Journal of mathematics and computer science 10 (2014), 78-84

’ n'n’\ Contents list available at JMCS @ ,.

“Journal of Mathematics and Computer Science JMCS
!manx el

Journal Homepage: www.tjmcs.com

&
z;
\\
2oud10S N

yourna/ .

Connections of Linear Operators defined by
Analytic Functions with @, Spaces

Z. Orouji, R. Aghalary, A. Ebadian
Department of Mathematics, Faculty of Science, Urmia University, Urmia, Iran

z.oroujy@yahoo.com
raghalary@yahoo.com and r.aghalary@urmia.ac.ir
a.ebadian@urmia.ac.ir

Article history:

Received January 2014
Accepted March 2014
Available online March 2014

Abstract
This paper is concerned mainly with the linear operators If"*and J{"* of analytic function f.The norm
of If"* and J¢"* on some analytic function spaces is computed in this paper. We study the relation between
I{"* and J¢"* operators, the B(4)spaces and @, spaces (0 < p < ).
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1. Introduction

Let H (D)denote the class of analytic functions fon the open unit discD = {z € C: |z|] < 1}. Also
denote by A the subclass of H (ID) consisting of functions normalized by

f(z)=z+ Zm_zanzn

and § the class of all univalent functions in A.

A function f € H(ID) is a Bloch function if
Ifllg == £ (O] + Sg]g(l — 1ZP)If'(2)] < .
Z

The space of all Bloch functions is denoted by B. A classical source for Bloch functions is [18, 19].

For @ > 0, the a-Bloch space, denoted by B*, is the space of all functions f in ID, for which
I fllge :=1f(0)| + Sunglf’(Z)I(l — z13)* < co.
ZE

Obviously, B*: c B c B*2for0 < a; <1 < a, < oo,
The Hardy space HP (0 < p < o0) is the class of all functions f analytic in D such that
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”f”p = limr—>1_ Mp (T, f) < oo,
where

L
2n p
)

1 .
Mp(r,f)=(£L |f(re“9)|pd9> O <p< )

Mo, (1, f) = lf;lé;flf(Z)l-

and

we mention [4] as a general reference for the theory of Hardy spaces.

The space BMOA consists of those functions f in H! whose boundary values have bounded mean
oscillation in the unit circle 0D as defined by F. John and L. Nirenberg [10]. We mention [5, 6, 14], as
general references for these space. Let us recall that

H* c BMOA c ﬂ HP?, H®” c BMOA c B.
0<p<o

Even though the inclusion BMOA c B is strict, a result of Pommerenke [13] implies that
SNB=S NBMOA(1.1)

Let do denote the normalized Lebesgue area measure in D andg(a, z)the Green function with
logarithmic singularity at a,i.e.,g(a,z) = —loglp,(z)|, where ¢,(z) = (a—2z)/(1 —az) is the
Mobius transformation of .

For 0 < p < o, @, is the space of all functions f € (D), for which

115, = IF@F +sup | I @P(Q~lpu@P) do@ < e

This space was introduced by Aulaskari and Lappan in [1] while looking for new characterizations of
Bloch functions, and we mention the books [16] and [17] as general references for the space @Q,,. Let us
just mention here that @, = B forallp > 1; Q; = BMOA; and that whenever 0 < p < 1, Q, is a proper
subspace of BMOA.Aulaskari, Lappan, Xiao, and Zhao[2] extended (1.1) showing that

SNQ,=SnNB, (0<p < o). (1.2)

For any f € H (D), the next two integral operators on H (ID) are induced as follows:

PO = [ K wwelaw,  eb)
0

and

V4

I W@ = [ koY wwedw, @ e D)

0
wherey,a > 0.

Ify =a =1, then Ifl'l(h) =Ir(h) and]}’l(h) = Jf(h), which are the Alexander operators and Both
integral operators have been studied by many authors. See [12, 13, 16, 18, 19] and the references
therein.

Norm of composition operator, weighted composition operator and some integral operators have
been studied extensively by many authors, see [7, 15].
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2. Main Results
In this section, we state and prove our main results. In order to formulate our main results, we need
the following lemma from ([11] , Lemma 2.1).

Lemma 2.1.Let 0 < p < 1. For any zy € D, the function
Zo — Z
1-25z

gZo(Z) = - ZO

is analytic in D and ||gZO|| =1/(p + Y2

Cp
Theorem 2.1.LetO<p <landa+y = 1. Iff € A, then I{y'“ is bounded on Q, space if and only if
f € H”. Moreover, ||I}/’a||Q = |[IfY ||y~ wherel(z) = z* .

p
Proof.Let f € H”and M := ||f||y=. Then by Showarz lemma, for any z € D, we have

|f (2]
M

|29 Y (2)| < M|z|*t 1 < M.

<lz| =

Therefore z*~1f7 (z) € H® and there exists C > 0 such that |[IfY ||y~ = C.

Now for any ||h||Qp =1, we have

<

2 ’ _ 2 P
“=sup [ W@z @ (1 - 19 @PY do@)
a€D Jp
/ p

< |lfY |5 supgep Iy 1M @121 = 9 (DI?) do(z)

< C2||h||Qp

= C2.
Then ||Ify’“ ”Q < C.To prove the converse, for given any € > 0, there existszy € ID such that

p

11(z0)fY (z0)| > C — €. Let

92,(2)
h(z) = ———,
PN
where
ZO —Z
gZo(Z) = l _Z—Z _ZO

It is easy to see that

Ikllg, =1, |h' (z)I(1~1zl?) = 1/||gzo||Qp-

Therefore we have
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||1fy'“ >

7

|Zp B EEBL W ()27 @]’ (1 - |9 (@)2) do(2)
= suacp [, [ (0a WSS (9 (W)I@'a W) (1 = W)’ dow).

Takingw = re?and by the subharmonicityof|h (¢, (W) @& W) fY (0a (W)@, (W)|2, we obtain

||| = sup f f | (0a(re®®)) g8 (re® 7 (pa(re®))'a (re®)| (1 = r2) rdrdo

a€D

> sup|h' (a)fy(a)a“—1|2(1 _ |a|2)2 fol 2(1 — rz)prdr
a€D

1 ' “11201 _ 1,12}
w17 sup| @ @a [ (1~ laP?)

LK (20)f (z)20* (1 — |2012)

1+p

1 |reos

— 1+4p 2
g
ZO Qp

By Lemma 2.1 we obtain
|7 = 17 oz > ¢ —e.

Since € is arbitrary, we have”I}”“ || > sup|f? (z)z* !|and the proof is complete. O
zeD
Theorem2.2.lety < land a 2 1.If f €Q,, then]}"a is bounded on H®. Moreover ”]}/ ¢ 0 < IIfIIQp.
Proof.If |h||y~ = 1, then we have !
2 1 2 p
e al) =sup [ @z @F (1= 10a@RY dot)
Qp a€D Jp
IRl supaep Jy 1f (I2(L = lpa (2)1?)" do(z)
2 2 _ 2
< llrllz=11£1l5, = I,
Therefore]}"“is bounded on H* and ||]}”“ ||Q < lIf ll, - The proof is complete. O
14

Theorem 2.3.Assume that 0 <p <1,y +a = 1and f € A.Thenthe integral operator I}/ ““ is compact
from Q,, space to Q,space if and only if f € H®.

Proof.If I'"%is compact, then it is bounded, and by Theorem 2.1 it follows that f € H®. Now assume
f € H” and (h,)is a sequence in Q,, such that h, - 0. We have

||1fy'“hn

= sup f I, ()27 @) (1~ 192 @) 2) do(2)

a€eD Jp

2
< 7 e R 113, -
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Since forh, - 0on D we have ||hn||Qp — 0, and by lettingn - oo in the last inequality, we obtain

thatlim,, ” I}"a h,

= 0. Therefore, I}/’a is compact. |

A functionf € H (ID)is called uniformly locally univalent if there exists a constant p > 0O such that f is
univalent on the hyperbolic disk|(z — a)/(1 — az)| < tanh p of radius p for everya € D. It is known
that a non-constant analytic function f is uniformly locally univalent if and only if the norm

f @
@

If" /£l = sup(1 - |z|2)

of the pre-Schwarzian derivative f / f of f is finite. Let

BQ) ={f € (D) If"/ f'll <2a}.

Kim and Sugawa in [8, 9] investigated various properties of the functions belong to the class B(1). The
following Lemma is doue to Becker [3].

Lemma 2.2.f f € Aand ||f "/ f'll < 1, then f is univalent.
In the next theorem we prove:

Theorem 2.4.Let0 < A < aand f € B(A). Then f € B* and

Ifllge < I£(O)] +|f (0)]2*+.
Proof.let0 < A < a, |z| = rand f € B(4). Then we have

@
HO)

f (2
: \“’gm

_ Zf”(W)
_f0f(w) |

f (tZ)
fO f (tz)

1 22
<r ) ——5dt

0 1-r2¢2

= 211og /f

F @< If O (=) (21)

This implies
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Therefore we have

Ifllge = |£(O)] +sup If' @I - 121"

<SOI+F O sup - 2 (22

< If(0)] +2***|f (0)| sup (1- r)*4

<r<

=IF @1 +2"*If )
and the proof is complete. O

Theorem 2.5.Let 2A <1land f € ANB(A). Then f € Q, forall0 <p < co.

Proof.Let2A < 1and f € A N B(A). By setting a = 1 in Theorem 2.4, we have f € B . On the other
hand, by Lemma 2.1, f is univalent in the open unit discandso f € S N B. Then by relation (1.2),
fESNQ, forall0 <p < 0.0

Corollary2.1.Let0<p <1, y+a =1land2A < 1.If f € H®, then for all g € B(4), I}"ag € @, and

Ify’a is compact from B(4) space to Q,space.
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