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Abstract 

In this paper, we introduce fuzzy compact operators on Felbin's type fuzzy normed linear spaces. In 

particular, it is proved that an equivalent condition for the compactness of an operator in fuzzy normed 

linear spaces. 
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1 Introduction 

In [4], Keleva and Seikkala introduced the concept of a fuzzy metric space and studied some of its 

properties. In [3], Felbin defined the fuzzy normed spaces and investigated some properties fuzzy normed 

space. With this definition of fuzzy normed linear space, it has been possible to introduce in this paper a 

notion of weakly fuzzy continuous operator over fuzzy normed linear spaces and to define ''compact'' for 

such an operator. The organization of this paper is as follows: section 2, comprises some useful 

definitions, notations and preliminary result. In section 3, the definition compact of the operator on fuzzy 

normed linear spaces is introduced and investing some important example of compact operator on fuzzy 

normed linear spaces. 

2 Preliminaries 

We denote the set of all real number by ℝ and by ℤ+ the set of all positive integers.  

In this paper, we consider the concept of fuzzy real number in the sense Xiao and Zhu [7] which is 

defined below: 

A mapping 𝜂 𝑡 : ℝ ⟶   0,1 , whose 𝛼-level set is denoted by  𝜂 𝛼 =  𝑡: 𝜂(𝑡) ≥ 𝛼 , is called a fuzzy 

real number if it satisfies two axioms: 

(N1) There exists 𝑡0 ∈ ℝ such that 𝜂 𝑡0 = 1; 

(N2) For each 𝛼 ∈ (0,  1 ;   𝜂 𝛼 =  𝜂𝛼
−,𝜂𝛼

+ ,𝑤ℎ𝑒𝑟𝑒 − ∞ < 𝜂𝛼
− ≤ 𝜂𝛼

+ < +∞. 

The set of all fuzzy real number is denoted by 𝔽. For each 𝑟 ∈ ℝ, let 𝑟 ∈ 𝔽 be defined by  
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𝑟  𝑡 =  
1    𝑡 = 𝑟,
0   𝑡 ≠ 𝑟.

  

So 𝑟  is a fuzzy real number and ℝ can be embedded in 𝔽. Let 𝜂 ∈ 𝔽, is called positive fuzzy real number 

if for all 𝑡 < 0, 𝜂 𝑡 = 0. The set of all positive fuzzy real numbers is denoted by 𝔽+. 

A partial order ''≼'' in 𝔽 is defined as follows, 𝜂 ≼ 𝛿 if and only if for all 𝛼 ∈ (0,  1 ;  𝜂𝛼
− ≤ 𝛿𝛼

− and 

𝜂𝛼
+ ≤ 𝛿𝛼

+ where,  𝜂 𝛼 =  𝜂𝛼
−,𝜂𝛼

+ , and  𝛿 𝛼 =  𝛿𝛼   
−    ,𝛿𝛼

+ .The strict inequality in 𝔽 is defined by 𝜂 ≺ 𝛿 if 

and only if for all 𝛼 ∈ (0,  1 ;  𝜂𝛼
− < 𝛿𝛼

−and 𝜂𝛼
+ < 𝛿𝛼

+. According to Dubois and prade [2], the arithmetic 

operations ⊕,⊝,⊙,⊘ on 𝔽 × 𝔽 are defined by  

 𝜂⨁𝛿  𝑡 = 𝑠𝑢𝑝𝑡=𝑟+𝑠𝑚𝑖𝑛 𝜂 𝑟 , 𝛿(𝑠) ,        𝑡 ∈ ℝ 

 𝜂 ⊖ 𝛿  𝑡 = 𝑠𝑢𝑝𝑡=𝑟−𝑠𝑚𝑖𝑛 𝜂 𝑟 , 𝛿(𝑠) ,        𝑡 ∈ ℝ 

 𝜂 ⊙ 𝛿  𝑡 = 𝑠𝑢𝑝𝑡=𝑟𝑠𝑚𝑖𝑛 𝜂 𝑟 , 𝛿(𝑠) ,        𝑡 ∈ ℝ 

 𝜂 ⊘ 𝛿  𝑡 = 𝑠𝑢𝑝𝑡=
𝑟

𝑠
𝑚𝑖𝑛 𝜂 𝑟 , 𝛿(𝑠) ,        𝑡 ∈ ℝ 

Definition 2.1 [6, Definition 2.2] Let X be a linear space over ℝ. Suppose  .  :𝑋 ⟶ 𝔽+ is a mapping 

satisfying 

 𝑖  𝑥 = 0  𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 = 0, 

 𝑖𝑖  𝑟𝑥 =  𝑟  𝑥 ,𝑥 ∈ 𝑋, 𝑟 ∈ 𝑅, 

 𝑖𝑖𝑖  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑦 ∈ 𝑋,  𝑥 + 𝑦 ≼   𝑥  ⊕   𝑦  

and 

 𝐴′ : 𝑥 ≠ 0 ⟹   𝑥  𝑡 = 0, ∀𝑡 ≤ 0. 

 𝑋,  .   is called a fuzzy normed linear space and  .   is called fuzzy norm on 𝑋. In the rest of this paper 

we use the previous definition of fuzzy norm. We note that  

 𝑖 condition 𝐴′  in Definition 2.1 is equivalent to the condition  

 𝐴′′ : For all 𝑥 ≠ 0 ∈ 𝑋 and each 𝛼 ∈  0  ,  1 ,  𝑥 𝛼
− > 0, 𝑤ℎ𝑒𝑟𝑒   𝑥  𝛼 =   𝑥 𝛼

−, 𝑥 𝛼
+  and 

 𝑖𝑖  𝑥 𝛼
𝑖 , 𝑖 = 1,2, are crisp norms on 𝑋. 

 

Theorem 2.2 [5, Theorem 2.7] Let  𝑋,  .    be an fuzzy normed linear space, 𝛼 ∈  0  ,  1 , 휀 > 0, 𝑁 휀, 𝛼 =
 𝑥:  𝑥 𝛼

+ < 휀 . Then  𝑋,  .    is a hausdorff topological vector space, whose neighborhood base of origin 

0 is  𝑁 휀, 𝛼 : 휀 > 0, 𝛼 ∈  0  ,  1  . 

 

Corollary 2.3 [5, Corollary 2.9] The two families of open   𝑁 휀, 𝛼 : 휀 > 0, 𝛼 ∈  0  ,  1   and  𝑁 𝛼, 𝛼 : 𝛼 ∈
0,1 are equivalent 0-neighborhood bases. 

According to J. Xiao and X. Zhu [7],  𝑋,  .    be an fuzzy normed linear space, 𝐴 ⊆ 𝑋and 𝑥0 ∈ 𝑋. 𝑥0is 

called a point of closure of A if  𝑥0 + 𝑁 𝛼, 𝛼  ∩ 𝐴 ≠ 𝜙 for every 𝛼 ∈  0  ,  1 ;  𝐴  denotes the set of all 

points of closure of A. A is called a fuzzy closed set if 𝐴 = 𝐴 . A is called separable if there is a countable 

set B such that 𝐴 ⊆ 𝐵 . A is called a fuzzy bounded set if for each 𝛼 ∈  0  ,  1  there exists 𝑀 = 𝑀 𝛼 > 0 

such that 𝐴 ⊂ 𝑁 𝑀, 𝛼 . 
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A sequence  𝑥𝑛  in X is said converge to 𝑥 ∈ 𝑋 if and only if for each 𝛼 ∈  0  ,  1 , lim𝑛→∞ 𝑥𝑛 − 𝑥 𝛼
+ = 0. 

In this case we write lim𝑛→∞ 𝑥𝑛 = 𝑥 . Also a sequence  𝑥𝑛  is called a Cauchy sequence if for each 

𝛼 ∈  0 ,  1 , lim𝑚 ,𝑛→∞ 𝑥𝑛 − 𝑥𝑚 𝛼
+ = 0. A fuzzy normed linear space  𝑋,  .   is said to be complete if 

every Cauchy sequence in X converges in X. 

 

Theorem 2.4 [5, Theorem 2.10] Let  𝑋,  .    be an fuzzy normed linear space,  𝐴 ⊆ 𝑋. A is a fuzzy 

bounded subset of X if and only if A is a bounded subset of X. 

Theorem 2.5 [7, Theorem 2.10] Let  𝑋,  .    be an fuzzy normed linear space,  𝐴 ⊆ 𝑋.Then the following 

are equivalent: 

(1) A is compact (i.e., every fuzzy open cover of A has a finite subcover). 

(2) A is sequentially compact (i.e., every sequence of points of A has a subsequence coverged to 

a point of A). 

Let  𝑋,  .    and  𝑌,  .   Be two fuzzy normed linear spaces. A function 𝑇:𝑋 → 𝑌 is said to be 

weakly fuzzy continuous at 𝑥0 ∈ 𝑋 if for a given 휀 > 0, ∃𝛿 ∈ 𝔽+,𝛿 ≻ 0 , such that  

 𝑇𝑥 − 𝑇𝑥0
 
𝛼

−
< 휀    𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟     𝑥 − 𝑥0 𝛼

+ < 𝛿𝛼
+ 

 𝑇𝑥 − 𝑇𝑥0
 
𝛼

+
< 휀    𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟     𝑥 − 𝑥0 𝛼

− < 𝛿𝛼
− 

 

3 The main results 

In this section, we introduce fuzzy compact operators between fuzzy normed spaces and examine 

some properties of the operators. 

Definition 3.1 [5, Definition 3.1] T is said to be a fuzzy compact operator if T is a weakly fuzzy 

continuous operator and for each fuzzy bounded set 𝐴 ⊂ 𝑋, 𝑇(𝐴)       is a fuzzy compact set of X. 

 

Example 3.2 Let  𝑋1 , .  1  and  𝑋2 , .  2  be two ordinary normed spaces, and 𝑇 ∶  𝑋1 →  𝑋2 be a 

compact operator. Then it is easy to see 𝑇 ∶   𝑋1 ,  .    →   𝑋2 ,  .    is a fuzzy compact operator, 

where  𝑋1 , .    and  𝑋2 , .    Respectively, i.e., 

 𝑥𝑖  𝑡 =  
1    𝑡 =  𝑥𝑖 𝑖 ,

0     𝑡 ≠  𝑥𝑖 𝑖 .
  

𝑥𝑖 ∈ 𝑋𝑖  𝑓𝑜𝑟 𝑖 = 1,2. 

Example 3.3 Let C 0,1  be the set of all real valued continuous functions on  0,1  with the fuzzy 

 𝑓  𝑡 =  
1    𝑡 =  𝑓 𝑢 ,

0     𝑡 ≠  𝑓 𝑢 .
  

Where 

 𝑓 𝑢 = 𝑠𝑢𝑝𝑥  ∈[0.1] 𝑓(𝑥)  

if𝐾(𝑥, 𝑦) with 𝑥, 𝑦 ∈  0,1  is a real valued continuous functions, then the operator  
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𝑇 ∶ 𝐶 0,1  → 𝐶 0,1  

define by  

 𝑇𝜑  𝑥 =  𝐾 𝑥, 𝑦 𝜑 𝑦 𝑑𝑥
1

0

 

Where 𝜑 ∈ 𝐶 0,1  is a fuzzy compact operator. 

Theorem 3.4 Let  𝑋,  .    and  𝑌,  .    be fuzzy normed spaces and 𝑇:𝑋 → 𝑌 be a weakly fuzzy 

continuous operator, then T is fuzzy compact if and if it maps every fuzzy bounded sequence  𝑥𝑛  in X an 

to a sequence  𝑇 𝑥𝑛   in Y which has a fuzzy convergent subsequence. 

Proof.Suppose that T is fuzzy compact operator, and  𝑥𝑛 is a fuzzy bounded sequence in  𝑋,  .   . The 

fuzzy closure of  𝑇 𝑥𝑛 :𝑛 ∈ 𝑁  is a fuzzy compact set. So  𝑇 𝑥𝑛   has a fuzzy convergent subsequnce 

by theorem 2.5. Conversely, let A be a fuzzy bounded subset of  𝑋,  .   . We show that the fuzzy closure 

of T (A) is fuzzy compact. Let  𝑥𝑛  be a sequence in the fuzzy closure of T (A). There exists  𝑦𝑛  in T 

(A) such that lim𝑛→∞ 𝑥𝑛 − 𝑦𝑛 = 0 . Let 𝑦𝑛 = 𝑇(𝑧𝑛), where 𝑧𝑛 ∈ 𝐴. Since A ia a fuzzy bounded set, so 

is  𝑧𝑛 . On the other hand, 𝑇 𝑧𝑛  has a fuzzy convergent subsequence  𝑦𝑛𝑘
 =  𝑇(𝑧𝑛𝑘

) . Let 𝑦𝑛𝑘
→ 𝑦 for 

some 𝑦 ∈ 𝑌. We have  

 𝑥𝑛𝑘
− 𝑦 ≼  𝑥𝑛𝑘

− 𝑦𝑛𝑘
 ⊕  𝑦𝑛𝑘

− 𝑦  

lim
𝑘→∞

 𝑥𝑛𝑘
− 𝑦 ≼ lim

𝑘→∞
 𝑥𝑛𝑘

− 𝑦𝑛𝑘
 ⊕ lim

𝑘→∞
 𝑦𝑛𝑘

− 𝑦  

Hence 

lim
𝑘→∞

 𝑥𝑛𝑘
− 𝑦 = 0  

Now  𝑥𝑛𝑘
 is a fuzzy convergent subsequence of  𝑥𝑛 . Thus the fuzzy clouser of T (A) is a fuzzy compact 

set. 
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