Journal of mathematics and computer science 10 (2014), 47-53

SR, Contents list available at JMCS Z,, ,
o= Journal of Mathematics and Computer Science “1J/LE]

Journal Homepage: www.tjmcs.com

Statistical Convergence of Double Sequence in Paranormed Spaces
Fatemeh Amouei Arani’, Madjid Eshaghi Gordji**, Soraya Talebi®
Lpepartment of Mathematics, Payamenoor University , P.O. Box.19395-4697, Tehran, Iran
“Department of Mathematics, Semnan University ,P.0.BOX35195-363, Semnan. Iran

3Payamenoor University , P.O. Box.19395-4697, Tehran, Iran

E-mail
f.amoee@yahoo.com?, madjid.eshaghi@gmail.com2 , talebi s@Pnu.ac.ir3

*The corresponding author (M. E. Gordji)

Article history:

Received January 2014
Accepted March 2014
Available online March 2014

Abstract
In this article we define and investigate statistical convergence and Cauchy for double sequences in

paranormed spaces. We also obtain a criterion for a double sequence in paranormed spaces to be a
statistical Cauchy sequence.
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1. Introduction

The studies on paranormed spaces were initiated by Nakano [14] and Simon [18] at the initial stage.
Later on it was further studies by Maddox [10], Lascarides [7], it has become an active area of research
in recent years [1,3,17].

The concept of statistical convergence was introduced over nearly the last fifty years (Fast [3] in (1951),
Schoenberg in (1959)), and since then several generalization and applications of this notion have been
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investigated by various authors [12,13,16] . Throughout this paper N will denote the set of positive
integers.

Let (X,(.,.)) be anormed space. Let E be subset of positive integers N and j € N.The quotient
d;(E) = M is called the j'th partial density of E. Note that d; is a probability measure on P(N) ,

with support {1,2, ...,j} .
d(E) = limj_,, d;(E) is called the natural density E € N (if exists)[2].

Recall that a sequence (x;) of elements of X is said to be statistically convergent tol € X if the
setA(e) ={n€N: [|x, —1|| = €} foreache > 0 has natural density zero .In other words for each
£>0,

1
lim—|{k<n: ||x,—=1]|=¢}=0
n—oo N

n—oo
The sequence (x,) is called to be statistically Cauchy sequence if for each € > 0 there exists a number

N = N(g) such that

1
lim=|{k<n: |[x,—x,/| =€} =0
n—)oon

In [4] Fridy prove that a sequence (x,,) is statistically convergence if and only if it is statistically Cauchy.
By the convergence of a double sequence we mean the convergence in Pringsheim’s sense [17].

A double sequence (X )jken is called to be convergence in the Pringsheim’s sense if for each € > 0
| < ¢ . liscalled

there exists a positive integer N = N(¢) such that for all j,k = N implies ||x]-k -1,z
the Pringsheim limit of (x;) .

Let A € N X N be a set of positive integers and let A(n,m) be the set of (j,k) in A such thatj < n and
k < m.Then the two-dimensional concept of natural density can be defined as follows :

card (A(n,m))

The lower asymptotic density of aset A © N X N is defined as d;(A) = liminf; , —

d (A(n, S . -
%ﬂiﬂm))} has a limit in Pringsheim’s sense then we say that A has a double natural

card (A(n,m))
nm )

If the sequence {

density and is defined as d,(A) = lim,, ;,

In this paper we define these concepts for double sequence x = (Xji )jken in paranormed spaces and

prove some results.
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2. Preliminaries Notes

The concept of paranorm is a generalization of absolute value [9,11]. Let X be a linear space ,and g be a
real subadditive function on X satisfying the following conditions:

Pg(x) =0 if x=0
P2) g(—x) = g(x) forall x € X.
Pg(x+y) < g(x) +g(y) forallx,y €X

P4)if (a,) is a sequence of scalars with a, > aqgasn - o andx, »a (n — ) .inthe sense
that g(x, — a) = 0(n = ), then a,x, = 0pa  (n = ) in the sense that g(a,x, —aga) =0
,(n = ).

g is called a paranorm on X and a paranormed space (X, g) is a topological linear space in which the
topology is given by the paranorm g. A paranormed space (X, g) is total paranormed space for which
g(x) = 0implies x =0

Note that each seminorm on X is a paranorm but converse need not be true . Note that a first countable
topological vector space is a paranormed space. A Fréchet space is a total and complete paranormed
space.

Definition 2.1: Let (X, g) be paranormed space .The sequence x = (X)) in X is said to be g-convergent
tolinXif foralle >0 , IN€EN, Vvn=N gx—-D<e

We write it as g—limx =1

Definition 2.2: A sequence x = (xy) is said to be bounded if for each k € N there exists M > 0 such
that g(xy) < M.

Note that a g-convergence sequence need not be bounded.
Definition 2.3: Let (X, g) be paranormed space .The sequence x = (X ) is a called g-Cauchy sequence if
Ve>0 ,3INyeEN, Vnm=Ny glx, —%Xp) <€

Definition 2.4: Let (X, g) be paranormed space .The sequence X = (xy) is a called g-statistically

convergent tolin Xif foreache >0,

1
lim—|{k<n: gxy—-1D=¢e}=0

n—oo N

We write

g(St) — liﬁn Xp =1
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Definition 2.5: Let (X, g) be paranormed space .The sequence x = (Xy) is a called g-statistically Cauchy

convergence in X if foreache >0 , 3ny € N such that

1
lim = |[{k<n:g(xc—x,,) =€}/ =0

n—-o n

3. Main Results

In [1] introduced the concepts of convergence and statistically convergence for single sequence in
paranormed space. Now, we introduce the idea of convergence and statistically convergence for double
sequence in paranormed space.

We inspire the follow definition of Pringsheim’s sense[18].

Definition 3.1: Let (X, g) be a paranormed space . A double sequence (x;y);ken is said to be g-
convergenttol € X if

Ve>0 ,3INeN, Vik=N gxx—-D<e

8

We write it as X — 1

)

A double sequence (x;k); kenis said to be bounded if for all j,k € N there exists M > 0 such that g(x;;) <
M

Definition 3.2: A double sequence (x;x);ken in paranormed space(X, g) is said to be g-statistical

convergenttol € X ,for each e > 0 , the set {(j, k): g(xjx —1) = €} has double natural density zero , in
other words

1
im — |[{G k)i < < b =1 > =
Jim —[{G k) Snk<m gy —1) ze}| =0
In this case we write it as

g(St) ~limx =1

Corollary 3.3 : Let (xjx)jken b€ a g-convergence double sequence in paranormed space (X, g) and
11 ,12 € X.If g(Stz) - limj’k Xjk = lland g(Stz) - limjrk Xjk = 12 Then 11 = 12 .

proof: Define the following sets and given € > 0
ME={0R:g— 123 . A ={(R):gkK— 1) = 3}
By assume ,d,( A1(e)) = 0 and dy(Ay(e)) =0

Now , let A(g) = A;(g) U A,(e) then dp( A(e)) =0.
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Now if (i,j) € A°(e) , we have :
gy — 1) = g(ly — xjc +xc — o) < gl — %) + 8(xj — ) < ¢
We get g(li-1)=0 and so =1
Corollary 3.4: If (xjx)jxen » (Vjk)jken be double sequences in paranormed space (X, g) and
g(Stp) — 1]1{31 Xjk = a g(Stp) — 1]1{{1 Yk =b
then
i) g(Stp) — lim; (xjx +yjx) =a+b
i) g(Stp) — lim axx = aa
Proof: The proof is easy.

In [1], has defined the concept of g-statistically Cauchy single sequence in paranormed space.We
introduce the g-statistically Cauchy for double sequences in paranormed space and prove some analogues.

Definition 3.5: A double sequence(x;i ); ken in paranormed space (X, g) is said to be g-statistically
Cauchy if forevery e > 0 , there exits N and M such that forall j,p> N , k,q = M, the set

{G,K),j < n k< m:g(xj —Xpq) > €}
has double natural density zero.

Theorem 3.6: Let (X, g) be paranormed space.A double sequence (xix);jken IS g-statistically convergent

tol € Xifand only if there exists a subset A = {(j,k)} € N x N, such that d,(A) = 1 and x; 51 on
Gk €eA.

Proof: Let g(St,) — lim;y xj = LPut A, = {(;k) € Nx N : g(xj — ) >3}
And M, ={GK) € NxN :g(xy —1) <z} (where r=12,..)
Thend,(A,) =0and M{2M, 2---2M; 2 M;;; 2+ and db(M)=1 , r=12..

Suppose that for (j, k) € M, ,(xjx)jken IS N0t g-convergent to [.Hence there exist,e > 0  such that
g(xjc — 1) = & for infinitely many terms.
LetM, = {(j,k) : g(xjk -1)<e} and ¢ >% r=12,.. M. EM, .

Therefore d,( M) # 1which is contradicts. Hence (i) ken 1S g —cCOnvergent to L.

Conversely, let that there exists A = {(j,k)} € N x N, such that
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i) dy(A) =1 ii)x, > 1 on (k) € A
By (ii) foreach e > 0 there is Ny € N such that g(x;, —1) <&  forallj k > N
Now A, = {(,K): g(xjk —1) = € Y& N XN — {(jng,; KNoys)» (Ngsnr KNoyp)r -3
Hence d, (AE) <1-1=0 . Therefore g(Sty) — lim;; xy =1.

Remark: If (xj)j ey g-statistically convergent to [ € X, then there exists a double sequence (yjy)jxen
in X such that y 51 and do({G. R x = yi}) =1

Theorem 3.7: If(x;i ); ken b€ a double sequence in paranormed space (X, g).The sequence (jy )jken IS &
statistically convergent if and only if (x;,); keniS g-statistically Cauchy.

Proof: Let g(Sty) — lim; x;, =1.Thenforeache >0 theset {(k):j<nk<m gxyx—1) = ¢}
has double natural density zero.

Choose two numbers N and M such that g(xymy —1) = «.

PutA(e) ={(G,k):j<nk<m g(xjk - XNM) >¢ }

B(e) = {(,k):j<nk< m glxp —1) =€}
Ce)={G,k):j=N<nk=M<m gxymy —D =€ }

Then A(g) € B(g) U C(¢) .

Hence d,(A(g)) < dy(B(e)) + do(C(e)) = 0 . Therefor(x;,); kew is g-statistically Cauchy.

Conversely, suppose that (x;)jken be g-statistically Cauchy but not g —statistically convergence.Hence
there exist N and M such that the set A(e)has double natural density zero .Therefor the set

E@)={(,k) : j< n,k<m g —xxm) <&}
has double natural density 1 .In particular,we can write
g(xjk —xnm) < 28(xj —1) < e it gly—D <3 .

Since(x;k); ken IS not g-statistically convergent, the set B(g) has double natural density 1, the set
{GK:j<n,k<m g(x) —1) <&} hasdouble natural density zero . Therefor by above ,the set

{Gk):jsnksm gxx—xwu) <¢}

has double natural density zero ,i.e.,the set A(€) has double natural density 1 which is contradiction.
Therefore (i) ken is g-statistically convergent.
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From Theorems 3.6 and 3.7 we can state the following for double sequences.

Theorem 3.8: Let(xj)jken b€ a double sequence in paranormed space (X, g).If the sequence(X;y ) ken
be g-statistically convergent to [ € X then there exists a subsequence (yjk)jken OF(Xjk)jken Such that

g
Yik =1
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