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Abstract

In the present work, we consider the fermionic p-adic g-integral of p-adic gamma function and the derivative of p-adic
gamma function by using their Mahler expansions. The relationship between the p-adic gamma function and g-Changhee
numbers is obtained. A new representation is given for the p-adic Euler constant. Also, we study on the relationship between g-
Changhee polynomials and p-adic Euler constant using the fermionic p-adic g-integral techniques the idea that the g-Changhee
polynomial.
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1. Introduction

Let p be a fixed odd prime number. Throughout this paper by Z,, Q, and C,, we denote the ring of p-
adic integers, the field of p-adic numbers and the completion of the algebraic closure of Q,,, respectively.

Let q be indeterminate with |1 — q|p < p*ﬁ. Recently, the g-calculus (Quantum Calculus) has a great
interest and has been studied by many scientists. Many generalizations of special functions with a q-
parameter recently were obtained using p-adic g-integral on Z,, (see, e.g., [1, 8, 9, 11]).

For f € C(Z, — C,), the fermionic p-adic g-integral on Z,, is defined by Kim to be

1 P
Lqlf)= | fix)dn g ()= Jim g 3 fi)a} (-1), (1)
7, P -a 55
where [x]_q = % (see [5,7, 6]). For any f € C(Z, — C,), by (1.1), the relation
pN—1 . 4
"L (Fx+n)+ (D" L (Fx) =121, > i) (1)1, (1.2)
j=0

where [x] q= %]qi and n € N holds.
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The Changhee numbers and polynomials which are derived umbral calculus are defined by Kim et al.
as the generating function to be

t+2 (14+t)* ZChn —..

When x =0, Chy, (0) = Ch,, are called Changhee numbers see [10] for a summary. In [11], Kim et al. de-
fined the degenerate Changhee polynomials and in [12], Kim et al. considered q-Changhee polynomials,
Chn,q(x), which are given by the generating function to be

1+q

1
P A ZChnq Y for i), <p v

When q = 1, Chy, 1 (x) = Chy (x). When x = 0, Chy g (0) = Chy ¢ are called g-Changhee numbers and
when q =1 and x = 0, Chy 1 (0) = Chy,. Kim also introduced the q-Changhee numbers of the second
kind by

Ching = | (Xndiq (), >0, (seel12)
Z'F’
and the g-Changhee numbers of the second kind by
Ching (¥ = [ =X = yndiq(y), 1 >0,
ZP

The generating function for such polynomials is given by

— tm B 14+¢q 1—x
Y Chyq (%) T Trart (141>, (1.3)
n>0

n [12], Kim et al. obtained the following theorems.
Theorem 1.1. Let (x),, =x(x—1)---(x —m+1).Forn >0,

[ om0 = e
ZP

Theorem 1.2. Let (x),, =x(x—1)---(x —m+1). For n > 0, the following relation holds:

j (% + Yndit_q (4) = Chuq ().

Zy
Theorem 1.3. Forn > 0, N
S _( —9
J(n)d”q )= (Hq) '
Zy
Theorem 1.4. Forn >0 )
o~ _|_ q
Chng= (1" "=
n,q ( ) (1 + q)n

Theorem 1.5. Forn >0 .

Note that (X) = )y

n!
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p-Adic numbers introduced by the German mathematician Kurt Hensel (1861-1941), are widely used
in mathematics: in number theory, algebraic geometry, representation theory, algebraic and arithmetical
dynamics, and cryptography. p-Adic numbers have been used in applied fields with successfully applying
in superfield theory of p-adic numbers by Vladimirov and Volovich. In addition, p-adic model of the
universe, p-adic quantum theory, p-adic string theory such as areas occurred in physics (for detail see
[18, 17]).

In 1975, Morita [14] defined the p-adic gamma function I}, by the formula

e (1M :
()= lim ()™ T j,
1<j<n
(pj)=1
for x € Zp, where n approaches x through positive integers. The p-adic gamma function [, is analytic on
Z, and satisfies the functional relation

L T, K, =1,
Folx+1)= { ), KL<l
The p-adic Euler constant v, is defined by the formula
L R (0) 14

The p-adic gamma function I, (x) has a great interest and has been studied by Barsky (1981) [2],
Diamond (1977) [3], Dwork (1983) [4] and others.

For x € Z,,, the symbol (*) is defined by (}) =1 and
<X> x(x—1)...(x —m+1)

)= - . m=1,2--).

The functions x — (;‘L) (x € Zp,n € N) form an orthonormal base of the space C(Z,, — C,,) with respect
the norm ||-|| .. This orthonormal base has the following property:

4 n—1 n—j—1
(:1) :Z(_il)_;@) (see, [16, p.168]). (1.5)

j=0

In 1958, Mahler introduced an expansion for continuous functions of a p-adic variable using special
polynomials as binomial coefficient polynomial [13]. It means that for any f € C(Z, — C,), there exist
unique elements ag, ay, ... of C, such that

f(x) =Y an <i> (x € Zy).
n=0

The base {(T*L) ‘ne ]N} is called Mahler base of the space C(Z, — C,), and the elements {a,, : n € N} in
f(x) = Y an(X) are called Mahler coefficients of f € C(Z, — Cp).
=0

n=
The Mahler expansion of the p-adic gamma function I, and its Mahler coefficients are determined by
the following proposition.

Proposition 1.6 ([15, 16]). Let
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and

— P
exp<x+p)1 X —anx (x € E).

Then, an = (—1)™*nlby, for all n, where E is the region of convergence of the power series y_ ’%

2. Main results

In this paper, we consider p-adic gamma function with the fermionic p-adic g-integral. We derive the
relationship between q-Changee polynomials and p-adic gamma function. We obtain the fermionic p-adic
g-integral of p-adic gamma function and the derivative of p-adic gamma function. For the p-adic Euler
constant. A new representation is obtained. Also, we study on the Changhee polynomials and p-adic
Euler constant.

In what follows, we indicate the fermionic p-adic g-integral with Mahler coefficients of p-adic gamma
function.

Theorem 2.1. For x € Z,,, the following equality holds:

o0

Ch
Jr(x+1 du_q ( Zan “q,
z, m
where ay, is defined by Proposition 1.6.
Proof. Let x € Z,,. We have
= X
J Mp(x +1)dpu_q ( J Zan< )dp_q (x) = Zan J <n> dp_q (x). 2.1)
Z, n=0z,
Note that () = (n,“ From Theorem 1.1, we get
J M (x+1)dp_q (x) = Z - " Chuq- O
Z, n=0

Using Theorem 1.3 we can rewrite (2.1) and we have the following corollary.

Corollary 2.2. Forn € N,

JF(x+1 dp_q (x Z (1+q> /

Z, n=

where ay, is defined by Proposition 1.6.

Under condition of Proposition 1.6 and using (1.5), derivative of p-adic gamma functions, F]; is ob-

tained as
=3 Y a () 22)

n=1j=0 )

where a,, is defined by Proposition 1.6.

Theorem 2.3. The relationship between the q-Changhee polynomials and the p-adic Euler constant is given by

oo n—1 —3
B (=)™ (qChj,q + Chj,q (1))
VP‘ZZ““(n—j)j! 2]

n=1j=0

q
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Proof. When f (x) = F]; (x) and n =1in (1.2), we get

[Ty et D g ()5 [ T 00 g (0 = 21,75 (0).
Z, Zy

From (2.2) and (1.4), we can write

oo n—1 n] 1 oo n—1 9 yn—j—1
aY e o J(’f)duq (XHZZ%(”.J(X 1>du () =—2vp  (23)

j 4 n—j j
1j=0 —=13=0
n=1) . n=1) Z,

Using Theorem 1.1 and Theorem 1.2 we can rewrite (2.3) as

oo n—1 n]l

ZZan 7 (aCNjq + Chjq (1)) = = 24 vy O
n=1j=0

Theorem 2.4. The p-adic Euler constant has the expansion

oo n—1 qj+1 j 1
=33 e S (e i),

n=1j=0 1+q)J 120(1+q) (]_1)!

where ay, is defined by Proposition 1.6.
Proof. Firstly, we compute Chy ¢ (—1). From Theorem 1.5, we have (/Zﬂn,q (2) = Chy q (1 —2). From (1.3)
—~ t 1+ 1—x —1)™n 1—x
ZChn’c'(x)n' 1+ it < ) n:Z((le) )HZ< n >tn'
n>0 ) q n2=0 q n>0
or

Fown - £E () ()

n=0 n! n>0i=0
Then, we have
~ =1\ 1—x
—n! _
G 9 n;(1+q) ()
Note that x™ = (—=1)™ (—x),,.
)t 1 —=x),
Ch ! —t
nq (x) =n! Z (1+qf -1
or _ ) _
- 1 1 1 +X)Tl—l (_1)1’1—1
Ch =n! : ,
nal Z (1+q)" (n—1)!
or
Tl. 1 +X)TL i
Ch 1-— Ch n! . 2.4
na (1=%) = Chp g ( Z TFv— 4
When x = 2 in (2.4) we have Ch,, 4 ( n! Z 7. Using Theorem 1.3, Theorem 1.1 and value

(1+q)"
i=0
of Chy g (—1) we can rewrite Theorem 2.3 as the followmg

oo n—1 (_Dn—j (q <1;+%) '+] Z 1+q )!)

)it o,

The proof of theorem is completed with a little calculations. O

n=1j=0
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Theorem 2.5. The following relation holds

[e¢]

Chpq(s—1)
Zp n=0 '
where ay, is defined by Proposition 1.6.
Proof. Let x € Zp. We have
> x+s—1
J Mp(x+s)du_q (x) = Zan J (n!)nduq (x).
Z, n=0 7,
By using Theorem 1.2 we can write
= Ch -1
JF (x+s)du_q ( Zannqn('s) O
Z, n=0 ’

Theorem 2.6. For x, s € Z, we have

1

00 n —1
J'r;)(x—i—s)duq(x)_zzan = Ch)q(S—l).

_ |
2 = (n—j)j!

Proof. Letx,s € Z,. From (2.2), we have

oo n—1 —i—1
, (=)™ x+s—1
er (X+S) dll_q (X) = Z.Zanni_j J
Z, n=1j=0
By using Theorem 1.2 we can write

X ()T Chy (s —1)
JF (x+s)dp_q ( ZZan o —J)J)? ) O

Z, n=1j=0
In the case s = 1 in Theorem 2.6 we obtain the following conclusion.

Corollary 2.7. For x € Z,,, we have

where Chy, q are q-Changhee numbers.
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