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Abstract

In this paper, we will show the existence of positive semidefinite solution of Furuta type operator equation

n—1
Z AIXAT -1 —y,
j=0

where Y can be expressed by a comprehensive form.
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1. Introduction and main result

A capital letter, such as T, stands for an operator on a Hilbert space /7.

In 2010, T. Furuta investigated operator equation Z}Eol AIXA™ =1 = Y and obtained the following
result.

Theorem 1.1 ([2]). Let m and n be natural numbers. If A and B are a positive definite operator and a positive

semidefinite operator, respectively, then there exists positive semidefinite operator solution X satisfying the following
operator equation:

n-1 ) TL—j—l _ 5 an m n(m—i) n(i—1) %
AIXA = A2(m+r) A mir BA mir A 2(m+1)
j=0 i=1

>0, ifn>m;
for v such that {  ~ " f ~
> “TL{‘, fm>n>2
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In 2014, we extends Furuta’s result as follows.

Theorem 1.2 ([3]). Let m, n and k be positive integers. If A and B are a positive definite operator and a positive
semidefinite operator, respectively, then for each t € [0,1], there exists positive semidefinite operator solution X
which satisfies the following operator equation:

n—1 k m
. . nr n2(m—t)(k—)—t42(m—3)] RG] t42(m-t)(i-1)] nr
AIXAM I = ATt Z Z A e B A e A 2T OkF7]
=0 i=1j=1
r>t, if (1—tin>(m—tk;
for v such that { * ~ (m—t)k—(1—t)n f (1=t > ) ,
r>max{—————,t}, if (m—tk>{1—-thwithn>2

As a continuation, in this short note, we extend Theorem 1.2 as follows.

Theorem 1.3. Let ki, k2, k3,K4,,731,j2,73,Ja be nonnegative integers. If A and B are a positive definite operator
and a positive semidefinite operator, respectively, then for t € [0,1], there exist a positive semidefinite solution X

satisfying

n—1 k=l
AIXAMITL =A% | 3 HisHHN ) A%,
j=0 ja=0
where
{[(k—t) kg +tTkg—tin ~ " ka1
H=A — 5 A=A % () KRk AE,
j3=0
[(k{—t)kp+tin ~ nt ko1 nt
K=A 50, K=A%( ) e,
j2=0
(k—tn ~ e T nt
L=A 5, [=A () A%¥BAT 5 aH,
j1=0
& ={l(kq —thka + thks — thkg +,
1 is a positive number such that
T>t, if (1—t)n > {l(k1 —t)ka+ tlks —t}ky ;
r > maxf i tortlo (0 4 G (g — t)ko + thks — thke = (1 - t)nwithn > 2.

In order to prove the main result above, we list a useful lemma first.

Lemma 1.4 ([1, Generalized Furuta inequality]). If A > B > 0 with A > 0, p1,p2,p3, P4 = 1, then

1—t+
Al s A [A_%{A%(A_%BWA_%)pZA%}mA_%]mA%}{“pr” 2 s T
holds for t € [0,1] and r > t.

2. Proof of the main result

In this section, we prove Theorem 1.3, which is the main result. We use the same method as in [2] and

[3].

Proof of Theorem 1.3. For A+xB > A >0,x >0, A" > (A+xB)~! >0.
Replacing A by A~1, B by (A +xB)~! in generalized Furuta inequality, then

1—t+r
AT 5 AT ANATH A (A 4 xB) TIAT AT EAT AT LTI o)



X. Zeng, J. Shi, ]. Math. Computer Sci., 18 (2018), 94-97 96

Let p1 = ki1, p2 = k2, p3 = k3, ps = kq in (2.1), take reverse and apply Lowner-Heinz inequality for
x € [0,1], we have

1—t+r
[ASAHAT AT S (A4 xB) A AT oA 3] A T At (22)
where 6 = {[(k; — t)ky + tlks — t}kq + 1.
Let T ia be some a pos1t1ve integer n, i.e., ﬁ = n. Because x = m € [0,1], then
r > Wttt k(20N ¢ (13 — t)ky + tTka — thky > (1—t)n.

n—1
1
Put F(x) = { Az[A [ Z{AZ( (A +xB)KMA~ )kZAZ}k3A ]k4A2 } i Together with (2.2) we can obtain

that
F(x) > F(0) = AUt = AR

WV

0.
(A=2(A+ xB)klA*%)kZA%}‘QA*%] %A%, and take x = 0, we have

holds for any x > 0. Thus F/(x) .
X=
Differentiate F™*(x) = Az [A*%{A

N+

4 ) =i{A%[A*%{A%(A*%(A+xB)klA*%)kZAﬂkSA*%}MA%}
dX x=0 dx x=0
r(d v, ki a—Evko A L1k A —L1Ka x
_A2{E[A 2{A2(A 2(A+XB) 1A z) zAz} 3A z] }Az (23)
x=0 ’
ky—1
AE{ Z H)4 Hk4 ja— 1( ) }A%,
j4=0 x=0
where o
H(x) = A 2{AZ(A (A +xB)MA 2)Az}A 2, (2.4)
It is easy to obtain that
H(0) = Allki—t)ka+tlks—t (2.5)
and
d
H'(0) =—[H(x)]
dx =0
k3—1 (2.6)
{Z K)s Kk3 ja— 1( ) }A—%’
)3 =0 x=0
where
K(x) = A2(A Z(A+xB)MA 2)k2Az, (2.7)
It is easy to show that
K(0) = Alki—tkatt (2.8)
and
d
K'(0) de[K(X)]
X x=0
ko—1 (2.9)
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where
L(x) = A #(A+xB)MA 1. (2.10)
Similarly,
and
d
L'(0) =—I[L(x)]
dx x=0
ki—1
:A—z{ ;)(A+xB)’1(A+xB)’(A+xB)k1_“_l X_O}A_Z (2.12)
1= B
ki—1
:A,%{ Z AilgAh*ilfl}A*%_
j1=0

Notice that

n—1 n—1
L =Y PRI =Y POFOFI1(0) (2.13)
dx x=0 j=0 x=0 j=0
and F(0) = Ax.
Let X = F/(0), therefore,

oy s d
D ARXATR T = —[F'(x)]| . (2.14)
; dx x=0

]:

Replacing A by A3 in (2.3)-(2.14), and letting H = H(0), H = H/(0), K = K(0), K = K’(0), L = L(0),
L =L’(0), then we finish the proof.
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