = 𝑠𝑢𝑝𝑡=𝑟+𝑠𝑚𝑖𝑛 𝜂 𝑟 , 𝛿(𝑠) ,    𝑡 ∈ ℝ,      

 𝜂 ⊖ 𝛿  𝑡 = 𝑠𝑢𝑝𝑡=𝑟−𝑠𝑚𝑖𝑛 𝜂 𝑟 , 𝛿 𝑠  ,    𝑡 ∈ ℝ, 

 𝜂 ⊙ 𝛿  𝑡 = 𝑠𝑢𝑝𝑡=𝑟𝑠𝑚𝑖𝑛 𝜂 𝑟 , 𝛿 𝑠  ,    𝑡 ∈ ℝ, 

 𝜂 ⊘ 𝛿  𝑡 = 𝑠𝑢𝑝𝑡=
𝑟

𝑠
𝑚𝑖𝑛 𝜂 𝑟 , 𝛿 𝑠  ,    𝑡 ∈ ℝ, 

 

Proposition 2.1 [1, proposition 2.2] Let   𝑎𝛼 , 𝑏𝛼  : 𝛼 ∈  0,  1   , be a family of nested bounded closed 

intervals and 𝜂:ℝ →  0,  1   be a function defined by 𝜂 𝑡 = 𝑆𝑢𝑝 𝛼 ∈  0,  1  : 𝑡 ∈  𝑎𝛼 , 𝑏𝛼   . Then 𝜂 is a 

fuzzy real number. 

 

Proposition 2.2 [1, Proposition 2.5] Let be a fuzzy real number with  𝜂 𝛼 =  𝜂𝛼
−, 𝜂𝛼

+ , ∀𝛼 ∈  0,  1  , 
and 𝜂∗ is the fuzzy real number generated by the family of nested bounded and closed intervals 
 𝜂 𝛼 =  𝜂𝛼

−, 𝜂𝛼
+ , 0 < 𝛼 ≤ 1, then 𝜂 = 𝜂∗. 

 

Definition 2.3[1, Definition 2.4] Let X be a linear space over ℝ. Suppose  .  :𝑋 ⟶ 𝔽+ is a mapping 

satisfying 

 𝑖  𝑥 = 0  𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 = 0, 

 𝑖𝑖  𝑟𝑥 =  𝑟  𝑥  , 𝑥 ∈ 𝑋, 𝑟 ∈ 𝑅, 

 𝑖𝑖𝑖 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝑋,  𝑥 + 𝑦 ≼  𝑥 ⊕  𝑦  

And 

 𝐴′ : 𝑥 ≠ 0 ⟹  𝑥  𝑡 = 0, ∀𝑡 ≤ 0. 
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 𝑋,  .    is called a fuzzy normed linear space and  .   is called a fuzzy norm on X. In the rest of this 

paper we use the previous definition of fuzzy norm. We note that (i) condition (𝐴′) in Definition 2.2 is 

equivalent to the condition 

 𝐴′′ :For all 𝑥 ≠ 0 ∈ 𝑋 and each 𝛼 ∈  0,  1  ,  𝑥 𝛼
− > 0, where   𝑥  𝛼 =   𝑥 𝛼

−,  𝑥 𝛼
+  and (ii) 

 𝑥 𝛼
𝑖 , 𝑖 = 1,2, are crisp norms on X. 

 

Theorem 2.4 [6,Theorem 2.7] Let  𝑋,  .    be an fuzzy normed linear space, 𝛼 ∈  0,  1  , 𝜀 >
0, 𝑁 𝜀, 𝛼 =  𝑥:  𝑥 𝛼

+ < 𝜀 . Then  𝑋,  .    is a hausdorff topological vector space, whose 

neighborhood base of origin 0 is   𝑁 𝜀, 𝛼 : 𝜀 > 0, 𝛼 ∈  0,  1   . 

 

Corollary 2.5 [6,Corollary 2.9] the two families of open sets   𝑁 𝜀, 𝛼 : 𝜀 > 0, 𝛼 ∈  0,  1    and 
  𝑁 𝛼, 𝛼 : 𝛼 ∈  0,  1    are equivalent 0-neighborhood bases. 

According to J. Xiao and X. Zhu [8], let  𝑋,  .    be an fuzzy normed linear space, 𝐴 ⊆ 𝑋 and 𝑥0 ∈ 𝑋. 

𝑥0 is called a point of closure of A if  𝑥0 + 𝑁 𝛼, 𝛼  ∩ 𝐴 ≠ 𝜙 for every 𝛼 ∈  0,  1  ;  𝐴  denotes the set 

of all points of closure of A. A is called a fuzzy closed set if 𝐴 = 𝐴 . A sequence  𝑥𝑛  in X is said 

converge to 𝑥 ∈ 𝑋 if and only if for each 𝛼 ∈  0,  1  , lim𝑛→∞ 𝑥𝑛 − 𝑥 𝛼
+ = 0. 

In this case we write lim𝑛→∞ 𝑥𝑛 = 𝑥. Also a sequence  𝑥𝑛  is called a Cauchy sequence if for each 

𝛼 ∈  0,  1  , lim𝑚,𝑛→∞ 𝑥𝑛 − 𝑥𝑚 𝛼
+ = 0. A fuzzy normed linear space  𝑋,  .    is said to be complete if 

every cauchy sequence in X converges in X. 

3. The main results 

Let  𝑋,  .    and  𝑌,  .    be two fuzzy normed linear spaces. A function 𝑇: 𝑋 → 𝑌 is said to be 

weakly fuzzy continuous at 𝑥0 ∈ 𝑋 if for a given 𝜀 > 0, ∃𝛿 ∈ 𝔽+, 𝛿 ≻ 0  such that  

 𝑇𝑥 − 𝑇𝑥0 𝛼
− < 𝜀       𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟        𝑥 − 𝑥0 𝛼

+ < 𝛿𝛼
+ 

 𝑇𝑥 − 𝑇𝑥0 𝛼
+ < 𝜀       𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟        𝑥 − 𝑥0 𝛼

− < 𝛿𝛼
− 

Where for 𝛼 ∈  0,  1  ,  𝛿 𝛼 =  𝛿𝛼
−, 𝛿𝛼

+ . 

Also a linear mapping 𝑇:𝑋 → 𝑌 is called weakly fuzzy bounded, if there exists a fuzzy realNumber 

𝜂 ∈ Ϝ+, 𝜂 ≻ 0 such that for each 𝑥 ≠ 0 ∈ 𝑋,  𝑇𝑥 ⊘  𝑥 ≼ 𝜂. In this case, the set of all weakly 

fuzzy bounded linear operators defined from 𝑋 𝑡𝑜 𝑌is denoted by 𝐵′  𝑋, 𝑌  (see [1]).  

From [7] we know that a linear mapping 𝑇: 𝑋 → 𝑌 is weakly fuzzy continuous if and only if it is 

weakly fuzzy bounded. Also the set 𝐵′ (𝑋, 𝑌) is a linear space with respect usual operations. 

The following result of Bag Samanta [1] is essential in this paper. Let  𝑋,  .    𝑡𝑜 𝑌,  .    be two 

fuzzy normed linear spaces 𝑇 ∈ 𝐵′(𝑋, 𝑌). By definition there exists a fuzzy real number 𝜂 ∈ Ϝ+, 𝜂 ≻
0 such that for each 𝑥 ≠ 0 ∈ 𝑋,  𝑇𝑥 ⊘  𝑥 ≼ 𝜂. 

If  𝜂 𝛼 =  𝜂𝛼
−, 𝜂𝛼

+ , 0 < 𝛼 < 1 , we get 

 𝑇𝑥 𝛼
− ≤ 𝜂𝛼

− 𝑥 𝛼
+     𝑎𝑛𝑑      𝑇𝑥 𝛼

+ ≤ 𝜂𝛼
+ 𝑥 𝛼

− 

Define  

 𝑇 𝛼
1 = 𝑠𝑢𝑝𝑥 ∈𝑋,   𝑥≠0

 𝑇𝑥 𝛼
−

 𝑥 𝛼
+  

 𝑇 𝛼
2 = 𝑠𝑢𝑝𝑥 ∈𝑋,   𝑥≠0

 𝑇𝑥 𝛼
+

 𝑥 𝛼
−  
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Then   .  𝛼
1 : 𝛼 ∈  0,1  𝑎𝑛𝑑   .  𝛼

2 : 𝛼 ∈  0,1   are, respectively, ascending and descending families of 

norms. Thus    𝑇 𝛼
1  ,  𝑇 𝛼

2  : 𝛼 ∈  0,1   is a family of nested bounded closed intervals in ℝ. Define 

the function  𝑇 ′  : ℝ →  0,1  by 

 𝑇 ′   𝑡 = sup{𝛼 ∈  0,1 : 𝑡 ∈ [ 𝑇 𝛼
1  ,  𝑇 𝛼

2 ]}. 

Then   𝑇 ′  is called the fuzzy norme of 𝑇 ∈ 𝐵′(𝑋, 𝑌). By Propostition 2.2 we can prove cleary 

  𝑇 𝛼
1  ,  𝑇 𝛼

2  = [[ 𝑇 𝛼
′− ,  𝑇 𝛼

′+] 

 

Definition 3.1 [1, Definition 6.2] A weakly fuzzy bounded operator defined from a fuzzy normed 

linear space  𝑋,  .    𝑡𝑜  ℝ,  .   , is called a weakly fuzzy bounded linear functional, where the 

functional  𝑟 :ℝ → [0,1], is defined by 

 𝑟  𝑡 =  
1   𝑡 =  𝑟 ,
0   𝑡 ≠  𝑟 .

  

Then  𝑟  is a fuzzy norm on ℝ and 𝛼 − level sets of  𝑟  are given by   𝑟  𝛼 =   𝑟 ,  𝑟  , 0 < 𝛼 ≤ 1. 

Denoted by 𝑋′  the set of all weal fuzzy bounded linear functional over  𝑋,  .   . We call 𝑋′  the first 

fuzzy dual space of 𝑋. 

 

Theorem 3.2  Let  𝑋,  .    be fuzzy normed linear space and 𝑥0 ∈ 𝑋. Then for all 𝛼 ∈ (0,1], there 

exists 𝐹𝛼 ∈ 𝑋′  such that  𝐹𝛼(𝑥0) =  𝑥0 𝛼
− and for all 𝑥 ∈ 𝑋,  𝐹(𝑥) ≤  𝑥 𝛼

−. 

Proof. The proof is routine. 

 

Theorem 3.3 Let  𝑋,  .    be fuzzy normed linear space and 𝑥0 ∈ 𝑋. Then for all 𝛼 ∈  0,1 , there 

exists 𝐹𝛼 ∈ 𝑋′  such that  𝐹𝛼(𝑥0) =  𝑥0 𝛼
+ and for all 𝑥 ∈ 𝑋,  𝐹(𝑥) ≤  𝑥 𝛼

+. 

Proof. The proof is routine. 

 

Definition 3.4 [7, Definition 3.1] let  𝑋,  .    𝑎𝑛𝑑  𝑌,  .    are two fuzzy normed linear spaces and 

𝑇 ∈ 𝐵′(𝑋, 𝑌). Operator 𝑇 ′ : 𝑌′ → 𝑋′  is defined  𝑇 ′ ∧  𝑥 =∧  𝑇𝑥 , ∧∈ 𝑌′ , 𝑥 ∈ 𝑋, operator 𝑇 ′  is 

called adjoint operator 𝑇.  

By theorem 6.2 in [1] we know  𝑋′ ,  .  ′  is a complete fuzzy normed linear space. 

 

 

Theorem 3.5 Let  𝑋,  .    be fuzzy normed linear space, then 

𝜑:𝑋 → 𝑋′′  

𝜑 𝑥  𝑥′ = 𝑥′(𝑥) 

Is an isometric linear map, where 𝑥 ∈ 𝑋,  𝑥′ ∈ 𝑋′ . 

Proof. Since 

 𝜑 𝛼
′′ − = 𝑠𝑢𝑝𝑥 ′∈𝑋 ′  

 𝑥′(𝑥) 

 𝑥′ 𝛼
2 = 𝑠𝑢𝑝𝑥 ′∈𝑋 ′  

 𝑥′(𝑥) 

𝑠𝑢𝑝𝑥 ∈𝑋
 𝑥 ′ (𝑥) 

 𝑥 𝛼
−

≤ 𝑠𝑢𝑝𝑥 ′∈𝑋 ′

 𝑥′(𝑥) 
 𝑥 ′ (𝑥) 

 𝑥 ′  𝛼
−

=  𝑥 𝑎
− 
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Similary, one can show that  𝜑 𝛼
′′ + ≤  𝑥 𝛼

+. Using Theorem 3.3 for all 𝛼 ∈ (0,1] there exist 𝑥1
′ ∈ 𝑋′  

such that. 

 𝑥 𝛼
+ =  𝑥1

′ (𝑥) . 

We have 

 𝑥 𝛼
+ =  𝑥1

′  𝑥  =
 𝑥1

′  𝑥  

 𝑥1
′  𝛼

1 ≤ 𝑠𝑢𝑝𝑥 ′∈𝑋 ′

 𝑥′ 𝑥  

 𝑥′ 𝛼
1 =  𝜑 𝛼

′′ +. 

     By theorem 3.2 for all 𝛼 ∈ (0,1] there exist 𝑥2
′ ∈ 𝑋′  such that 

 𝑥 𝛼
− =  𝑥2

′ (𝑥) . 

So we have 

 𝑥 𝛼
+ =  𝑥2

′  𝑥  =
 𝑥2

′  𝑥  

 𝑥2
′  𝛼

2 ≤ 𝑠𝑢𝑝𝑥 ′∈𝑋 ′

 𝑥′ 𝑥  

 𝑥′ 𝛼
2 =  𝜑 𝛼

′′ −. 
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