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Abstract

In this paper, the analytical solutions of fuzzy fractional differential equations (FFDEs) are obtained by using the combina-
tion of fractional Sumudu transform (FST) and fuzzy calculus. In this regard, we extend the notation of FST to fuzzy fractional
Sumudu transformation (FFST) and discuss its fundamental properties for the fuzzy-valued functions. Besides, a comprehensive
study of FFST is also carried out for the different cases of Riemann-Liouville Hukuhara differentiability (H-differentiability) of
fuzzy-valued functions. Moreover, to illustrate the capability and pertinence of this transform, solutions of some FFDEs are
obtained, revealing its simplicity and efficiency.
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1. Introduction

The amalgamation of fuzzy theory [3, 11, 23, 24] with fractional calculus [2, 8, 17] has multiplied the
practicality and expediency of calculus theory. Owing to the advantageous applications, both theories
together have gained considerable attention in modeling different physical and engineering problems.
Showing great concern, many authors have made abundant theoretical descriptions of fuzzy fractional
calculus and developed numerous analytical and numerical methods for solution of FFDEs [1, 13, 14, 18,
20].

Recently, connected to Fourier, bilateral, two sided and ordinary Laplace transforms, the Sumudu
transform has begun to assert more fame for its distinct advantages and pragmatic applications. Subse-
quent to the introduction of Sumudu transform, initiated by Watugala [22], many other researchers doc-
umented valuable contributions to the theory and applications of Sumudu transform [4, 5, 12, 15, 16, 19].
The main attribute of Sumudu transform lies in its unit preserving property and duality with Laplace
transform that widens its application for solving various models of applied sciences. In addition, this
transformation is constructed in context with fractional calculus to increase its capability to solve frac-
tional differential models, as well. In this instance, several authors such as, Gupta et al. [10] proposed a
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new definition of fractional-order Sumudu transform for fractional differential functions, Bulut et al. [6]
described the applications of Sumudu transform method to non-homogeneous fractional ordinary differ-
ential equations, Darzi et al. [7] solved fractional diffusion-wave equation by using Sumudu transform
techniques, etc. [9, 21].

The aim of the present manuscript is to further widen the capability and applications of Sumudu
transform on fuzzy fractional models. In this connection, we reformulate fractional Sumudu transform
together with its properties using Riemann-Liouville fractional integral and H-differentiability of fuzzy
functions to investigate a transform, named as fuzzy fractional Sumudu transform (FFST), for the so-
lutions of FFDEs. Consequently, the proposed transform is applied to some examples of homogeneous
and non-homogeneous FFDEs considered under Riemann-Liouville H-differentiability and thus analytical
solutions are obtained.

2. Preliminaries

In this section, we define few preliminaries of fuzzy and fractional calculus theory which will be
frequently exercised in the remaining paper.

2.1. Fuzzy theory

Let, 2 be the set of real numbers and I = [0, 1], then a set ¢ with the membership function ¥, : R — 1,
is said to be a fuzzy number if, it is normal, convex, upper semicontinuous, and compactly supported
on R. Furthermore, ¢ can also be represented by a closed interval of lower and upper functions ¢ (e)
and @ (¢), respectively, i.e., [@ (¢),® (¢)] for 0 < ¢ < 1. Characteristically, ¢ (¢) and @ (¢) are bounded
monotonic increasing and monotonic decreasing functions, accordingly, both are left continuous on (0, 1]
and also satisfy @ (¢) < @ (¢). For the remaining attempts, we will notate the space of all possible
fuzzy numbers by E¢. The detailed descriptions of fuzzy set theory may also be found in [3, 11, 23, 24].
Moreover, let p, 0 € E¢, then the algebraic operations of fuzzy numbers can be defined as, for 0 < e <1,

a. addition:

fat

[p® ol = [p]

b. scalar multiplication: for ¢ € R,

oo =[ple)+ale),ple)+T(e)];

[cp(e),cp(e)], ifc>0,
[cpl® =clpl® =< {0}, ifc=0,
[cp(e),cple)], ifec<O;

c. fuzzy multiplication:
where

and
T(e) =max{p(e)ale),p(e)T(e),p(e)ale),ple)T(e)}.

2.2. Fractional calculus
Definition 2.1. The Riemann-Liouville integral of order > 0 for a fuzzy-valued function ¢ € C¢ [a,b] N
L¢ [a, b], where C¢ [a, b] and L¢ [a, b] denote the space of all continuous fuzzy-valued functions and space
of all Lebesgue integrable fuzzy-valued functions, respectively, is stated as,

1

By (x) = — - [ (x— )P
o) = 7 | 0P 008 x>0

)
Since, [¢ (x;¢)] = [Q (x;s),@(x;s)], for 0 < ¢ < 1, then we can also define fuzzy Riemann-Liouville
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integral of ¢ (x) in terms of its lower and upper functions for x > 0 as,

B (o) — b [ BT (r Br (ool — L [ BT (r
P e = o [ 6-0P oGl and PRke) = o | - 0P B lGe

respectively.

Definition 2.2. A fuzzy-valued function ¢ € Cyla,b] N L¢[a,b] is said to be Riemann-Liouville H-
differentiable of order 0 < B < 1 at xg € (a,b), if there exists an element RLDP ¢ (xg) € Ef such that

for 9 (x) = s (11_ 5 Iz (Xd)_( ?)B dC and h > 0 sufficiently small,
i. REDP ¢ (xo) = limy,_,o+ 9 (xo +hh) 09 (xo) _ limy,_ o+ 9 (xo) 8’2 (xo — 1) :
i, RLDB g (xg) = limy_q- 9 (x0) ®l9h(xo +h) T 9 (xo ﬁ)h(% (xo);
iii. RLDB g (xg) = limy_yq- 9 (xo + hh) 69 (xg) iy o 9 (%o —ﬁ)h@ﬁ (xo);
iv. RLDB G (xp) = limy_o+ 9 (x0) @fh(xo +h) limy g 9 (x0) @12 (xg — h).

Let, fuzzy-valued function ¢ be I-differentiable if it is differentiable as in case (i) and II-differentiable if it
is differentiable as in case (ii) and so on for the other cases.

Theorem 2.3. If € C¢[a,b] N L¢ [a, b] is Riemann-Liouville H-differentiable of order 0 < 3 < 1 at xg € (a,b),
then for 0 < e <1,

i. REDB ¢ (xp;e) = [REDP ¢ (x0;€) ,REDP @ (xo; €)], if & is I-differentiable fuzzy-valued function;

ii. REDB (xp;e) = [REDP P (xo;€) ,REDP & (x0; )], if b is I-differentiable fuzzy-valued function;
iii. REDP (%) € M, if ¢ is III-differentiable or IV-differentiable fuzzy-valued function,

where
R (e — | L &[T 90 4
D Q(Xo,ﬁ)— _F(l—B)dXL (x—C)BdC_ X=X,
and
RLDg (xgre) = | L4 [T 0@,
D 9(){0,8)— _F(l—B)dXL (x—C)BdC_ X=X,

Equivalent theorems along with the detailed proofs of H-differentiability are found in [3, 18].

2.3. Mittag-Leffler function

The Mittag-Leffler function [Eg (z) for § > 0 and z € C, where C represents the complex numbers, is
defined by the series representation,

B ()= 2 gy

whereas the generalized Mittag-Leffler function is expressed as,
k

00 0 5 k
]Eﬁrll (Z) = 2 m and IE%/IJ (Z) = Z I_‘()kz

where, (8)) =1and fork € N, (8), =0 (6+1)--- (0 +k—1).
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3. Fuzzy fractional Sumudu transform

The basic description of Sumudu transform, fractional Sumudu transform, and fuzzy Laplace trans-
form together with their properties are thoroughly defined in [4, 12, 20, 22]. Here, definitions of fractional
Sumudu transform and fractional Laplace transform (FLT) under Riemann-Liouville integral with fuzzy
functions are described. Furthermore, some properties such as duality and differentiation theorems are
also investigated in fuzzy sense.

Definition 3.1. Let the fuzzy-valued function ¢ (x) be Riemann-Liouville integrable of order 3 > 0 that
disappears for negative values of x. Then the fuzzy fractional Sumudu transform of order $ > 0 for
fuzzy-valued function [ (x; €)] = [Q (x;€),d (x; s)] is defined as

Sldp(xe)l=[S[d(xe)],S[db(x€)]]

for 0 < ¢ <1, where

] = [T B
[0 (o)) = Jim w5 | (0= 0P B (<2) @ (pie) aC @)
and -
[ (ve)] = Jim w5 | (0= 0P B (<27) B pGe) ac (32)

The symbol €p is the Mittag-Leffler function described in Section 2.3 and S and S are the FFST and FST
operators for fuzzy-valued functions and real-valued functions, respectively.

Definition 3.2. Let ¢ (x) be the fuzzy-valued function and a Riemann-Liouville integrable of order § > 0,
which disappears for negative values of x. Then fuzzy fractional Laplace transform (FFLT) of order 3 > 0
for fuzzy-valued function [¢ (x; €)] = @ (x;€),d (x; s)] is defined as

Lio ()l = [L [0 (oe)] LG (o))

for 0 < ¢ <1, where

, 1 p—1 BY ¢ (¢
Ll (xe)] = Jim s | 0= 0P Ep (—(p0°) (o)

and

RS I S B—1 BY T (s
LW(X,E)]—Jgrgo”mJO (x—Q)" " Eg (*(pC) )CD(C,s)dC

on the condition that integral exists, where IL and L are the FFLT and FLT operators for fuzzy-valued
functions and real-valued functions, respectively.

Theorem 3.3. Let FFLT of a fuzzy-valued function ¢ (x) be IL [$ (x)] and S [$ (x)] be its FFST, then

and in case of its lower and upper functions,

S[b(ge)] = plBL $ (x;¢)]

1
P

respectively.
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Proof. Following the description of FFST, and changing the variables of (3.1) and (3.2), i.e., p{ = ¢’ and
/

d{ = —-, we obtain

and

S[6 (o) = = lim (1[3)]0 (xp— )P Eg <_ (

1
S [S L X; € } S W(X;E)H = |:L [(b(x 5)] 1 ,—BL [(b(x,e)} 1] = WILM)(XH 1 -
P P P
O
Formula 3.4. For any constant c,
Sldp(ex;e)] =S @(x;s)]ch,s [ (cx;¢)] =S [P (x;e)]:cp.
Proof. By means of Definition 3.1, taking FST of ¢ (cx; ¢) and $ (cx;€), we get
. Lo Y [T PR (B :
S[d(ex;e)] = m; Q%F(B)Jo (x—0)" "Eg (—CP) ¢ (peie) dC
and . e
T (ne _ . _\Bh-1 _B\H .
S0 exe)] = o lim oo | (x— 0P B (<0%) B (pedie)
which implies - -
S[d(exie), dlex;e)] =S [ (xe), b (xe)]_ -
O

Formula 3.5.

BB o ()] — ,
S[Bp (—c"xF) & (x;¢)] (Hcp)ﬁs[d)(xfs)]_lfcp,
—cBBYH (- — 1 STd(x:
S[Ep (—c"x") & (x; )] 05 ep)® [d>(x,e)]_1fcp

Proof. Applying FST on Eg (—cPxP) ¢ (x;¢) and Eg (—cPxP) ¢ (x; €), we attain

. 1 p—1 B .
S[Eg (—cPxP) ¢ (x; ¢)] _xlﬂro‘or(mL (x— QP Eg (—P) Eg (—cﬁ (po) )g(pc,e)dc,

— ) 1 (> _ _
S [IEG (—CBXB) ) (x;s)] = lim J (x—C)B 1IE(3 (—CB)]EB ( ( Q) )q) (pGe)d
Let (1+cp) (= and (14 cp) dC = dl/, re-assuming Definition 3.1, we reach to the following equations,

L sloe]  p

S[Ep (—cPxP) o (x;e)] = 551
(1+cp) “1+cp
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and .
_oByBYH (- Y < N OV
S[Ep (—cPxP) ¢ (x; )] (1+CP)BS[¢(X,£)}_1ICP. ]

Theorem 3.6. Let S[¢ (x)] be the FFST of & € Csla,bl N L¢la,bl, then the FFST of the Riemann-Liouville
H-derivative of order n —1 < 3 < n of fuzzy-valued function ¢ (x) is articulated as

S (4 ()] o "D 9 (0)

ph p

S [F'98. ¢ ()] =
if & (x) is I-differentiable and

I U (_s $ (x)])

s [*0f. ¢ ()] = 5 P

if ¢ (x) is 1I-differentiable.
Proof. Let ¢ (x) be I-differentiable for ¢ € [0, 1], then we have

Sle ()]

33
pP p (3.3)

, —

Rofle 0 _[S[e(ve)] FD'9(0:¢) S[d(ve)] FDET'G(0¢)
pP P pP p '

since
REDR o (x) = [F'DE, ¢ (x;e), DR, ¢ (xe)| = [R'DE. ¢ (x;¢) R DE. B ()] (3.4)

Taking FST of lower and upper functions in (3.4) we get

CS[e(xe)] RDET(05e)
L p

5 |*DE. ¢ (x;e)] =5 [F'DE. ¢ (x;e)] (3.5)

and

o (- RLPHB—17 (N.
5[FDE ¢ (xie)| =5 [FDE. B (o) = [d’p(f;’”] - D‘“pd) e, (3.6)

respectively. Thus, substituting (3.5) and (3.6) in (3.3), it reduces to

S(p (x)] K0P ¢ (0)
®
ph P

= [S {RLD@Q(X;E)} ,S [RLD§+$(X;8)H

as S is linear, so
Sl (x)) o D' (0)
ph P
Using the equality (3.4) on the right hand side, we get the required equation as

=S [RLDE@ (x;¢) REDP ¢ (x; s)} :

S(p (x)] K9P ¢ (0)
®
ph P

Now, assume that ¢ (x) is II-differentiable, then for ¢ € [0, 1] we have

=5 [F'8.¢ ().

DG '8 (00)  S[h0ye)] RTDG@(0;e) S [d(xe)]

2 pP p pP

Mo (_s £ (x)])

p o ] . (37

since

REDR. ¢ () = [FDE. ¢ (ve), "D, ¢ ()| = [F-DR. & (xe) F-DE. o (x¢)|. (38)
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Taking FST of lower and upper functions in (3.8) and on substituting the transformed functions in (3.7)
we attain

Moo 0 (-5 = [s [0 b)) s [HDE. 0 b))

P ph
Consequently, we come up with the following expression
RLDPIH(0) (1 Sl (x)]
TS0 S0) g 4] :

4. Fuzzy fractional differential equations

Consider the following initial value problem of fractional order 0 < 3 < 1 of fuzzy-valued function
d) c Cf [Cl, b] N L¢ [Cl, b]/
KED 4 (x) =g (v b (x)), (4.1)

subjected to
REDE g (xo) =Rt oV € E, (42)

where ¢ (x, ¢ (x)) is linear fuzzy-valued function. In order to solve the above FFDE, together with all cases
of Riemann-Liouville H-differentiability, we apply FFST on both sides of (4.1), that is

S [F8. ¢ (0] =82 (x, ¢ (). 43)

Consider ¢ (x) is an I-differentiable function and let (4.2) be expanded to its lower and upper functions,
then, for0 < e <1

_S[e(ve)]  RDETd (0e)

S[g(xd (x;e))] oF . : (4.4)
. S ; RLDB:li O,‘
S [g (X,(b (X,E))] _ ¢ ([); E)] o a d)( 8), (45)
P p
where
g(x¢(x;¢)) =min{(x,v) v € [p (x;€), P (x;€)] } (4.6)
and
g(xd(x¢)) =max{(x,v)lv e [d(x¢e), b (x;¢€)]}. (4.7)
Let

Slo(xe)] =0Qi(pre), S[b(xe)] =Ti(p;e),

where Q; (p;¢) and T (p; e) are solutions of (4.4) and (4.5), respectively. Then, on using inverse FST,
¢ (x;¢) and ¢ (x; €) are figured out as

G(x;e)=S1Q; (pre)l, d(xe)=S1[Ty(p;e)l.

P (x; €
Now, let ¢ (x) be a II-differential function, then, for 0 < ¢ < 1, (4.3) expands to

S[b(xe)] RDETG (0;
Slg(xd(x¢e))] = (6 0e)] — ar ¢! 8), (4.8)

- ph p

- S[p(xe)] RDEI'(05¢)
-8 J— S—

ph p

, (4.9)
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where g (x,g (x; s)) and g (x,$ (x; s)) are same as in (4.6) and (4.7). Let

Sld(xe)] =Qy(pse), S[d(xe)] =Ta(pse),

where, Q; (p;¢) and Tj (p; ¢) are solutions of (4.8) and (4.9), respectively. Then, on using inverse FST,
¢ (x;¢) and ¢ (x; €) are figured out as

d(x;e)=S1Q, (pse)l, d(xe)=S"1[Ta(p;e)l.

5. Illustrative examples

In this section, explanatory examples of FFDEs considered under Riemann-Liouville H-differentiability
are presented and analyzed using the proposed transform.

Example 5.1. Consider the following FFDE
REfy () =My (x), (5.1)

subjected to

REog y (0) =Rty ' € Ey, (52)
where, y (x) € C¢ [a,blNL¢ [a,b] and A € R. Now, for the case (i), let y (x) be I-differentiable and A € R™,
then applying FFST on both sides of (5.1) we obtain

S [*fy (0] =Sty (x)]. (5.3)
Using Theorem 3.6, we get

. RLPHB—L (. — . RLHB—1= (.
S m(x,e)] B Dgy (0;¢) S @(x;s)] / Sy (x;¢e)l B Dy (0;¢e) S (xe)l,

pP P ph P

which implies

1 RLDP My (05 ¢)
Sly(x;e) [—7\] =" =7
y ] P P
simplifying and on applying inverse FST, we attain
pP!
1—Aph

B—1
y (x;€) =RLD{;‘+1y(0;e)s—1[ } g (x;e) ZRLD§+1y(O;£)5_1[ P ]

1—Aph

using (5.2) and the subsequent equality [7],

[ urt 1S
S [1_(1)11[5] =xY ]EB/'Y ((.UXB) ’ (54)

we come up with the following solutions of the aforementioned FFDE,
y () =0 yb T (FEg p (WP)), 50 e) =R g T (xPTEp s (F)). (5.5)
In addition, if A € 8™, then (5.3) expands to its lower and upper functions as

Stsal MDeyO8) oy SEel MOS0 oo

pP p pP p
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Hence, following the above simplifications, the solutions for the negative A can be expressed as

() =Rt yB T (xP M Bap,p (WPP)) +ARTGE T (PP T Eap p (AXP)), (5.6)
X, €

(&) =REgf ! (xP T Egp g (NX2P)) + ARLyE T (PP g 05 (AXF)) .

In case of II-differentiability of y (x), the solutions determined are similar to (5.5) and (5.6) for A € R~
and A € R, respectively. Besides, let RL@gfly (0)=[1+¢,3—¢] and A =1, then (5.5) becomes

Yy
y

yoe)=(1+e) XPEpp (xF)), Tlxie) = (3—e) (xPEpp (x)),
whereas, for A = —1, (5.6) becomes

yge) =(1+e) (xPEapp (x*F)) — (3—2) (*F'Eapap (x*F)),
gxe)=0B—e) (xF T Eap g (*P)) — (1+¢) (x*P M Eap 05 (x*P)) .

Example 5.2. Consider the following FFDE,

2 1
P = IR X2, (5.7)

05y () =y 0+ Y R

subjected to
Rlob-ly (0) =Rt yP ' € Ey. (5.8)

Suppose y (x) is I-differentiable fuzzy-valued function, then applying FFST on both sides of (5.7), we
obtain ) .
2—B 1-B 2
T X P o P X =X
reé—g) rez-s)

and in terms of lower and upper functions, for 0 < e <1,

g [R%gﬂy (x)} s [—y (x) +

1
S -t
1

T(2-p)

S [RLDS’@(X; s)} =-=S[y(xe)l+ F(32—[5)
S |:RLD€+g(X,'E)} =-S [E (X;s)] + F(32—B)S [XLB}

S [xl_ﬁ} +S [XZ] —S[x],
S [xlfﬁ} +S [xz} —S[x].

Using Theorem 3.6, we get

Slyboe] BDE @ -
[UPB ] _ o+py — _S[Glge)]+2p> P —pl B 4 2p2 —p,
(5.9)

S[(xe)l  RDEg(0;¢) ) )

On undergoing some manipulations and using the initial condition specified in (5.8), we acquire
p—1 261
.o\] _RL, B-1|_P RL—B-1| P 2
S[y(xe)] =RFyb [1_1)25}— Ys [1_p26]+2p -p,

B—1 2B—1
— (.. _RL—-B—-1| P RL. p—1| P 2
Sy se)=""1p [1_1,25} — Y [1_]926] +2p7—p.

Finally, using (5.4) and inverse FST, we get the solutions as

(xje) =Rt y@ ! (xPEap p (xF)) = *tup T (PP Eap s (x7P)) +57 —x,

y(x;e
= B o (5.10)
gloe) =Rty (P Eapp (FF)) = Khyf T (PP Eapap (67F)) 0 x.
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Whereas, in case of II-differentiability of y (x), (5.9) changes to,

S[y(x: RLDP=157(0: ¢
Yse)l oo YOe) _ —S[g(x;e)] +2p* P —p!=P 4 2p2 —p,

pP 2
S[ylxe)]  REDE'y (0;¢) _ _
[pﬁ’ } - 0+p7 =—S[y(xe)]+2p* P —p' P 4+ 2p? —p.

Hence, following the above simplifications, the solutions in this case can be constructed as

e) =RL B (xB—1E, o (—xP)) +x2 —x,
(x;e) =REyP~t (xP71Eg g (—xP)) +x* —x (5.11)
X; €

y
glxe) =Rt gy (xPEp p (—xP)) 7 —x.

Moreover, let RLDﬁfly (0) = [1+¢,3— ¢, then (5.10) becomes
0

(x;e) =(1+¢) (XﬁilIEZB,B (XZB)) —(3—¢) (XZB*l]Ez[glzﬁ (XZB)) +X2 —X,
(XZB)) —(1+¢) (xzﬁ_llEZB,ZB (XZB)) +x2—x,

«| |«
20
o
|
w
|
N
—~
x
=
i
N
=l
=

while, (5.11) becomes

ye)=(1+e) (xP ' Epp (—xP))+x*—x, Ylxe)=0B—¢) (xP'Epp (—xP)) +x* —x.

6. Conclusion

In this description, discovering comprehensive importance of analytical solutions of FFDEs in physics
and engineer fields, we proposed FFST as a combination of FST and fuzzy theory. Illustratively, the
solutions of some homogeneous and non-homogeneous FFDEs were determined. Thus, the whole study
can be wrapped up with the following results.

o After constructing the properties of FFST for fuzzy-valued functions, its unit preserving property
remained unchanged that verifies its appropriateness for the transformation of fuzzy-valued func-
tions.

e The Riemann-Liouville Hukuhara-derivatives of fuzzy-valued functions has a pragmatic importance
in fuzzy calculus and constructive in giving better solutions of the functions that reflects the real-
world problems. Therefore, elucidations of FFST of these derivatives added a useful contribution to
this theory.

e The analytical solutions of FFDEs, obtained by FFST, for different cases of Riemann-Liouville H-
differentiability of fuzzy-valued functions were found to be exactly same as the solutions in [20],
which further shows the effectiveness of FFST for FFDEs.

As aresult, FFST is concluded to be an efficient, appropriate, and easy computational tool for analytical
solutions of FFDEs. For future studies, we are seeking to reveal many other interesting properties and
applications of fuzzy fractional Sumudu transform.
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