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Abstract 
In this article we study the nonlinear Robin boundary-value problem  

  
−Δ𝑝(𝑥)𝑢 = 𝜆𝑓(𝑥, 𝑢),  𝑖𝑛  Ω  ; 

|∇𝑢|𝑝(𝑥)−2 ∂𝑢

∂𝜈
+ 𝛽(𝑥)|𝑢|𝑝(𝑥)−2𝑢 = 0,  𝑜𝑛  ∂Ω.

  

Using the variational method, under appropriate assumptions on 𝑓, we obtain a result on existence and 

multiplicity of solutions.  

 

 

Keywords: 𝑝(𝑥)-Laplace operator, variable exponent Lebesgue space, variable exponent Sobolev space, 

Ricceri’s variational principle. 

1. Introduction 

The purpose of this article is to study the existence of solutions for the following problem:  

  
−Δ𝑝(𝑥)𝑢 = 𝜆𝑓(𝑥, 𝑢),  𝑖𝑛  Ω  ; 

|∇𝑢|𝑝(𝑥)−2 ∂𝑢

∂𝜈
+ 𝛽(𝑥)|𝑢|𝑝(𝑥)−2𝑢 = 0,  𝑜𝑛  ∂Ω,

  (1.1) 

 where Ω ⊂ ℝ𝑁  (𝑁 ≥ 2) is a bounded smooth domain, 
∂𝑢

∂𝜈
 is the outer unit normal derivative on ∂Ω, 𝜆 is a 

positive number, 𝑝 is a continuous function on Ω with 𝑝−: = inf𝑥∈Ω
𝑝(𝑥) > 1, and 𝛽 ∈ 𝐿∞(∂Ω) with 

𝛽−: = inf𝑥∈∂Ω𝛽(𝑥) > 0. The main interest in studying such problems arises from the presence of the 
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𝑝(𝑥)-Laplace operator 𝑑𝑖𝑣(|∇𝑢|𝑝(𝑥)−2∇𝑢), which is a natural extension of the classical 𝑝-Laplace 

operator 𝑑𝑖𝑣(|∇𝑢|𝑝−2∇𝑢) obtained in the case when 𝑝 is a positive constant. However, such 

generalizations are not trivial since the 𝑝(𝑥)- Laplace operator possesses a more complicated structure 

than 𝑝 Laplace operator; for example, it is inhomogeneous. 

Nonlinear boundary value problems with variable exponent has been received considerable attention in 

recent years. This is partly due to their frequent appearance in applications such as the modeling of 

electro-rheological fluids [16, 18, 22, 23] and image processing [7], but these problems are very 

interesting from a purely mathematical point of view as well. Many results have been obtained on this 

kind of problems; see for example [6, 8, 9, 11, 12, 19, 20, 21]. In [8], the authors have studied the case 

𝑓(𝑥, 𝑢) = |𝑢|𝑝(𝑥)−2𝑢, they proved that the existence of infinitely many eigenvalue sequences. Unlike the 

𝑝-Laplacian case, for a variable exponent p(x) (≠ constant), there does not exist a principal eigenvalue 

and the set of all eigenvalues is not closed under some assumptions. Finally, they presented some 

sufficient conditions for the infimum of all eigenvalues is zero and positive, respectively. 

We make the following assumptions on the function 𝑓:   

    (F1)    |𝑓(𝑥, 𝑠)| ≤ 𝑎(𝑥) + 𝑏|𝑠|𝛼(𝑥)−1, for all (𝑥, 𝑠) ∈ Ω × ℝ, where 𝑎(𝑥) is in 𝐿
𝛼(𝑥)

𝛼(𝑥)−1(Ω), 

𝑏 ≥ 0 is a constant, 𝛼(𝑥) ∈ 𝐶(Ω), 1 < 𝛼−: = inf𝑥∈Ω
𝛼(𝑥) ≤ 𝛼+: = sup𝑥∈Ω

𝛼(𝑥) < 𝑝− and 𝑝(𝑥) > 𝑁. 

    (F2)     𝑓(𝑥, 𝑡) < 0, when |𝑡| ∈ (0,1), 𝑓(𝑥, 𝑡) ≥ 𝑚 > 0, when  𝑡 ∈ (𝑡0 , ∞),  𝑡0 > 1.  

 In [4], the authors obtained the existence and multiplicity of solutions for Navier problems under the 

following conditions: 

sup(𝑥 ,𝑠)∈Ω×𝐑
|𝑓(𝑥 ,𝑠)|

1+|𝑠|𝑡(𝑥)−1 < +∞, where 𝑡 ∈ 𝐶(Ω) and 𝑡(𝑥) < 𝑝∗(𝑥) for all 𝑥 ∈ Ω and there exist 

two positive constants 𝜌, 𝜗 and a function 𝛾(𝑥) ∈ 𝐶(Ω) with 1 < 𝛾− ≤ 𝛾+ < 𝑝−, such that   

    (I1)    𝐹(𝑥, 𝑠) ≥ 0 for a.e. 𝑥 ∈ Ω and all 𝑠 ∈]0, 𝜌];  

    (I2)    there exist 𝑝1(𝑥) ∈ 𝐶(Ω) and 𝑝+ < 𝑝1
− ≤ 𝑝1(𝑥) < 𝑝∗(𝑥), such that  

 limsup
𝑠→0

sup
𝑥∈Ω

𝐹(𝑥 ,𝑠)

|𝑠|𝑝1(𝑥) < +∞; 

      (I3)    |𝐹(𝑥, 𝑠)| ≤ 𝜗 1 +  𝑠|𝛾 𝑥    for  a.e.  𝑥 ∈ Ω  and all 𝑠 ∈ ℝ. 

There are many functions which do not satisfy the above conditions (I1), (I2). For instance the function 

below does not satisfy (I1), (I2).  

 𝑓(𝑥, 𝑡) =
𝑡−1

𝑡2+1
+ 𝐴𝑟𝑐𝑡𝑎𝑛(𝑡) − 1, (1.2) 

 where  

 𝐹(𝑥, 𝑡) =   
𝑡

0
𝑓(𝑥, 𝑠)𝑑𝑠 = (𝑡 − 1)𝐴𝑟𝑐𝑡𝑎𝑛(𝑡) − 𝑡. 

But it is easy to see the above function (1.2) satisfies our conditions.  
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Remark 1.1.  Let 𝛺 = ℝ, 𝑝(𝑥) = 𝑝 ≡ 2 and 𝐹(𝑡) = (𝑡 − 1)𝐴𝑟𝑐𝑡𝑎𝑛(𝑡) − 𝑡. 

So we have  

 𝑝− = 𝑝+ = 2, 𝑎𝑛𝑑 𝑝∗ = +∞. 

Moreover  

 𝐹 𝑡 ≤ 0    𝑓𝑜𝑟 𝑎𝑙𝑙    𝑡 ∈  0,1 , 𝑎𝑛𝑑 𝐹 𝑡 > 0    𝑓𝑜𝑟 𝑎𝑙𝑙    𝑡 < 0. 

And  

 ∀𝑝1 > 𝑝 = 2,    limsup
𝑠→0

𝐹(𝑠)

|𝑠|𝑝1
= +∞. 

 The main result of this paper is as follows. 

Theorem 1.2.  If  (F1), (F2) hold, then there exist an open interval 𝛬 ⊂ (0, ∞) and a positive real 

number 𝜌 such that each 𝜆 ∈ 𝛬, (1.1) has at least three solutions whose norms are less than 𝜌.  

This article is organized as follows. First, we will introduce some basic preliminary results and lemmas in 

Section 2. In Section 3, we will give the proof of our main result. 

2.  Preliminary  
 For completeness, we first recall some facts on the variable exponent spaces 𝐿𝑝(𝑥)(Ω) and 𝑊1,𝑝(𝑥)(Ω). 

For more details, see [13, 14]. Suppose that Ω is a bounded open domain of ℝ𝑁 with smooth boundary 

∂Ω and 𝑝 ∈ 𝐶+(Ω) where  

 𝐶+(Ω) = {𝑝 ∈ 𝐶(Ω)    𝑎𝑛𝑑    inf
𝑥∈Ω

𝑝(𝑥) > 1}. 

Denote by 𝑝−: = inf𝑥∈Ω
𝑝(𝑥) and 𝑝+: = sup𝑥∈Ω

𝑝(𝑥). Define the variable exponent Lebesgue space 

𝐿𝑝(𝑥)(Ω) by  

 𝐿𝑝 𝑥 (Ω) = {𝑢: Ω → ℝ    𝑖𝑠 𝑚𝑒𝑎𝑠𝑢𝑟𝑎𝑏𝑙𝑒 𝑎𝑛𝑑      
Ω

|𝑢|𝑝(𝑥)𝑑𝑥 < +∞}, 

with the norm  

 |𝑢|𝑝 𝑥 = inf{𝜏 > 0;   
Ω

|
𝑢

𝜏
|𝑝(𝑥)𝑑𝑥 ≤ 1}. 

Define the variable exponent Sobolev space 𝑊1,𝑝(𝑥)(Ω) by  

 𝑊1,𝑝 𝑥 (Ω) = {𝑢 ∈ 𝐿𝑝 𝑥 (Ω): |∇𝑢| ∈ 𝐿𝑝(𝑥)(Ω)}, 

with the norm  

 ∥ 𝑢 ∥= inf{𝜏 > 0;   
Ω

(|
∇𝑢

𝜏
|𝑝(𝑥) + |

𝑢

𝜏
|𝑝(𝑥))𝑑𝑥 ≤ 1}, 
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 ∥ 𝑢 ∥= |∇𝑢|𝑝(𝑥) + |𝑢|𝑝(𝑥). 

We refer the reader to [13, 14] for the basic properties of the variable exponent Lebesgue and Sobolev 

spaces. 

Lemma 2.1 (cf. [14]) . Both (𝐿𝑝(𝑥)(𝛺), | ⋅ |𝑝(𝑥)) and (𝑊1,𝑝(𝑥)(𝛺), ∥⋅∥) are separable and uniformly 

convex Banach spaces.  

Lemma 2.2 (cf. [14]).  Hölder inequality holds, namely  

   
Ω

|𝑢𝑣|𝑑𝑥 ≤ 2|𝑢|𝑝(𝑥)|𝑣|𝑝 ′(𝑥)    ∀𝑢 ∈ 𝐿𝑝(𝑥)(Ω), 𝑣 ∈ 𝐿𝑝 ′(𝑥)(Ω), 

where  
1

𝑝(𝑥)
+

1

𝑝 ′(𝑥)
= 1.  

Lemma 2.3 (cf. [13]).  Assume that the boundary of 𝛺 possesses the cone property and 𝑝 ∈ 𝐶(𝛺) and 

1 ≤ 𝑞(𝑥) < 𝑝∗(𝑥)  for 𝑥 ∈ 𝛺, then there is a compact embedding 𝑊1,𝑝(𝑥)(𝛺) ↪ 𝐿𝑞(𝑥)(𝛺), where  

 𝑝∗(𝑥) =  

𝑁𝑝(𝑥)

𝑁−𝑝(𝑥)
,  𝑖𝑓  𝑝(𝑥)   <   𝑁; 

+∞,  𝑖𝑓  𝑝(𝑥) ≥   𝑁.

  

Now, we introduce a norm, which will be used later. 

Let 𝛽 ∈ 𝐿∞(∂Ω) with 𝛽−: = inf𝑥∈∂Ω𝛽(𝑥) > 0 and for 𝑢 ∈ 𝑊1,𝑝(𝑥)(Ω), define  

 ∥ 𝑢 ∥𝛽= inf{𝜏 > 0;   
Ω

(|
∇𝑢

𝜏
|𝑝(𝑥)𝑑𝑥 +   

∂Ω
𝛽(𝑥)|

𝑢

𝜏
|𝑝(𝑥))𝑑𝜎 ≤ 1}. 

Then, by Theorem 2.1 in [10], ∥. ∥𝛽  is also a norm on 𝑊1,𝑝(𝑥)(Ω) which is equivalent to ∥. ∥. 

An important role in manipulating the generalized Lebesgue-Sobolev spaces is played by the mapping 

defined by the following.  

Lemma 2.4 (cf. [10]).  Let 𝐼(𝑢) =  
𝛺

|𝛻𝑢|𝑝(𝑥)𝑑𝑥 +  
𝜕𝛺

𝛽(𝑥)|𝑢|𝑝(𝑥)𝑑𝜎 with 𝛽− > 0. For 𝑢 ∈

𝑊1,𝑝(𝑥)(𝛺) we have   

    • ∥ 𝑢 ∥𝛽< 1(= 1, > 1) ⇔ 𝐼(𝑢) < 1(= 1, > 1).  

    • ∥ 𝑢 ∥𝛽≤ 1 ⇒∥ 𝑢 ∥𝛽
𝑝+

≤ 𝐼(𝑢) ≤∥ 𝑢 ∥𝛽
𝑝−

.  

    • ∥ 𝑢 ∥𝛽≥ 1 ⇒∥ 𝑢 ∥𝛽
𝑝−

≤ 𝐼(𝑢) ≤∥ 𝑢 ∥𝛽
𝑝+

.  

Lemma 2.5 (cf. [5,15,17]).  Let 𝑋 be a separable and reflexive real Banach space, 𝜙: 𝑋 → ℝ is a 

continuous Gâteaux differentiable and sequentially weakly lower semicontinuous functional whose 

Gâteaux derivative admits a continuous inverse on 𝑋∗; 𝛹: 𝑋 → ℝ is a continuous Gâteaux differentiable 

functional whose Gâteaux derivative is compact, assume that:   

(i)  lim∥𝑢∥𝑋→∞(𝜙(𝑢) + 𝜆𝜓(𝑢)) = ∞ for all 𝜆 > 0,  
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(ii)  there exist 𝑟 ∈ ℝ and 𝑢0 ,𝑢1 ∈ 𝑋 such that 𝜙(𝑢0) < 𝑟 < 𝜙(𝑢1),  

(iii)   

 inf
𝑢∈𝜙−1(−∞,𝑟]

𝜓(𝑢) >
(𝜙(𝑢1)−𝑟)𝜓(𝑢0)+(𝑟−𝜙(𝑢0))𝜓(𝑢1)

𝜙(𝑢1)−𝜙(𝑢0)
. 

 

 Then there exist an open interval Λ ⊂ (0, ∞) and a positive constant 𝜌 > 0 such that for any 𝜆 ∈ Λ the 

equation 𝜙′(𝑢) + 𝜆𝜓′(𝑢) = 0 has at least three solutions in 𝑋 whose norms are less than 𝜌.  

 

Theorem 2.6.  Let 𝑋 = 𝑊1,𝑝(𝑥)(𝛺) and 𝑓: 𝛺 × ℝ → ℝ be a carathéodory function with primitive 

𝐹(𝑥, 𝑢) =  
𝑢

0
𝑓(𝑥, 𝑡)𝑑𝑡. If the following condition hold:   

    • |𝑓(𝑥, 𝑠)| ≤ 𝑎(𝑥) + 𝑏|𝑠|𝛼(𝑥)−1, for all (𝑥, 𝑠) ∈ Ω × ℝ,  

 where 𝑎(𝑥) ∈ 𝐿
𝛼(𝑥)

𝛼(𝑥)−1(Ω) and 𝑏 ≥ 0 is a constant, 𝛼(𝑥) ∈ 𝐶+(Ω) such that for all 𝑥 ∈ Ω,  

 𝛼(𝑥) <  

𝑁𝑝(𝑥)

𝑁−𝑝(𝑥)
,  𝑖𝑓  𝑝(𝑥)   <   𝑁; 

+∞,  𝑖𝑓  𝑝 𝑥 ≥   𝑁,

  (2.1) 

 

then 𝜓(𝑢) = −  
Ω

𝐹(𝑥, 𝑢(𝑥))𝑑𝑥 ∈ 𝐶1(𝑋, ℝ) and 𝐷𝜓(𝑢, 𝜑) =< 𝜓′(𝑢), 𝜑 >= −  
Ω

𝑓(𝑥, 𝑢(𝑥))𝜑𝑑𝑥, 

moreover, the operator 𝜓′: 𝑋 → 𝑋∗ is compact.  

 Proof.  It is easily adapted from Theorem 2.9 in [3]. 

 

Let 𝑋 = 𝑊1,𝑝(𝑥)(Ω) and  

 𝜙(𝑢) =   
Ω

1

𝑝(𝑥)
|∇𝑢|𝑝(𝑥) 𝑑𝑥 +   

∂Ω

𝛽(𝑥)

𝑝(𝑥)
|𝑢|𝑝(𝑥) 𝑑𝜎, 

 

 𝜓(𝑢) = −  
Ω

𝐹(𝑥, 𝑢)𝑑𝑥, 

where 𝐹(𝑥, 𝑡) =   
𝑡

0
𝑓(𝑥, 𝑠)𝑑𝑠. 

Obviously 𝜙 ∈ 𝐶1(𝑋, ℝ) and  

 (𝜙′(𝑢), 𝑣) =   
Ω

|∇𝑢|𝑝(𝑥)−2∇𝑢∇𝑣𝑑𝑥 +   
∂Ω

𝛽(𝑥)|𝑢|𝑝(𝑥)−2𝑢𝑣𝑑𝜎, 
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 (𝜓′(𝑢), 𝑣) = −  
Ω

𝑓(𝑥, 𝑢)𝑣𝑑𝑥. 

Definition 2.7.  We say that 𝑢 ∈ 𝑋 is a weak solution of (1.1) if  

   
Ω

 ∇𝑢|𝑝 𝑥 −2∇𝑢∇𝑣 𝑑𝑥 +   
∂Ω

𝛽 𝑥  𝑢|𝑝 𝑥 −2𝑢𝑣 𝑑𝜎 = 𝜆   
Ω

𝑓 𝑥, 𝑢 𝑣𝑑𝑥    𝑓𝑜𝑟 𝑎𝑙𝑙 𝑣 ∈ 𝑋. 

  

3.  Proof of main result 
 

[Proof of theorem 1.2]. For proving our result we use lemma 2.5. It is well known that 𝜙 is a continuous 

convex functional, then it is weakly lower semicontinuous and its inverse derivative is continuous, from 

theorem 2.6 the precondition of lemma 2.5 is satisfied. In following we need to verify that the conditions 

(i), (ii) and (iii) in lemma 2.5 are fulfilled. 

For 𝑢 ∈ 𝑋 such that ∥ 𝑢 ∥𝛽≥ 1, we have 

 

 𝜓(𝑢) = −  
Ω

𝐹(𝑥, 𝑢)𝑑𝑥 = −  
Ω

[  
𝑢(𝑥)

0
𝑓(𝑥, 𝑡)𝑑𝑡]𝑑𝑥 

 

 ≤   
Ω

[𝑎(𝑥)|𝑢(𝑥)| +
𝑏

𝛼(𝑥)
|𝑢|𝛼(𝑥)]𝑑𝑥 

 

 ≤ 2|𝑎| 𝛼(𝑥)

𝛼(𝑥)−1

|𝑢|𝛼(𝑥) +
𝑏

𝛼−   
Ω

|𝑢|𝛼(𝑥)𝑑𝑥 

 

 ≤ 2𝐶|𝑎| 𝛼(𝑥)

𝛼(𝑥)−1

∥ 𝑢 ∥𝛽+
𝑏

𝛼−   
Ω

|𝑢|𝛼(𝑥)𝑑𝑥. 

By the embedding theorem, we have 𝑢 ∈ 𝐿𝛼(𝑥)(Ω); therefore,  

   
Ω

|𝑢|𝛼(𝑥)𝑑𝑥 ≤ max{|𝑢|𝛼(𝑥)
𝛼+

, |𝑢|𝛼(𝑥)
𝛼−

} ≤ 𝐶′ ∥ 𝑢 ∥𝛽
𝛼+

. 

Then  

 |𝜓(𝑢)| ≤ 2𝐶|𝑎| 𝛼(𝑥)

𝛼(𝑥)−1

∥ 𝑢 ∥𝛽+
𝑏

𝛼− 𝐶′ ∥ 𝑢 ∥𝛽
𝛼+

. 

On the other hand,  

 𝜙(𝑢) =   
Ω

1

𝑝(𝑥)
|∇𝑢|𝑝(𝑥) 𝑑𝑥 +   

∂Ω

𝛽(𝑥)

𝑝(𝑥)
|𝑢|𝑝(𝑥) 𝑑𝜎 ≥

1

𝑝+ ∥ 𝑢 ∥𝛽
𝑝−

. 
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Which implies that for any 𝜆 > 0,  

 𝜙(𝑢) + 𝜆𝜓(𝑢) ≥
1

𝑝+ ∥ 𝑢 ∥𝛽
𝑝−

− 2𝜆𝐶|𝑎| 𝛼(𝑥)

𝛼(𝑥)−1

∥ 𝑢 ∥𝛽−
𝜆𝑏𝐶 ′

𝛼− ∥ 𝑢 ∥𝛽
𝛼+

. 

From 𝑝− > 𝛼+ we obtain  

 lim
∥𝑢∥𝛽→∞

(𝜙(𝑢) + 𝜆𝜓(𝑢)) = ∞, 

then (i) of lemma 2.5 is verified. 

lt remains to show (ii) and (iii) of this lemma (Ricceri). By (F2), it is clear that F(x,t) is increasing for 

𝑡 ∈ (𝑡0 , ∞) and decreasing for 𝑡 ∈ (0,1) uniformly for 𝑥 ∈ Ω, and 𝐹(𝑥, 0) = 0 is obvious, 𝐹(𝑥, 𝑡) → +∞ 

when 𝑡 → +∞ because (𝐹(𝑥, 𝑡) ≥ 𝑚𝑡 uniformly on 𝑥). Then, there exists a real number 𝛿 > 𝑡0 such that  

 𝐹(𝑥, 𝑡) ≥ 0 = 𝐹(𝑥, 0) ≥ 𝐹(𝑥, 𝜏)    ∀𝑢 ∈ 𝑋, 𝑡 > 𝛿, 𝜏 ∈ (0,1). 

Let 𝑎, 𝑏 be two real numbers such that 0 < 𝑎 < 𝑚𝑖𝑛{1, 𝑐1} where 𝑐1 is a constant which satisfies  

 ∥ 𝑢 ∥𝐶(Ω)≤ 𝑐1 ∥ 𝑢 ∥𝛽 , 

where ∥ 𝑢 ∥𝐶(Ω): = sup𝑥∈Ω
|𝑢(𝑥)| . 

The above inequality is well defined due to compactly embedding from 𝑊1,𝑝(𝑥)(Ω) to 𝐶(Ω). 

We choose 𝑏 > 𝛿 satisfying 𝑏𝑝−
𝛽−|∂Ω| > 1. When 𝑡 ∈ [0, 𝑎] we have  

 𝐹(𝑥, 𝑡) ≤ 𝐹(𝑥, 0) = 0. 

Then  

   
Ω

sup
0<𝑡<𝑎

𝐹(𝑥, 𝑡)𝑑𝑥 ≤   
Ω

𝐹(𝑥, 0)𝑑𝑥 = 0. 

Furthermore, since 𝑏 > 𝛿 we have  

   
Ω

𝐹(𝑥, 𝑏)𝑑𝑥 > 0. 

Moreover,  

 
1

𝑐1
𝑝+ .

𝑎𝑝+

𝑏𝑝−   
Ω

𝐹(𝑥, 𝑏)𝑑𝑥 > 0. 

Which implies  

   
Ω

sup
0<𝑡<𝑎

𝐹(𝑥, 𝑡)𝑑𝑥 ≤ 0 <
1

𝑐1
𝑝+

𝑎𝑝+

𝑏𝑝−   
Ω

𝐹(𝑥, 𝑏)𝑑𝑥. 
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Let 𝑢0 ,𝑢1 ∈ 𝑋 , 𝑢0(𝑥) = 0 and 𝑢1(𝑥) = 𝑏 for any 𝑥 ∈ Ω. We define 𝑟 =
1

𝑝+ (
𝑎

𝑐1
)𝑝

+
. Clearly 𝑟 ∈ (0,1), 

𝜙(𝑢0) = 𝜓(𝑢0) = 0,  

 𝜙(𝑢1) =   
∂Ω

𝛽(𝑥)

𝑝(𝑥)
𝑏𝑝(𝑥)𝑑𝜎 ≥

𝛽−

𝑝+ 𝑏𝑝−
|∂Ω| >

1

𝑝+ 1 >
1

𝑝+ (
𝑎

𝑐1
)𝑝

+
= 𝑟, 

and  

 𝜓(𝑢1) = −  
Ω

𝐹(𝑥, 𝑢1(𝑥))𝑑𝑥 = −  
Ω

𝐹(𝑥, 𝑏)𝑑𝑥 < 0. 

So we have 𝜙(𝑢0) < 𝑟 < 𝜙(𝑢1). Then (ii) of lemma 2.5 is verified. 

On the other hand, we have  

−
(𝜙(𝑢1) − 𝑟)𝜓(𝑢0) + (𝑟 − 𝜙(𝑢0))𝜓(𝑢1)

𝜙(𝑢1) − 𝜙(𝑢0)
= −𝑟

𝜓(𝑢1)

𝜙(𝑢1)
 

 

                                                                                                           = 𝑟
  

Ω
𝐹(𝑥, 𝑏)𝑑𝑥

  
∂Ω

𝛽(𝑥)
𝑝(𝑥)

𝑏𝑝(𝑥)𝑑𝜎
> 0. 

Let 𝑢 ∈ 𝑋 be such that 𝜙(𝑢) ≤ 𝑟 < 1. 

Set 𝐼(𝑢) =   
Ω

|∇𝑢|𝑝(𝑥)𝑑𝑥 +   
∂Ω

𝛽(𝑥)|𝑢|𝑝(𝑥)𝑑𝜎. 

Since 
1

𝑝+ 𝐼(𝑢) ≤ 𝜙(𝑢) ≤ 𝑟, for 𝑢 ∈ 𝑋, we obtain  

 𝐼(𝑢) ≤ 𝑝+. 𝑟 = (
𝑎

𝑐1
)𝑝

+
< 1. 

It follows that ∥ 𝑢 ∥𝛽< 1 by Lemma 2.4. We have  

 
1

𝑝+ ∥ 𝑢 ∥𝛽
𝑝+

≤
1

𝑝+ 𝐼(𝑢) ≤ 𝜙(𝑢) ≤ 𝑟. 

Then  

 |𝑢(𝑥)| ≤ 𝑐1 ∥ 𝑢 ∥𝛽≤ 𝑐1(𝑝+. 𝑟)
1

𝑝+ = 𝑎    ∀𝑢 ∈ 𝑋, 𝑥 ∈ Ω, 𝜙(𝑢) ≤ 𝑟. 

The above inequality shows that  

 − inf
𝑢∈𝜙−1(−∞,𝑟]

𝜓(𝑢) = sup
𝑢∈𝜙−1(−∞,𝑟]

− 𝜓(𝑢) ≤   
Ω

sup
0<𝑡<𝑎

𝐹(𝑥, 𝑡)𝑑𝑥 ≤ 0. 

Then  

 inf
𝑢∈𝜙−1(−∞,𝑟]

𝜓(𝑢) >
(𝜙(𝑢1)−𝑟)𝜓(𝑢0)+(𝑟−𝜙(𝑢0))𝜓(𝑢1)

𝜙(𝑢1)−𝜙(𝑢0)
. 
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Which means that condition (iii) in lemma 2.5 is obtained. Since the assumptions of lemma 2.5 are 

verified, there exist an open interval Λ ⊂ (0, ∞) and a positive constant 𝜌 > 0 such that for any 𝜆 ∈ Λ the 

equation 𝜙′(𝑢) + 𝜆𝜓′(𝑢) = 0 has at least three solutions in 𝑋 whose norms are less than 𝜌. 

 

 ACKNOWLEDGEMENTS 
 The authors thank the referees for their careful reading of the manuscript and insightful comments. 

References 

[1] G. A. Afrouzi,  T. N . Ghara,   Existence of three weak solutions for elliptic Dirichlet problem, The 

Journal of mathematics and computer Science, 3 (2012)  386-391. 

[2] G. A. Afrouzi, S. Shamilo, M. Mahdavi, Three solution for a class of quasilinear Dirichlet elliptic 

systems involving (p,q)-Laplcian operator, The Journal of mathematics and computer Science, 3 (2012) 

487-493. 

 [3]  M. Allaoui, A.R  El Amrouss, Solutions for Steklov boundary value problems involving p(x)-

Laplace operators, Bol. Soc. Paran. Mat. 32 1 (2014) 163-173. 

 

[4]  M. Allaoui, A.R El Amrouss, A. Ourraoui, Three solutions for a quasi-linear elliptic problem, 

Applied Mathematics E-Notes, 13 (2013) 51-59. 

[5]  G. Bonanno, P. Candito, Three solutions to a Neumann problem for elliptic equations involving the p-

Laplacian, Arch. Math. (Basel) 80 (2003) 424-429. 

[6]  J. Chabrowski, Y. Fu, Existence of solutions for p(x)-Laplacian problems on a bounded domain, J. 

Math. Anal. Appl. 306 (2005) 604-618. 

[7]  Y .M. Chen, S. Levine, M. Ra, Variable exponent, linear growth functionals in image restoration, 

SIAM J. Appl. Math. 66 (2006) 1383-1406. 

[8]  S. G. Dend, Qin Wang, Shijuan Cheng, On the p(x)-Laplacian Robin eigenvalue problem, Appl. 

Math. Comput. 217 (2011) 5643-5649. 

[9]  S. G. Deng, A local mountain pass theorem and applications to a double perturbed p(x)-Laplacian 

equations, Appl. Math. Comput. 211 (2009) 234-241. 

[10]  S. G. Deng, Positive solutions for Robin problem involving the p(x)-Laplacian, J. Math. Anal. Appl. 

360 (2009) 548-560. 

[11]  X. Ding, X. Shi, Existence and multiplicity of solutions for a general p(x)-laplacian Neumann 

problem. Nonlinear. Anal.70 (2009) 3713-3720. 

[12]  X. L. Fan, S.-G. Deng, Remarks on Ricceri’s variational principle and applications to the p(x)-

Laplacian equations, Nonlinear Anal. 67 (2007) 3064-3075. 



M. Allaoui, A. El Amrouss, F. Kissi, A. Ourraoui/ J. Math. Computer Sci.    10 (2014), 163-172 
 

172 
 

[13]  X. L. Fan, J. S. Shen, D. Zhao,  Sobolev embedding theorems for spaces Wk,p(x),  J. Math. Anal. 

Appl. 262 (2001), 749-760. 

[14]  X. L.  Fan,  D.  Zhao,  On the spacesLp(x)  and Wm,p(x),  J. Math. Anal. Appl. 263 (2001), 424-446. 

[15]  C. Ji, Remarks on the existence of three solutions for the p(x)-Laplacian equations, Nonlinear 

Anal.74 (2011), 2908-2915. 

[16]  T. G. Myers, Thin films with high surface tension, SIAM Review, 40 (3) (1998), 441-462. 

[17]  B. Ricceri, On three critical points theorem, Arch. Math. (Basel) 75 (2000), 220-226. 

[18]  M. Ru žicka, Electrorheological Fluids: Modeling and Mathematical Theory, Springer-Verlag, 

Berlin, 2000. 

[19]  L. L. Wang, Y. H. Fan, W. G. Ge, Existence and multiplicity of solutions for a Neumann problem 

involving the p(x)-laplace operator,  Nonlinear. Anal. 71 (2009) 4259-4270. 

[20]  J. H. Yao, Solution for Neumann boundary problems involving p(x)-Laplace operators, Nonlinear 

Anal. 68 (2008) 1271-1283. 

[21]  Q. H. Zhang, Existence of solutions for p(x)-Laplacian equations with singular coefficients in RN , J. 

Math. Anal. Appl. 348 (2008) 38-50. 

[22]  V. V. Zhikov, Averaging of functionals of the calculus of variations and elasticity theory, Math. 

USSR Izv. 29 (1987) 33-66. 

[23]  V. V. Zhikov, S. M. Kozlov, O. A. Oleinik, Homogenization of Differential Operators and Integral 

Functionals, translated from Russian by G. A. Yosifian, Springer-Verlag, Berlin, 1994. 

 

 

 

 

 

 

 


