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Abstract
It is of interest to know whether we can solve a singular Fredholm integro-differential equation of the
second kind with an infinite or semi-infinite range of integrate via Petrov—Galerkin method by using
Legendre multiwavelet. For this purpose, we directly deal with infinite range of integrate. We introduce
some change of variables for mapping infinite interval into a finite interval. After that, we use Petrov—
Galerkin method with Legendre multiwavelet basis that yields linear system. Numerical results of our
example will demonstrate accuracy and efficiency of the proposed method.

Keywords: : Fredholm integro—differential equations, Petrov—Galerkin method, singularity, Legendre
multiwavelets.

1. Introduction

Many mathematical formulation of physical phenomena often contain singular integro—
differential equation. These equations arise in the Dirichlet problem, potential problem, radiative
equilibrium, elastic contact problems, and many others. The term "singularity" is usually used for any
lack of analytically in the problem. The following features make a singular problem:

1. Aninfinite or semi—infinite range of integrate.

2. A discontinuous derivative in the kernel or driving term like "Green’s function".
3. Aninfinite or non—exiting derivative of some finite order like f(t) = V1 — t2.

Singular integral and integro—differential equations can not be analytically solved easily so it is
required to obtain the approximate solution. In this work, our problem belongs to first group due to
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belongs to first group due to the range of integral is [0, o]. In fact, our problem consist of a singular
Fredholm integro—differential equation of the second kind with two boundary conditions. The general
form of the equations is:

2o a;(OXO() — [ k(s,0)x(s)ds = f(t) , 0<t<o
x0)=a«a (1)
x(0) =p

where the function £ (t), the kernel k(s, t) and a; (t) for each i = 0,1,...,m are known and x(t) the
exact solution is an unknown. Some methods ignore this singularity but dealing directly with that is
not difficult. For example, we can use a Nystrom method that a quadrature rule constructed for this
range (such as Gauss-Laguerre ) or we can use an expansion method. For this method, we should
choose a set of expansion function defined on the infinite interval. Two choices for interval [0, «] are

h(t) = e Ly (t)
2
h(®) =Q+2)T,(2) , z=()-1
where a, g are parameters [3]. An alternative to deal directly with infinite range is mapping onto a
finite interval and then solve the finite interval equation. In this paper, this rule is used.

In [1], Alpert constructed a class of like-wavelet basis for L2[0,1] and applied them for approximating
the solution of the Fredholm integral equation of the second kind. The numerical method employed in
[1] was the Galerkin method. In [4,5], the wavelet Petrov—Galerkin schemes based on discontinuous
orthogonal multiwavelets were described. In this paper we use Alpert‘s multiwavelets by using
Petrov—Galerkin method.

But numerical methods includes quadrature, collocation and Galerkin methods for Eq. (1) are used ago
that their analysis may be found in [5,6,7,8]. On the other hand, the Petrova€“-Galerkin method for
Fredholm integral equations has been studied in [2]. We can see from [2] that one of the advantages of
the Petrov-a€“Galerkin method is allowing us choose two different spaces for the trial space and the
test space while the order of convergence be similar to the Galerkin method. We want to use this
approach in process of solving problem.

This paper is organized as follows: at first, we give a brief summary of construction of Legendre
multiwavelet. In Section 3, we review The Petrov—Galerkin method and its convergence. To facilitate
access to the individual topics, the 2 and 3 chapters are rendered as self-contained as possible. Section
4 exhibits a numerical method for transferring a singular integro—differential equation to a linear
system by Petrov—Galerkin method. Section 5 illustrates some numerical examples to show the
accuracy and advantages of method presented. Finally Section 6 concludes the paper.

2. Legendre multiwavelet

In this section ,we want to construct one base for L2 [0,1] that is comprised of dilates and translates of
a finite set of functions hq, h,, ..., h;,. In particular, this base consists of orthonormal system

h]nm(X)zzm/Zhj(zmx_n) , j=1,---,k;m,7’lEZ (2)
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where the functions hy, hy, ..., h; are piecewise polynomial with the following properties:
1. to vanish outside interval [0,1]

2. being orthogonal to low—order polynomials (have vanishing moments)
fy hxidx=0 , i=0L..,k—=1 , j=12,...k

If we employ the multi-resolution analysis, we will composite SX . At first, suppose that k € N and
m =0,12,..., we define a space S of piecewise polynomial functions;

apolynomial of degree < k %stn—:;l
sf;={f:f(x)={ POy f deg 2 2
0 otherwise

wheren = 0,1,...,2™ — 1. You can see that dimS¥ = 2™k and
Sk csfccSkc

By this assumption, the 2™ k dimensional space R, can define as to be the orthogonal complement of
Sx NSy 4,

Sk @RN =Sk, R LSk
The following decomposition can immediately be obtained:
Si =S¢ © Rs ® RY @@ Ry

If the functions hy, h,, ..., h;: R = R form an orthogonal basis for R(’J‘, the k functions
fi, f2,---, fx: R = R supported on the interval [—1,1] can be constructed by the following form:

Die—1(x) 0<x<1

filx) = {(_1)i+k—1pk_l(_x) —1<x<0

where p,_1(x) is a polynomial of degree k — 1 with indeterminate coefficients. These functions have
the following properties:

1. The functions fi, f>,..., f; satisfy the following orthogonality and normality conditions:
S Rfdx = (fif) =6 , ij=1...k
2. The function f; has vanishing moments
[H fioxidx =0 , i=01,...,j+k-2
We can now define hy, h,, ..., by, by the following formula

h,(x) =V2f,(2x—=1) , i=1,...,k
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and obtain the equality
RY = Linearspan{h;(x):i = 1,...,k}
and, more generally,
Rk = Linearspan{hj’fm:hj’fm(x) = 2m/2hj(2mx -n),j=1,...,kkn=0,...,2" — 1}

Now, for each positive integer k, we let S¥ the trial space, be the space of polynomials of degree less
than k on the interval [0,1] and them vanish elsewhere. In this case, we suppose

Sk = Linearspan{Ly(x), L1 (%), ..., L1 (%)}
where L; (x) are orthonormal Legendre polynomials.
For making R(’)‘ the test space, we have to derive all f;(x) for each k. For example, suppose k = 3 then

ax’+bx+c 0<x<1
X)) =1—ax?+bx—c —-1<x<0
0 otherwise

dx’+ex+f 0<x<1
() =qdx?—ex+f -1<x<0
0 otherwise

gx’+hx+i 0<x<1
fix) =9—gx?+hx—i -1<x<0
0 otherwise

Under two above properties, we can make a linear system such that all unknown coefficients derive
from that. Although this system do not have unique solution, you can uniquely see all f; (x) for each k
in [1]. Then hy(x), hy(x), hs(x) will derive. After that, we can form a basis for RX, with each m, k.

3. The Petrov—Galerkin method and its convergence

In this section, we present a brief review of the Petrov-Galerkin method and conditions of its
convergence. We follow the notations of [1]. If X is a Banach space with the norm ||. || and X* is its
dual space, then two different sequences of finite dimensional subspaces X,, € Xand ¥,, € X* can be
chosen such that satisfying the condition (H):

(H) :Foreachx e Xandy e X", there exist x,, € X,, and y,, € Y,, such that
* llxn — x|l = 0and ||y, —yll > 0asn — o
« dimX,, =dimY,, n=1.2,....

In Petrov-Galerkin method, that is a numerical method, we seek x,, € X,, so aseachy, € Y, be
orthogonal on both sides of Eq. (1).
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((27;0 a; (t)D(i) - K)an yn) = (fr yn) forall Vn € Yn (3)

On the other hand, for x € X, an element p,,x € X is called a generalized best approximation from X,
to x with respect to Y, if it satisfies the equation

(x — DnX, yn) =0 forall Yo €Y, (4)

Thereupon, the Petrov-Galerkin method is a projection method with a generalized best approximation
projection. For existence and uniqueness of the generalized best approximation, the following
proposition exists:

For each x € X, the generalized best approximation from X,, to x with respect to Y, exists uniquely if
and only if

Y, N Xg = {0} ()

where X denotes the annihilator of X,, in X* that is the set of all functions satisfying a given set of
conditions which is zero on every member of a given set and say that X, L Y, if Y, n X} # {0}. By
this condition p,, is a projection.

For the proof we refer the reader to [1].

But this condition is not sufficient for insurance every x € X has a unique Petrov—Galerkin
approximation. Therefore, we have to introduce a new concept the regular pair. If there exists a linear
operator I1: X, = Y, with I1,X,, =Y, such that satisfying the condition

(H-1) Ixn ]l < cq(xy, M x, )2 forall x, €X,
(H - 2) ”ann” < CZHXn” forall Xy € Xy

where c; and c, are positive constants independent of n. The {X,,, Y,, } is called a regular pair.

On the other hand, if X,, and Y,, satisfy the condition (H) and {X,,, Y,,} be a regular pair, we have the
following statements:

1 ||IP,x—x%||>0 as n- oo, forall x€X.
2. | Byx—xI< CIl Q,x —x |l for some constant C > 0 independent of n.

It means, for ensuring existence and uniqueness of approximation solution for every x € X, we have to
consider the condition (H), and the conditions (H — 1) , (H — 2) for each construction separately.

If we choose SK and SX. such that dimSX, = dimSK., the condition (H) will satisfy and by assumption
linear operation I1,,: SK, — SK. as follow:

M (xa (9) = My (28 ¢y (©) = 525 * (g,d5(0) (6)

where

325



S. Akhavan / J. Math. Computer Sci. 9 (2014), 321-331

Sk = Linearspan{by(x), b,(X),..., b,m, (x)}
Sk, = Linearspan{dl(x),dz(x), ey dom’ (X)}

(7)
the conditions (H — 1) , (H — 2) will prove in two subsections.
3.1. Convergence of Legendre multiwavelet
The conditions (H — 1) , (H — 2) must separately prove for each basis containing a regular pair.
By definition I1,X,, =Y,, and the norm ||. ||, we have
(i, Ty ) = f %o (O, (3 (D)t
=Jy (ZE oby0) (ijfi I CT! (t))) dt
By assumption 2"k = dimSK = dimSK, = 2™ K/, we can write
=l (212:1k cjb; (t)) (ijrlk (¢, (t))> dt

If we rewrite this relation in matrices form, we will have

= [y CTomWT(HCdt
where

®(t) = [by (%), by(X), ..., bym, ()]
W) = [dy(x), dp(x), ..., dyw o ()]
C=[cy,coner,Com]T

By definition [B];; = [ b;(t)d;(t)dt, we have
= CTBC

where matrices B are diagonal with N positive integer as its diagonal entries that they are eigenvalues
of B. Therefore

= C%bll + C%bzz + -+ CI%IbNN
We can realize
2 2 2
Z AminB) (€1 + €5 + -+ ¢x) = Aming ) [ Xn |l

With choosing ¢; = , this relation can be rewrite as follow

_r
P\(minB )

1
, A (minB )
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Clearly, we have

. 2
”Han”% = fol (Zj2=1k (dej(t))) dt

By assumption 2"k = dimSK, = dimSK, = 2™ K’, we can write

= Iy (32 (o (t)))2 dt
= 7 (C"w®)dt= [ (C"w@®WT()C)dt
=T {f; (YY" ®)dt}c
By orthonormality of basis
= C"IC = [Ix, l13
This relation shows that the choice of an integer for ¢, > 1 yields (H — 2) condition.

4. Numerical method

In this section, we perform procedure with an algorithm consisting of three stages: the first stage "A"
mapping the range of integrate [0, oo] to a finite interval [0, R]. The second stage "B" finds the infinite
number of boundary condition x(o0) , and the third stage "C" solves the Fredholm integro-differential
equation of the second kind with singularity via Petrova€“Galerkin method by Legendre multiwavelet
basis. The details of the new algorithm is as follows:

At first, to map the range of integrate [0, o] into a finite interval [0, R], we can introduce the change
of variables;

~_ R -R .
§=— ds=—d§

s+1 $ 8
»_ R R (8)
t=— dt =—dS$

t+1

We find out ((1)) takes the form:

T2 a(DRO@) - [ g~ £y, 0<t<R
2R) =« ©)
x0)=p

We can now suppose R = 1 due to the range of Legendre multiwavelet. But other choices are R > 2
which make the change of variables, whereas the ranges of integrates are [0,1]. In fact, we truncate the
interval [0, R] to [0,1]. It is possible that R > 2 but we will not develop this point here.

We know %, € X,, and SK, forms a basis for the trial space X,,. Further, let %, (£) be an approximation
of exact solution %(t). We can write

£, (D =21 abi(®
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If we substitute %, (t) instead of %(t) in ((1)), we derive

Y2 a;() IV cgb P () - fol k(s, [Ny cqbg(s)]ds =f(t) , 0<t<1 (10)

or

Y245 3, (OCTOO (1) — [} k(s, )CTD(s)ds = (1)

This relation can be simplified as follow:

CTWG — CTK = f(t)

(11)
where
[ bi(® bP® - b™(© ao(t)
w=[0® P o MO o |u® \
by by®® - BN““)(t)Jl am (1)
[ J; k(s, Dby (s) ds ]
K=| [Ol k(s Dby(s) ds |
E I
|J, k(s )by (s) ds]
We now inner multiply both side in each element of Y,, basis, where SK. forms a basis for Y,, ( where
oMk = dimSK = dimSK, = 2" K’ and k > {2 i; $ _ gll: -1
CT [ WGWT(9dt — CT [ K¥T(9)dt = f f)W(t)dt (12)
where W(t) = (dy(t),dy(t),...,dy (t)". The system (12) have the following matrix form
CT[R—M]=F (13)
or
[R—M]TC=F (14)
where

[Rl,; = J; [WGlid;(Ddt

[M];; = [ [Klidj(©dt = [} [} k(s, Ob;(s)d;(t)dsdt

In the ((14)) system, we could use two exact equations instead of some two row of approximation
equations. These two additional equations derive from boundary conditions.

328



S. Akhavan / J. Math. Computer Sci. 9 (2014), 321-331

1L1bi(0) =« .
5
{ZiNzlbi(l) =B (1)

Solution of new system will derive the approximation solution.

5. Numerical results

In the following examples, we use Legendre multiwavelet basis for Petrov—Galerkin method with
different values of k,n, R = 1. The computations associated with the examples were performed using
Mathematica 8 software on a personal computer.

Example 5.1
1+ 02" (6) = L+ Ox (O +x(6) = [;(ts? = t)e Fx(s)ds = =+t
0<t<ow (16)
x(0)=1
x(0) =0

with exact solution x(t) = %th After substituting the change of variables ((8)) takes the following
form:

A(3)

4 -2 =2t |\ ~ a4 npp
2 'A_< R)+ 2>x(t)+x(t)+

) Rz
fy———— —ds =242 _o0<i<R
(e ) S D)
t(R)=1
£(0) =0

with exact solution %(t) = %. In Tables 1 the value of ||%, (t;) — R(t;)||_ are computed where t; =

L0<j<10withR=1.
Example 5.2
X'(t) = 2¢' (1) — 8x(t) — [, (ts? + x(s)ds = =t , 0 <t < o (17)

with exact solution x(t) = e~2¢. After substituting the change of variables ((8)) takes the following
form
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22\ ~ o P R o

=X B+ (-5 +20) % () — 82(D) + |, — L ds
[ () ¥ e
3 a
-3 0<t<R
a(%5)

2(R) =1
£(0) =0

R-t
with exact solution &(£) = e 2. In Table 2 the values of [|%, (t;) — (t;)||__ are computed where

§=2,1<j<10withR=1.

Table 1. results ofexp LwithR =1 Table 2. results of exp 2 withR = 1
Xn, Y %0 () = %[ Xn, Y 1% (&) — %D,
sé, 2 6.56710%10" sé, s? 9.27298*10°
s§,s3 7.12546*10" S8, s3 2.30143*107
S8, s? 7.19971*10™ S8 s 3.19595%10°
S4,s2 2.850981*10™ s4 52 1.27511*10™

6. Conclusion

In this paper, we solve the singular Fredholm integro—differential equations of the second kind which
the interval of integrate is an infinite interval. Two change of variables are used to map [0, o] into
[0,1]. The choice of [0,1] lies in the fact that support of Legendre multiwavelets is [0,1]. We use
Petrov—Galerkin approach by using Legendre multiwavelet basis for discretization technique. Its
accuracy and applicability were checked on some examples.
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