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Abstract

In the present paper, we investigate starlikeness of certain operators which are defined here by means
of convolution. Also, by using the technique of finite Blaschke product (see [3,8]), we prove the
sharpness of those results which were obtained earlier by authors in [1].
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1. Introduction

Let H = H(ID)be the class of all analytic functions in the unit disk D = {z € C: |z| < 1}. For n € Nlet
A, denote the subclass of H containing the functions f(z) of the form

f@) =2+ ap 12" + apg2™? + 5 (2 € D)
with A, = A. A function f € A is said to be starlike if it is univalent and f(ID) is starlike domain
(withrespect to the origin). The class of starlike functions is denoted by S*. A special subclass of S* is
the class of starlike functions of order y with 0 < y < 1, given by

S*(y) = {f € A:Re (i{é?) >Y,z€ ]D}.

It is well known that $*(0) = S*,(see [2]).

For functions f, g € H given by

[ee]

F&) =) a9 = ) bst
k=0

k=0
the Hadamard product (or convolution)of f, g in D is defined by
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(F 9@ =) arbzt =g+ )@,
k=0
ForneNO<a<l0<u<anandA>O0letU,(a,u A) be defined as follows

(A){ G-o () +a(-=)" F -1 <a
U,(a,u, ) = €A, -« (—) +a(—> z)—1|1 < ,ZED}
@k =) €A @) T fw)
with Uy (a, u, 1) = U(a, u, A). The special case of this class has been studied in [5].
For f € U, (a, u, 1) we define the operator G (z) by
1
G(2) =z| — €
(}Tz)) * ®(a;c;2)
7z \H
where a, ¢ € C, ¢ # 0'_1’_2""’(%) « ®(a; c; 7) # 0and
®(a;c;z) = Z,;”:O%zk, (ze D) 2
with (@), = a(a+1)(a+2) - (a+ k —1) and (a)g = 1. Also, let
L m
HZ) =z ~m———| ,(f € Up(a, 1, D)) 3)
(f(—z)) *W(m,y,z)
7z \H
wherem < 1,y # 0,Rey =0, (ﬁ) *W(m,y,z) # 0and
k
Wimy,z)=1+Q1-m) ¥, (z€D). (4)

In [1] certain sufficient conditions in terms of «, u, A,y and n were obtained, so that functions in
U, (a,u, 1) belong to S*(y). Similarly, other conditions for these parameters were obtained such that
the analytic functions G(z) and H(z) be in S*. In all these cases, the sharpness part was not proved. In
this paper, by using the same techniques as in [8] we prove the sharpness part. Also, we give another
proof for the starlikeness of G(z) and H(z).In order to prove our results we need the following
lemmas.

Lemma 1.1. ([3])Let ¢, € R. There exists a sequence {b,,} of finite Blaschke products such that
b,(0) = 0,b,(1) = e and b,,(z) — e™¥ z uniformly on compact subsets of ID.

Here a finite Blaschke product is a function as the type

n

5 Z — Qg

b(z) = e" 1_[1 s ({a;} €D,y €R).
k=1

Lemma 1.2. ([7]) If f and g are analytic and F and G are convex (univalent) such that f < F and
g < G,then f * g < F % G, where < denotes the usual subordination, (see [2]).

Lemma 1.3. ([6]) Let c € CwithRec < land E.(z) = Z;‘{’zlgz“‘l € H. Then
sup |f(2) * F.(2)| < supl|f(2)|,(f € H).
zeD zeD
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2.Main Results
We begin with the following lemma that will be used in the next theorems.

Lemma 2.1. For fixed real numbers ne N,0O<a <1,0<pu<anand 1 >0 let f € U,(a,u, A).
There exists an analytic function w(z) in D where |[w(z)|<1 and w(0) = w () ==
w®=D(0) = 0, such that

zf'(z) 1 1+ Aw(2)
f@) ali T iv@) —+a-1|(zeD).

ta

Proof. For f(z) = z + a, 12" + -+ € A,,, We can write

7z \Mtl 1 . . )
- =1l-(u+ + -
(f(Z)) 1+ (w+Daypqz™ + - W+ Dayz

So, we obtain

u+l

# z ’
-9 (zg) +elfm) 1@
= (L (4 Dz + ) (A+ L+ am)agaz” + )

=1+ (an—pwa,12™ + -

=142 (E

),

Therefore, there exists an analytic function w(z) in D withjw(z)| < 1 and w(0) = w' (0) = --- =
w®@=1D(0) = 0, such that

a-a) () +a f(zz))”+1 £ (2) =1+ w(2). (5)

Letp(z) = (m) Then p(z) is analytic in D and p(0) = 1. Differentiatingp(z) we obtain

p(z) - %ZP' (2) =1+ Aw(2). (6)

Solving the first order differential equation (6) we conclude that

A (tw(tz)
p(z) =1-— N
ta
or equally
f(@) 1
() T iEEE )

+1

Using (5) and (7) we obtain the required result. This completes the proof.m

Now, we restate the sharp version ofTheorem 2.1 in [1] and prove the sharpness part.
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Theorem 2.2 [1. Theorem 2.1]. Let n € Nn 222" <a<1land n(l—a) <p<an. If f€
U, (a,u, 1), then f € S*(y) for0 < A < A(a, u,n,y), where

@-w2ad-p-1__ _  _p-nl-o

AMa,pn,y) = { Jan-— i+ @@ad-p-1n  wl+n
(an-—wW@A -1 ponl-@
n+uy-1) ' ul+n) VST

also, all bounds for A are the best possible.

Proof. Suppose that f(z) = z + a, ;12" + -+ € U, (a, u, 2). By Lemma 2.1 there exists an analytic
function w(z) in D with [w(z)| < 1 and w(0) = w (0) = --- = w®~D(0) = 0 such that

zf'(z) 1 14+ Aw(2) N 1
@) ~a\1-Zpremy )
tE

and therefore

L(Zf (@) > _ (=D —ay) (a —Au fol V:,gz) dt) +a(l+ /’lw(z)).
@) a(l—y) (a —Au flw(tf) dt)

ta

zf (2)
f(2)
last equation, it is sufficient to show that

Now, we have to show that Re ( ) > y. To do this, according to a well-known result in [6]and the

((a—l)—ay)(a A fl

a(l—y) (a —Au fol V:éizl) dt)

) dt) +a(l+ w(2)
tat

+ —iT, (T € R),

which is equivalent to

1w(tz)

w(z)+/,t(M T(1l- y))f dt

A A=A+ TH < # —1,(T € R).

Let

W(Z) +M(ay+1 a T(l )/) )flw(tz)
M = sup :

2€D,wEB,, TER a(l-y)A+Ti) ’

dt

with

B, = {W e HD): lw(2)| <1land w®(0)=0k=01,2,,n— 1}.
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Then f € S*(y)if AM < 1. This shows that it is sufficient to find M. By the general Schwarz lemma
we have |w(z)| < |z|™, so we see that

_\2
e e s
M < sup =

) 8
TeR a(l-y)V1+T? ®

In fact, in the sequel, we prove that equality holds in the above relation, hence the sharpness is
established. By Lemma 1.1 given i, ¢ € R there exists a sequence of finite Blaschke products
{wy ()} such that wy, (1) = e™ and wy (z) — e? z"uniformly on compact subsets of . Therefore,
we have the following relation for each T € R:

w(z) +u (—ayﬂ_a —-T(1- y)i) flw(tz) dt

a 0 t%+1
su -
ZeDwes, a(l— )T +TD
2
o o _Ha [(aytl-a 2T 2,i(9+61)
e +na_ﬂ\/( - ) + (1 —y)°T?e 1
< sup )
¥.9€ER a(l—y)J1+T?
ay +1—a

where 61 = Arg (T -T1 - y)i). Fixing ¢ and choosing ¥ = ¢ + 61, we get the required

equality in (8). Thus the bound for M is sharp as a function of 7. m

By taking y = 0 in Theorem 2.2 we obtain the following sharp result.

Corollary 2.3. Let neN,n > 2,”2—“: <a<land nl-a)<u<an If feU,(au), then

(an—p)V2a—1

* <
fes for0<A< T 026D

, and the bound forA is sharp.

Theorem 24.Let n € N,n > 2,"2—:l <a<land n(l—a)<u<an. Also, let p(z) =1+ b1z +

b,z? + --- with b, # 0 be convex (univalent) in D. If f(z) =z + a,412"** + - € U, (a, 4, 1) and
®(a; c; z) defined by (2) satisfy the conditions

(é)# *®(a;c;z) #0,®(a;c;2) < ¢(2),(z € D)

then the function G (z)defined by (1) has the following properties:

e (GE Un(a,ﬂ;/llbnl)'

e GeS*for0<i< (an —pu)v2a 1

by v/ (an —p)?+u2(2a—1)

In the case 2 the bound for A is sharp.

Proof. The definition of G shows that

(sz))” B (f(Zz)># * @(a;6;2).

Also, a simple calculation gives
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’

(60 =66 -G v

Therefore, we obtain

’

a-a(g5) + (ﬁ)wl("'(z) - (@)
= (}%) * ®(a;c;z) — <{ ((f(z))“)’} * ®(a;c; Z))
= (}%)# x®(a;0;2) —a (}%) *®(a;c2) +a <<f(z ))Hlf'(z)) * ®(a;c;2)

((1 —a) (f( ))H (%)le'(@) * ®(a; c; 2).

Since 1 + Az™ and ¢(z) are convex in D and by the assumption (also, see relation (5) )

z \Ht1
(_> f(2) <1+ 22", ®(a;¢c;2) < ¢(2)

a-o(r5) +alre

f(z )>

so, by Lemma 1.2, we deduce that

- )(G( ))H (%)H+1G’(2)<1+Abnz".

Case 1 now follows from the last subordination, while 2 is a simple consequence of Corollary 2.3.
|

It is well-known that if a > 0 and ¢ > max{2, a}, then®(aq; c; z) defined by (2) is convex in D, (see
[4]). So, if we take ¢(z) = ®(a; c; z) in Theorem 2.4, we obtain the following sharp result.

Corollary 2.5.Let n € N,n > 2,a >0 and ¢ = max{2,a}. Also, let "—+1 <a<land n(l—a)<

u < anlf f € U,(a,u,A) and ®(a; c; z) defined by (2) satisfy the condltlon( ) *®P(a;c;z) #0

f(@
for all z € D, then the function G (z) defined by (1) has the following properties:

» et (enisy)

e GeS*where0 < A<

[()nl(an—p)V2a—1
[(@)y IV (@n—p)2+u2(2a—1)

Also, the bound for A is sharp.

Theorem 2.6. For n€N,n > 2,"—+1 <a<l and n(l—a)<u<an letf € U,(a,u, ). If

m <1, Rey >0 and¥(m,y, z) defined by (4) satisfy the condition (f( )) *W(m,y,z) # 0 for all
z € D, then then the function H(z) given by (3) has the following properties:

e HeU,(auA(l—m)),

e HeS*where0 <1< (an —p)voa—1

(1-m)y/(an—p)?+u?(2a—1)
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In the case 2 the bound for A is best possible.

Proof. Using the same steps as in the proof of Theorem 2.4 we obtain

(1—a)( )#HH’(Z)—l:

Hfz))ﬂ ta (HfZ)

((1 -0 (725) + (]%)Mf’(z)) Wy, 2) -1

z

((1 ~a) (%) +a(%) " F @ - 1) (14 a-mzia )

(1/y)z*1

“aem(a- () vl " re 1) (554

Now, by using Lemma 1.3 withc =1 — )% we conclude that

‘(1 ~a H(z )>H (%)MH'(Z) - 1‘

<(Q1- m)sup

<(1-mA.

This proves the case 1. Case 2 follows simply from Corollary 2.3.m
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