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Abstract

In this paper, we give Darboux approximation for dual Smarandache curves of spacelike curve on dual
unit hyperbolic sphere I—~|§. Firstly, we define the four types of dual Smarandache curves of a dual
hyperbolic curve &(s). Then, we obtain the relationships between the dual curvatures of dual hyperbolic
curve ¢(s) and its dual Smarandache curves. Finally, we give an example for Smarandache curves of a
spacelike curve on dual unit hyperbolic sphere H Z.
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1. Introduction

In the Minkowski spaces, fundamental theory of curves and surfaces is studied and the studies are
adapted to other spaces by the many mathematicians [6,7,8,9,10].

In the Minkowski space E}, an oriented timelike line L can be determined by a point pe L and a
normalized direction timelike vector & of L, i.e. |[@=1. The components of L are obtained by the

moment vector "= pPxd with respect to the origin in E]. The two vectors & and d" are not
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independent of one another; they satisfy the relationships <§,§> =-1 <é,§*> =0. The pair (a,a") of

the vectors @ and a", which satisfies those relationships, is called dual unit timelike vector[2]. Since
each dual unit timelike vector corresponds to a timelike line of E?, there is a one-to-one correspondence

between the points of a dual unit hyperbolic sphere H~§ and the oriented timelike lines of Ef. This
correspondence is known as E. Study Mapping [2]. As a sequence of that, a differentiable spacelike curve
lying fully on dual unit hyperbolic sphere I—~|02 in dual space D® represents a timelike ruled surface which

is a surface generated by moving of a timelike line L along a curve «(S) in Ef and has the

parametrization r(s,u) :&(s)+ur(s) , Where «(s) is called generating curve and r(s), the direction
of the timelike line L, is called ruling.

In the study of the fundamental theory and the characterizations of space curves, the special curves
are very interesting and an important problem. The most mathematicians studied the special curves such
as Mannheim curves and Bertrand curves. Recently, a new special curve which is called Smarandache
curve is defined by Turgut and Yilmaz in Minkowski space-time [9]. Then Ali have studied Smarandache

curves in the Euclidean 3-space E°[1].

In this paper, we give Darboux approximation for dual Smarandache curves of spacelike curve on
dual unit hyperbolic sphere I-Nloz. Firstly, we define the four types of dual Smarandache curves of a dual

hyperbolic curve. Then, we obtain the relationships between the dual curvatures of dual hyperbolic curve
&(s) and its dual Smarandache curves. Finally, we give an example for Smarandache curves of a

spacelike curve on dual unit hyperbolic sphere H Z.

2. Preliminaries

Let R? be a 3-dimensional Minkowski space over the field of real numbers R with the Lorentzian
inner product (,) given by (d,d)=-ab,+ab,+ah,, where d=(a,a,a,) and
b=(b,,b,,b)eR® A vector d=(a,,a,,a,) of R is said to be timelike if (&,a)< 0, spacelike if
(a,8)>0 or a=0, and lightlike (null) if (a,8)=0 and &=0. Similarly, an arbitrary curve ¢(s) in
Rf is spacelike, timelike or lightlike (null), if all of its velocity vectors a'(s) are spacelike, timelike or
lightlike (null), respectively [6]. The norm of a vector & is defined by |&]=,/|(d,&)|. Now, let
a=(a,,a,,a,) and b=(b,, b,, b,) be two vectors in R?. Then the Lorentzian cross product of & and
b is given by axb=(ab,—a)b, ,ab,—ab, a,b—ab,). By using this definition it can be easily
shown that <a><6,6> = —det(&,b, ) [11]

The sets of the unit timelike and unit spacelike vectors are called hyperbolic unit sphere and
Lorentzian unit sphere, respectively, and denoted by H/ :{éz(al,az,a3)eRf: (a,a)=- } and

S = {é:(al, a,,a;)eR;: (4,d) :1} , respectively [11].
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Let D:RxR:{éz(a,a*):a,a*eR} be the set of pairs (a,a’). For a=(aa’),

b =(b,b) e D the following operations are defined on D
Equality ra=b<a=b, a'=b
Addition ra+b=(a+b, a"+b")
Multiplication : ab = (ab, ab"+a’h)
Then the element ¢ = (0,1) € D satisfies following relationships ¢ # 0, =0, gl=l=¢.

Let consider the element @aeD of the form a=(a,0). Then the mapping
f:D—>R, f(a0)=a isanisomorphism. So, we can write a =(a,0) . By the multiplication rule we
have that a =a+<&a". Then a =a+&a” is called dual number and ¢ is called dual unit. Thus the set of
dual numbers is given by D={§=a+ga*: a,a’eR, & =0}. The set D forms a commutative

group under addition. The associative laws hold for multiplication. Dual numbers are distributive and
form a ring over the real number field [4].

Dual function of dual number presents a mapping of a dual numbers space on itself. Properties of dual
functions were thoroughly investigated by Dimentberg [3]. He derived the general expression for dual

analytic (differentiable) function as follows f(X)= f(x+&x")=f(X)+&x f'(X), where f'(x) is
derivative of f(x) and X,Xx" € R. This definition allows us to write the dual forms of some well-known
functions as follows

cosh(X) = cosh(x + &x") = cosh(x) + X" sinh(x),
{sinh(i) =sinh(X+ &X") =sinh(x) + x" cosh(X).

Let D*=DxDxD be the set of all triples of dual numbers, i.e.,
D°={a=(a,a,,d,): &eD,i=123}. Then the set D° is called dual space. The elements of D’
are called dual vectors [2,4]. Similar to the dual numbers, a dual vector & may be expressed in the form
d=a+ed" =(d,a"), where @ and & are the vectors of real space R®. Then for any vectors

d=a+e¢a" and =b+eb” of D3, scalar product and cross product are defined by
<a,6>=<a,6>+g(<a,6*>+<a*,6>) and axb=axb+¢(axb +a xb), where (a,b) and dxb

are inner product and cross product of the vectors d and b in R®, respectively.

The norm of a dual vector & is given by |&]|=|[a] + & <

<7|’§”*>, (@#0).

A dual vector @ with the norm 1+ &0 is called dual unit vector. The set of dual unit vectors is given
by $% = {é =(a,a,,8)eD’: (4 &) =1+ gO} and called dual unit sphere (For details [2,4,12]).
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The Lorentzian inner product of two dual vectors d=d+cad’, b=b+&b" eD® is defined by
<é, 5>:<a’,6>+5(<é,6*>+<é*,6>), where <é,5> is the Lorentzian inner product of the vectors a
and b in the Minkowski 3-space R®. Then a dual vector &=a-+&£4a" is said to be timelike if & is
timelike, spacelike if @ is spacelike or @ =0 and lightlike (null) if @ is lightlike (null) and a = 0 [10].

The set of all dual Lorentzian vectors is called dual Lorentzian space and it is defined by
D) ={ da=d+¢cd": 4,d" eR}}.

The Lorentzian cross product of dual vectors é,BeDf is  defined by

dxb =dxb+e&(axb”+a" xb), where & x b is the Lorentzian cross product in R?.

Let A=d+¢d e Df. Then a is said to be dual timelike (resp. spacelike) unit vector if the vectors
d and a" satisfy the following equations: <d,a>=-1 (resp. <d,a>=1), <a,a" > =0. The set of
all dual timelike unit vectors is called the dual hyperbolic unit sphere, and is denoted by HZ,

Hy ={a=(a,a,,a,)e D} : (4,a)=-1+20}
Similarly, the set of all dual spacelike unit vectors is called the dual Lorentzian unit sphere, and is denoted
by S2,

S!={a=(a, a,,a,)eD}: (4,8)=1+20}.

(For details see [10]).

3. Dual Representation and Dual Darboux Frame of a Timelike Ruled Surface with
Timelike Ruling

In the Minkowski 3-space R?, there exists a one-to-one correspondence between the timelike vectors

of dual hyperbolic unit sphere I:IO2 and the directed timelike lines of the Minkowski space R} [10]. This

correspondence is known as E. Study Mapping. By the aid of this correspondence, the geometry of
timelike ruled surfaces is represented by the geometry of dual hyperbolic curves lying on the dual

hyperbolic unit sphere H;.

Let now (€) be a dual hyperbolic curve represented by the dual timelike unit vector
€(u) =€(u)+£€°(u). Then, the given dual curve (€) corresponding to the timelike ruled surface
@, =C(s)+VE(s) may be represented by &(s)=€+sCxE, where (€,6)=-1, (€,€)=1,

(¢',€)=0 and € is the position vector of the striction curve.

The derivatives of the vectors of dual frame {é,f, g} of a timelike ruled surface are given as follows,
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. =f, —=€+yg§, —==-7t, 1)
and called dual Darboux formulae of timelike ruled surface € (or ¢, ). Then the dual Darboux vector of
the trihedron is d = -76-G0.

Dual curvature of the ruled surface is
7=r+e(6+yA) )
where y is conical curvature, A =det(c’,€,t) and 5 =(c’,€).

The functions y(s), o(s) and A(S) are the invariants of the timelike ruled surface ¢,. They

determine the timelike ruled surface uniquely up to its position in the space. For example, if 6 =A=0
we have C is constant. It means that the timelike ruled surface ¢, is a timelike cone.

Dual radius of curvature of dual hyperbolic curve (timelike ruled surface) &(s) is can be calculated
analogous to common Lorentzian differential geometry of curves as follows

3

de
= S 1
R= 051 ___ . 3)
de_d€) Jh-77|
ds ds®
The unit vector d~0 with the same sense as the Darboux vector d = —y€—g isgiven by
~ 72 1
d,=-—L—=6-——1. @
W= -7

It is clear that d, is timelike (or spacelike) if |7] >1 (or |77| <1). Then, the dual angle between d, and &
satisfies the followings,

cosh,5=—L, sinhﬁ:—;, if |7]>1,
77 Ji-7
_ 1 )
sinhp=-—2—, coshp=-——o—, if 7| <1.
-7 -7
where p is the dual spherical radius of curvature. Hence,
a_ —smh,?, |_f |;7_|>1, I coth;?, !f |;i|>1’ )
—coshp, if |7|<1, tanh p, if |7]<1
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[71.
4. Dual Smarandache Curves of a Curve lyingon HZ

In this section, we first define the four different types of the Smarandache curves on dual unit
hyperbolic sphere in Df . Then by the aid of dual geodesic trihedron (Dual Darboux frame), we give the

characterizations of these dual hyperbolic curves (or timelike ruled surfaces). Since dual spherical curves
correspond to timelike or spacelike ruled surfaces, the dual Smarandache curves can be also called
Smarandache ruled surfaces. Then, using the found results and relationships we study the developable of
the corresponding ruled surface and its Smarandache ruled surface.

4.1. Dual Smarandache &t -curves of a curve lying on I-~I02

Definition 4.1. Let a(S) be a unit speed regular dual curve lying fully on dual unit hyperbolic

sphere I—~|02 and {é,f, g} be its moving dual Darboux frame. The dual Smarandache curves defined by
i) @, =\26+f i) @, =6 +/2f

are called the dual Smarandache &t -curves of hyperbolic curve & . Dual curves @, and &, fully lies on

HZ and S?, respectively.

Now we can give the relationships between & and its dual Smarandache &f -curves as follows.

Theorem 4.1. Let & = &(5) be a unit speed regular dual hyperbolic curve lying on dual unit hyperbolic
sphere H~02. Then the relationships between the dual Darboux frames of & and its dual Smarandache
&t -curves are given by

s V2 1 L ) 1 NA 0 )
D¢ || L 2 7 l¢] i ‘tfz R 1 (27 te ©)
d, \iy +1 \/7 +1 \iy +1 g g22 \j|272_1| \/|2772_1| \ﬂ272_1| .

7 N1 27 V27 1
\/;72+1 \]72+1 \/772+1 \/|272_]4 \/|2772_1| \ﬂ272_1|

where ¥ is as givenin (2).

Proof. i) Let us investigate the dual Darboux frame fields of dual Smarandache &t -curve according to
a=a(S). Since o, =€, we have

6 =26+ (8)
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Differentiating (8) with respectto S, we get

where 3—5;1 = /72 +1. Thus, since—g, = & x{,, we have

S

7 . 2

T+

1

5= \f;72 +1 e_\/;72+1

From (8)-(10) we have (7).

4/772+1g'

The proof of the statement (ii) can be given by the same way of the proof of statement (i).

9)

(10)

Theorem 4.2. The relationships between the dual Darboux formulae of dual Smarandache &t -curves and

dual Darboux frame of ¢ are as follows

de L 2 7
& 7l Nz Nz
ol 96 |_| N2eV2t - 1yt 2 27 +\27° +(72 -7 +1)7'
ds; (772+1)2 (}72 +1)2 (72+1)2
% _\/577_\/573_)7’ —2}7—2;73—\/527' _\/5772_\/5—4_W
% =2 2 _ 2 — >
(7°+1) (72 +1) (7% +1)
ds 2 1 27
3 V27 -y Jo7t -1 27 1] @
i) i _ 2772—2\/57/_7/—1 2;/_7/'+3\/§772_2\/§774_\/§ 2773_}7_\/57, X
d} (27*-1) (272 -1) (272 -1) g
e NP Ta N, R N o BN
2 2 2 5
(27°-1) (27°-1) (27°-1)

Proof. i) Differentiating (8), (9) and (10) with respect to S, we have the desired equation (11).

The proof of the statement (ii) can be given by the same way of the proof of statement (i).
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Theorem 4.3. Let & =(S) be a unit speed regular curve on dual unit hyperbolic sphere. Then the
relationships between the dual curvatures of & and its dual Smarandache &t -curves are given by

_ 2v 2373 o 27 +7 —27°
0%=7+J}+¥} )7, Y27 7 (12)
(7% +1)” (277 -1)

oo dg _ - Y
Proof. i) Since d—% =—y,t,, from (9) and (11), we get dual curvature of the curve ¢,(5,) as follows
S,

_ _74N27 427
= .

The proof of the statement (ii) can be given by the same way of the proof of statement (i).

Corollary 4.1. The instantaneous Darboux vector of dual Smarandache &t -curves are given by

i) d, = “/57+37t373 6+ 7+2‘/§7+fﬁ73 £+ 1+723 § (13)
(1+77)* (1+77)" (1+77)"

e 27 +7 =27 |_ =2y - -1 »

i) d, - W_;_y e e g
(277 -1) (277 -1) (277 1)

Proof: i) It is known that the dual instantaneous Darboux vector of dual Smarandache &t -curve is
(‘]1 =—7,6, —§,. Then, from (8), (10) and (12) we have (13).

The proof of the statement (ii) can be given by the same way of the proof of statement (i).

Theorem 4.4. Let &(S) =& be a unit speed regular dual curve on dual unit hyperbolic sphere. If the

ruled surface corresponding to dual hyperbolic curve & is developable then the ruled surfaces
corresponding to dual Smarandache curves are also developable if and only if

i) s :_375(7’+\EJ/+\EJ/3)+5(\E+3;/2)+5' ii) 5 :_67/5(‘/57""7_273)+5(1—6}/2)+\/§5'.

1 (1+ 72)% (1+ )/2)% 2 (2y° —1)% (2y° —1)%

Proof. i) From (2) we have
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77=;/+5(5+]/A) )71=7/1+g(51+71A1)

Then substituting these equalities into to equation (12) and separating its real and dual components, we
have

7 +2y +25° —37(5+7A)(7'+\/§7+\/§73) (5+yA)(«/§+3y2)+5’+y’A+yA’
7/1+5(51+71A1): % +& 57 + 3
(Lr7)" (L) (L+77)"
Since the ruled surface corresponding to dual hyperbolic curve & is developable, A =0. Hence,
—375(7'+\/§}/+x/§}/3) 5(«/§+3y2)+5’
5 + 3 .
(1+77)2 (1+77)

Thus, the ruled surfaces corresponding to dual Smarandache curves are developable if and only if

71+5(51+71A1):

—3}/5(7/’+«/§7+\/§7/3) 5(«/§+3y2)+5'
6, = 5 + 3 .
(1+77) (1+72)

The proof of the statement (ii) can be given by the same way of the proof of statement (i).

Theorem 4.5. The relationships between the radius of dual curvature of dual Smarandache &f -curves
and the dual curvature of & are given by

)R = (72+1)% ii) R, = ‘(272_1)%
\/‘(72+1)3_<7+\E7+ﬁ73)2‘ \/‘(272—1)3—(J57'+7+273)2‘

Proof. i) Substituting equation (12) into to equation (3), the radius of dual curvature is

(14)

R = ! _ (772+1)%
rera || 7 -7 B
(772+1)4
PN
Then, R, = (7 +1)

> 3 (o =2
7y 7 27|
The proof of the statement (ii) can be given by the same way of the proof of statement (i).
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In the following sections we define dual Smarandache f§, &G and &f§ curves. The proofs of the
theorems and corollaries of these sections can be given by using the similar way used in previous section.

4.2. Dual Smarandache g -curves of a curve lying on I-NIO2

Definition 4.2. Let &(S)=a be a unit speed regular dual hyperbolic curve lying fully on dual unit
hyperbolic sphere and {é,f .0 } be its moving Darboux frame. The dual curve ¢, defined by

is called the dual Smarandache g -curve of & and fully lies on §12. Then the ruled surface
corresponding to ¢, is called the Smarandache tg -ruled surface of the surface corresponding to dual
hyperbolic curve « .

Now we can give the relationships between ¢ and its dual Smarandache fg -curve a, as follows.

Theorem 4.7. Let &(S) =& be a unit speed regular dual hyperbolic curve lying on dual unit hyperbolic
sphere I:|§. Then the relationships between the dual Darboux frames of & and its dual Smarandache G
-curve ¢, are given by

0 1 1
£ |=| —— z i
], Jor -1 o7 -1 (o7 -1 |
27 1 -1
Jari-2 (a7t -2 a7t -2

Theorem 4.8. Let &(S)=a be a unit speed regular dual hyperbolic curve on dual unit hyperbolic
sphere Hg. Then according to dual Darboux frame of &, the dual Darboux formulae of dual
Smarandache g -curve &, are as follows
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d, __r _7 _7

as, 271 271 g
o, |_| 227 —2\27° +N2y 327t 227t N2y N2 2Nyt e 27t oy |
ds, (272 1) (272 1) (272 1) g
% 2y +2y° -1 7272y 27 -y + 277

" (27 1) (271 (27 1)

Theorem 4.9. Then the relationship between the dual curvatures of ¢ and its dual Smarandache {g -
curve a, is given by

— 1-27 -27°
V3= (272_1)% :

Corollary 4.2. Relationship between the dual curvature of & and Instantaneous Darboux vector of dual
Smarandache t§ -curve is given by

. 87 -4y 4y’ fL 872—47’—4g |

d; = 6+ ot 2
(477 -2)*  (47°-2)"  (47°-2)"

Theorem 4.10. Let &(S) =« be a unit speed regular curve on dual unit hyperbolic sphere. If the ruled
surface corresponding to dual hyperbolic curve & is developable then the ruled surface corresponding to
dual Smarandache f§ -curve is also developable if and only if

2545 6y5-12yy'5-12)°5

63 3 5
(270" (27-1)"

Theorem 4.11. The relationship between the radius of dual curvature of dual Smarandache tg -curves
and the dual curvature of & is given by

(27 -1)"

336



T. Kahraman, M. Onder, H. Hiiseyin Ugurlu / J. Math. Computer Sci. 14 (2015), 326-344

4.3. Dual Smarandache &g -curves of a curve lying on H~02

Definition 4.3. Let &(S)=a be a unit speed regular curve lying fully on dual unit hyperbolic sphere
H? and {&,, } be its moving Darboux frame. The dual Smarandache curves defined by

) @, =26+§ i) @, =6++2§
are called the dual Smarandache &g -curves of hyperbolic curve & . @, and @, fully lieson H? and S}
, respectively.

Now we can give the relationships between & and its dual Smarandache &g -curves as follows.

Theorem 4.13. Let &(S) =& be a unit speed regular curve lying on dual unit hyperbolic sphere I—~|02 :

Then the relationships between the dual Darboux frames of & and its dual Smarandache &g -curves are
given by

N7 1 0 42

€, 0 1 |€ € ]
)|t (=0 1 0 |f iy (=l 0 1 0|t
g, 1 0 \/E g s —\/E o -1)\9

Theorem 4.14. The relationships between the dual Darboux formulae of dual Smarandache &g -curves
and dual Darboux frame of & are given by

ds, 0 1 0 _ ds, 0 1 0 -

N _ [S] - N _ e
a1 Z g W1 0 o Kk

ds, | |V2-7 J2-7 . ds; | | 1-+/27 1-2y .

dg, o 1V ags 0o I=V2

ds, N s 1-27

Theorem 4.15. Let @(5) =& be a unit speed regular curve on dual unit hyperbolic sphere. Then the
relationships between the dual curvatures of & and its dual Smarandache &g -curves are given by

N |

i) 74—\/5—_7 i) 7 127
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Corollary 4.4. The Instantaneous Darboux vectors of dual Smarandache &G -curves are given by

i) d, = &— g ii) d, = /&

1
- - — €+ — .
V2-7 " N2-7 1-V27 ~ 1-2y

Theorem 4.16. Let @(S) =& be a unit speed regular curve on dual unit hyperbolic sphere and ¢, and
a; be the dual Smarandache &g -curves of ¢ . If the ruled surface corresponding to dual hyperbolic

curve & is developable then the ruled surfaces corresponding to dual Smarandache &g -curves are also
developable if and only if

s (o) 5

- _ i) & = ———.
V2-r (V2-) (1-27)

i),

Theorem 4.17. The relationships between the radius of dual curvature of dual Smarandache &g -curves
and the dual curvature of & are given by

_ J2-7 1-V27

] e )

4.4. Dual Smarandache &tg -curves of a curve lying on Hg

Definition 4.4. Let &(S)=a be a unit speed regular dual curve lying fully on dual unit hyperbolic
sphere and {€,, §} be its moving Darboux frame. The dual Smarandache curves defined by

i) @, =36+ +§ i) @, =6+f+§

are called the dual Smarandache &tg -curves of hyperbolic curve &. @, and &, fully lies on H§ and

S?, respectively.

Now we can give the relationships between & and its dual Smarandache &g -curves as follows.
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Theorem 4.19. Let &(S) =& be a unit speed regular dual curve lying on dual unit hyperbolic sphere

HZ. Then the relationships between the dual Darboux frames of & and its dual Smarandache &i( -
curves are given by

NG 1
1 3-7

1 i) )

1 1
1-7

I

) 7
Jor -2+ (o7t -ar e (o7t -2437+2) [QJ {

3-27 1-37

— D

27 -1

o |
gj \/‘272‘27‘ \AZ?Z—Zﬂ \A272—27‘

@ . D
—

y-1 7

2-3y

\/\272 -2\37 +7 \ﬂzyz -2\37 +7 \ﬂzyz -2\ +2]

Jeri-27 |t -27] 277 -27]

Theorem 4.20. The relationships between the dual Darboux formulae of dual Smarandache &fg -curves
and dual Darboux frame of & are given by

i)
dé 1 By 7
e /2;72—2\/§7+2\ ‘272—2\/§7+2‘ ‘272—2\/§7+2‘
6
df, | | B7 -2 + 437 —27° -8y + 243 237 27 B +7 — 2By +2 437° ~ 27" —87% — B + 27" + 2437
ds, (272—2\/§;7+2)2 (2;72—2\/§7+2)2 (272—2\/§7+2)2
o
d%s —237° +872 —4\37 -7 +2 237" ~147° +1237* 147 + 77 -3y +28  -2\37* +87° — 4By -7 + 27
(27% ~2437 +2) (277 - 2437 +2) (277 ~2437 +2)
dé 1 _1r __r
o 27" - 27 27" - 27 27" - 27
- o 27 o727 |
i) df, | _ 27 =27 + 4yt =2y =2y 27 =27 =27 4270 =2y + 27 Ay -2yt -2y* -2y £l
_ —\2 _ —\2 _ _\2
ds, (2]/2—27/) (2}/2—2}/) (2;/2—2;/) g
a9, 27 —47% + 27 -7 67° 27 —67°+27+77 -7 27 47+ 27 -7
ds, —, _\2 —, a\2 ., a\2
(27°-27) (27°-27) (27°-27)

Theorem 4.21. Then the relationships between the dual curvatures of & and its dual Smarandache &t -

curves are given by

)7 = 2J37° 872 + 437 + 7 -2
6 3
(27% 237 + 2)4

27 +A4y* =27 +7

i) 7, =
(27" -27)"

Corollary 4.6. The Instantaneous Darboux vectors of dual Smarandache &tq -curves are given by
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N O S it Y T 7 e 2723 -y -2
=

3 - 3 t 3
(272—2\/§7+2)A (272—2\/§7+2)5 ' (272—2\/§7+2)5

el

o 27427 -7 7 . =27
i) d, = €— t+
L)t @)t ()

Theorem 4.22. Let &(S) = be a unit speed regular curve on dual unit hyperbolic sphere and ¢, and
a, be the dual Smarandache &tg -curves of & . If the ruled surface corresponding to dual hyperbolic

curve @ is developable then the ruled surfaces corresponding to dual Smarandache &fg -curves are also
developable if and only if

5(—27/3 +4:3y? —87/—677/'+3\/§7/'+2\/§) S5
i), =

(2}/2 . NC 2)% i

(27/2 —2\/§;/+2)%

5(-27°+4y* =2y -6y +3y') L8

ii) 5, = i
(2y° —Zy)é (2° -2y

)A

Theorem 4.23. The relationships between the radius of dual curvature of dual Smarandache &tg -curves
and the dual curvature of & are given by

‘(272 N 2)%
i) Ry =
6 \/‘(272 —2\/§7+2)3 —(2%73 —872 +4J§7+7’—2)2‘
] (27" -27)"
ii) R, =

3

\/‘(272 ~27) —(-27° +472 -27 + 7')2‘

Example. Let consider the dual hyperbolic curve &(S) given by the parametrization

a(s) = ﬁ[(c,—sin 5,€055)+ &(1,—csins,ccoss) |
1-c
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where |C| >1, particularly ¢ =10. The curve @(s) represents the ruled surface
r(s,v) =(10v,coss—vsins,sins+vcoss)

which is a hyperboloid surface rendered in Fig. 1. Then the dual Darboux frame of & is obtained as
follows,

e(s)—BJ_[(lo —sin3y11s, cos3«/_13)+g(1 ~10sin3V11s, 10cos3\/_13)}
t(s)=(0,—cos3\/1_15,—sin3\/1_ls)

g(s) = B—jﬁ[(l,—msin 3V11s,10cos3v11s )+g(10, —sin 3@3&033«@3)} .

The Smarandache &t , g, &, and &f§ curves of the dual curve & are given by

a,(s) = [2?/\/__ J{S|n3J—ls cos3a\/_15 ://__cos3\/—13 sm3\/_15]+s(1 10sm3~/_18 100053\/—15)

a,(s) = [3 -1 S|n3\/ 1s—2cos31s, ,_cos3\/ 15— \2sin31 1sj+g Jl_l(l ~10sin3vA15,10c053v115s)
~ 1 -10 cos3v1ls 10 sin3y11s —sin3v11s cos34/11s

= _ _ 3 7
a,(s) 3J_ 3\/_s in3J11s NG 3\/_00 s311s 7 J g[SJ_ \/%/ \/_12/

10++2 —(1052+1
_|10v2+1 ( )S|n3J_15 O+\/_0053«/_15 10++2 ( )sinS\/l_ls 10\/5+10053*/1_13J

a,(s)= N TN 311 ] { Wi 3 N

—(1042 +1 ~(10+2
a,(s) = 103\7111_ (3J1_1+ )sin3«/1—ls,10:;/_J21_Ilcos3J1—ls]+g[lo:;f/§l_;rl, (3\/+1_1 )sinS«/l—ls,lzj/lifcos&/l—ls]
10 —(1043+1
a,(s) = 10:;//§1{1 ( }J_)S|n3J_ls cosSJ_ls \/[COS3\/HS—Sin3\/HS]+€[123111§, (34\/1:1+ )S|n3J_ \/\/§_+ cos3\/—ls]
a,(s)= (;/1_ Tsm&/_ls cosSJ_ls J_COS3\/_15+SIH3J_15] [SJ_ 3\/_ i 3\/1_13 \1/1_1c053\/_15j

respectively. From E. Study mapping, these dual spherical curves correspond to the following ruled
surfaces
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r(s,v) = (10, —sin3V11s, COS3\/1_1S)+V(1OJE ﬂsin 3\11s —cosS\/l_ls,ﬁcosC%\/l_ls —sin 3«/1_15]

3113411 311

. 10 -1 . 1 .
r,(s,v) = (0,cos3+/11s,sin 3/11s +v(—,—sm3\/113—\/§cos3\/1_15,—0053\/115—\/§sm3\/113j
(5:Y) ( ) 311 311 311
r,(s v)—(l ~10sin 3/11s 10cos3\/113)+v L _—10sin3\/115—0053‘115 10 0053\/1_13—5iL V11s
o ’ ' 322 '3\11 NN T NA)

. 1042 +1 —(10+2) 1042
r,(s,v) = (0,cos3+/11s,sin3v/11s ) +v , sin3y11s, cos3/11s
«(5) ( ) 311 311 311

. 1042 —(10~/5+1) . 1072 +1
I.(s,v) = (0,cos3v/11s,sin 3v/11s | + v , sin3/11s,———~co0s3+/11s
() ( ) 311 311 311

- 10+\/§
re(s,v)=(0,c053\/1_15,sin3\/1_13)+v 10/3+1 ( )sin3J1_15—cosB«/l_ls,m;r—lfcos&/l_ls—sin&/l_lsJ

NN ] J11
r7(s,v)=(0,cos3\/1_1$,sin3\/1_15)+v i,_—llsin?,\/l_ls—cos?,\/l_ls,icos&/l_ls+sin3\/1_13)
311311 3J11

respectively. These surfaces are rendered in Fig.2, Fig. 3, Fig. 4 and Fig. 5, respectively.

Fig.1: Hyperboloid surface Fig.2: Smarandache &t ruled surfaces

corresponding to dual curve &
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Fig.3: Smarandache f§ ruled surface Fig.4: Smarandache &G ruled surfaces

Fig.5: Smarandache &f§ ruled surfaces
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