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Abstract

In this paper, we present a deterministic finite element approach for solving a random forced
Diffusion equation. Separation of random and deterministic variables is done by Karhunen-
Loeve expansion. Truncating the Karhunen-Loeve expansion of the permeability field leads to a
finite dimensional approximation of the problem. The problem is discretized, in spatial part,
using the finite-element method and the polynomial chaos expansion in stochastic part. Finally,
using Kronecker product preconditioner and thus, preconditioned conjugate gradient method the
governed system of equation is solved. Numerical experiments are presented for illustrating the
theoretical results.

Keywords: Stochastic partial differential equation, Karhunen-Loeve expansion, Wiener Chaos expansion,
finite element method.

1. Introduction

Physical problems, often, can be formulated as mathematical models which in many cases contain partial
differential equations (PDESs). Uncertainty might plagues everything from modeling assumptions to
experimental data. So, the differential coefficient and source functions in the model might represent as
functions of the spatial domain and some sample space. In this case we deal with a stochastic partial
differential equation (SPDE). In this paper, we consider the stochastic steady-state diffusion equation
along with homogeneous Dirichlet boundary-value conditions. In stochastic engineering, the perturbation
method is a popular technique, cf., e.g., [7, 10, 11, 13, 14, 16, 21]. Considering certain smoothness
conditions, the random functions and operators involved in the differential equation are expanded in a
Taylor series about their respective mean values. In this way, usually good results are obtained only for
small deviations, cf., e.g., [11,16]. The Neumann expansion series method is another approach. In this
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approach, the inverse of the stochastic operator is approximated by its Neumann series [4,18]. Recently, a
method based on a spectral representation of the uncertainty is introduced by Ghanem and Spanos [9],
where utilizes the Karhunen-Loeve expansion (KLE) of correlated random functions, cf. [12]. In order to
allow for other representations of the random processes, the spectral finite element scheme is generalized
by Babuska and et al. [1,2,3]. Here, we follow the Galerkin finite element method of stochastic diffusion
problems. We use the kronecker product preconditioner presented by Ullmann [20] to clustering the
eigenvalues of the global matrix gained at the end of variational computation. Thus, using preconditioned
conjugate gradient method [17], the large scale system of equation is solved, which gives good
computational results. The organization of this paper is as follow: In Section 2, Karhunen-Loeve
expansion (KLE) and polynomial chaos expansion (PCE) is presented. In Section 3, stochastic Galerkin
method, kroneker product preconditioner and computation of statistics is proposed. In Section 4, some
numerical result is illustrated.

2 Problem formulation

Our model problem is a steady state diffusion problem in a 2D domain with inhomogeneous stochastic
diffusion coefficient a(x, w):

V. (alx, w)Vu(x, w)) = z(x, w) in DxQ

ulx,w) =0 D)

where D is the spatial domain, 2 is probability space and a(x, ) is the correlated random
fields. Hence, the solutions u(x,w) of the SPDE (1) are also random fields. As an
important assumption for the stochastic diffusion equation (1), it is assumed that the
random coefficient u(x, ) satisfies the elliptic condition. That is, there exist a constant
A SUCh that

0 < apin < alx,w) )

2.1 Karhunen-Loeve Expansion (KLE)
Consider a random field a(x, w), x € D, with finite second order moment

f E[a?(x, w)]dx < o
Q

Assume that E[a] = a(x). It is possible to expand a(x, w), for a given orthonormal basis {1} in L?(D),
as a generalized Fourier series

a(t,w) =) + ) (@) ) ®
where -

aj (w) =_[ alx, )P, (x)dx, k=12, ..
Q

are random variables with zero means. It is important, now, to find a special basis {¢,} that makes
corresponding ay, uncorrelated: Efa;a;] = 0 for al li # j. Denoting the covariance function of a(x, w) by
R(x,y) = E[a(x, w)a(y, w)], the basis functions {¢, } should satisfy
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Flag] = | ¢idx [ Reun§ 0y =0, i)
D D
Complete and orthonormality of {¢, } in L?(D) follows that ¢, (x) are eigenfunctions of R(x, y):

f R(x,y) ¢; ()dy = 4 ¢; (x), j=12,.. 4
D
where 4, = E[a}?] > 0. Indeed, by choosing basis functions ¢, (x) as the solutions of the eigenproblem

(4), the random variables a; (w) will be uncorrelated. Denoting 6, = ak/\//l_, we have the following
expansion:

a(t,w) =) + ) T0(@) () ®)
k=1

where 0, satisfy E[6,] =0 and E[6;6,] = §;;. In the case that a(x, w) is considered as a Gaussian
process, a, (w), k = 1,2,... will be independent Gaussian random variables. The expansion (5) is known
as the Karhunen-Loeve expansion (KLE) of the stochastic process a(x, w).

Using the KLE (5), the stochastic process can be represented as a series of uncorrelated random variables.
Since the basic functions ¢, (x) are deterministic, the spatial dependence of the random process can be
resolved by them. The KLE converges to the random process a(x, w) in the mean square sense

Jim f Ela(x,w) — ay(x,w)|?dx = 0,
—00 D

where

N
ax =T + ) T, ®)
k=1

is a finite term [12,15]. So, among all the Fourier expansions (3), the KLE with the basis function ¢, (x)
determined by the eigen problem (4) has the fastest convergence rate. The convergence rate of the KLE
only depends on the smoothness of the covariance function, but not on the specific probability structure of
the process being expanded. The KLE converges fast if the covariance function R(x, y) is very smooth. In
this case, we only need to keep the leading order terms (quantified by the magnitude of 4;) in the finite
KLE and still capture most of the energy of the stochastic process a(x, w). For the finite KLE (6), we
define its energy ratio as

Jy Elayl®dx 3,4
Jo, Elal?dx Zie=1 A

If the eigenvalues A, k = 1,2, ..., decay very fast, then the finite term KLE would be good approximation
of the stochastic process [5,8].

e(N) =

2.2 Polynomial Chaos Expansion (PCE)

There are problems, as the solution of a PDE with random inputs, that the covariance function of a
random process u(x, w), x € D is not known. The solution of such problems can be represented using a
polynomial chaos expansion (PCE) given by

[ee)

U w) = ) () Ve () ™

k=1
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where, the functions u; (x) are deterministic coefficients, w is a vector of orthonormal random variables
and ¥, (w) are multi-dimensional orthogonal polynomials with the following properties:

(P1) = E[P1] =1, (Pr) =0k >1, (V%) = hidy; ®
The convergence property of PCE for a random quantity in L? is ensured by the Cameron-Martin theorem
[5, 22], i.e.

(@) = D () Yi@)) 0.
k=1

Hence, for the sake of computation, this convergence justifies a truncation of PCE to a finite number of

terms,
P

u(,0) = ) 13,00 ¥ (@) ©
k=1

where, the value of P is determined by the highest degree of polynomial d, used to represent u, and the
number N of random variables — the length of w — with the formula P +1 = (N + d)!/N!d! [22].
Generally, the value of N is the same as the number of uncorrelated random variables in the system or
equivalently, the truncation length of the truncated KLE. Typically, the value of d is chosen by some
heuristic method. Indeed, in the case of d = 1 and N random variables, the KLE is a special case of the
PCE.

3 Stochastic Galerkin

Suppose W; c L,%i(ﬂl-) with dimension p; fori =1, ..., M and V < H}(D) with dimension N. In addition;
let {y} fle for i = 1,..,M be basis of W; and {¢;}", a basis of V. The finite dimensional tensor
product space W; @ ... ® Wy, @ V can be defined as the space spanned by the functions {1,0%1, ) lp,’le o}
forall ny € {1, ...,p1},...my € {1, ...,py} and i € {1, ..., N}. To simplify notation, let n denote a multi-
index whose kth component n;, € {1, ...,p;} and I denote the set of such multi-indices, then the basis
functions for the tensor product space have the form

Uni (X, (U) = ¢i(x)llun (w)

where
M

v, = | [k, @o.
k=1
Then, the Galerkin method is looking for a solution@ € W; & ... ® Wy, ® V such that

f p(a))J a(x,)Vupp(x,w). Vvy (x, w)dxdw = j p(w) f z(x, w)vy; (x, w)dxdw (10)
Q D Q D
forallmeTandi =1,..., N, which p(w) is the integration weight. Equivalently,plugging in the explicit

formula for the basic functions, equation (10) can be written as

| p@@) [ atewIPun (0.7 @dxdo = [ p@#@) [ 2 )dGodxdo @)
Q D Q D
forallme Iandi =1, ..., N. Now, considering the approximate solution as
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N
(6 @) = Dty ¢y (0¥ (@) (12)
j=1mel
and substituting (12) into the equation (11) yields :
Z > f P(@) (@) ¥in () f a(, @)V (). Vb (x)dxdeo (13)
j=1mel

= [ @) [ 260039 @ dxdo
Q D

forallmelandi=1,..,N.LetP =|I| = H{L":lpk, then, a natural bijection between {1, ..., P} and I
can be defined. Thus, equation (13) can be written as

Z Z u,m f p(@) ¥, (@) ¥ () f a(x, )V (). 7, (x)dxdo 14

j=lm=1

- f P(@)¥, (@) f 206, )b (¥) dxdao
Now, if a and z have the following KLE:
M
a(x,®) = ap() + ) ()
i=1
and
M
206, @) = 2000 + ) ¥z ()
i=1

Then, we can rewrite equation (14) as

Z Z - ((Ko)u | oty @) @) + Z Ky f p()¥, (@) %, (w)ykdw> 1)

j=1lm=1

= o) [ PP @)do + Z(zk)i | p@y@yede

Q m=1 Q
where
(K = [ @ GIV900.70 I = Y s ()P, Py (i) (16)
and 0 '
() = [ 2@o a2 Y W )os) )
D r

fork=1,..,Mandi=1,..,N [3]. Equations (16) and (17) are approximated by quadrature rule in
spatial domain. Now, assume that there exist functions ¥,, n =1, ..., P such that

275



R. Naseri, A. Malek / J. Math. Computer Sci. 9 (2014), 271-2382

f P(@)¥, (@) ¥ (0)de> = Sy
Q

and

f p(w)l‘un ((‘)) l‘Um (w)ykdw = Ckn 8mn'
Q

where, for m = n, the above integral is approximated using quadrature rule in random domain as follow:

| p@t @ @edo = Y wip) P @Imw,)
Q s

Then, equation (15) becomes
P

Z Ujm <(Ko)u +Z Cin (Kk)11> mn

]: m=1

- o) | p(w)wn(w>dw+2<zk>i | oy @ede
k=1
or, equivalently, ! ’
N M M
D ttm ((Kox,,- + Cn (Kkn,,-) = o) [ p@@)do + Y @) [ p@) (@yido
j=1 k=1 Q k=1 Q
Irjl equations (19) and (20) we have:

f p(w)¥,(w)dw =0; forn #0,
Q
and

| p@t @i = [ p)o@) P @)yido = G = Cio
Q Q
Finally, equation (20) can be considered as the following block diagonal system

KO +Z Clek b 0

0 K0+zckak

(18)

(19)

(20)

(21

or briefly, Ki = Z. Once u has been computed, it can be post-processed to obtain meaningful
information, such as the mean and variance of u;p. Definitions of mean and variance of a
random field (noting that a random field is a stochastic process) can be found in [14,19]. The

expected value of uy,p is given by

E(unp) = f (@) ZZ i B 0P (@) | dos

j=lm=
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P

N
j=1

U ¢y () f (@)W, (@) dw
1 Q

N

= Zujl ¢; (x)

j=1

on account that ¥; =1 and the orthogonality conditions (8). Therefore, if x; is a node

corresponding to the basis function ¢;, E (usp (X, w)) = w1, the variance of u,p is given by
2

m=

N P
V) = [ p@)| D0t ;0% (@) | do - By
j=1m=1
Q ] ,
N P N
=3 Y @ [ s @ do - | it @)
j=1lm=1 Q j=1

Adopting the notation

N
w () = ) @), ¢ ()
j=1

one can compute the m®"statistical moments of the solution as

m

P P
=) D B[O Wi 1 () o, ().

k=1 k=1

P
E[u(., 2] ~ E (Z V(g (x))
k=1

3.1 Kronecker product preconditioners.

Rewriting equation (21) as:
M
<Z Gk ® Kk)ﬂ = Z
k=0

—

R
the strategy is to choose P = G ® K as a preconditioner, such that

G = argmin{H € RP*?:||[K —H ® Ko||}
where, as mentioned in PCE, P is equals with the degree of polynomial chaos truncation, and ||. || -denotes
the Frobenius norm. The closed form of the solution can be written as follow [6,20],

tr(K!' K,
G=1I +ZMG,(.

Which tr(K! Ky) = Zivjl[Kk]i,i [Koli; and hence, the coefficients in above equality can be computed
straightforward. In addition, since K and K; are symmetric and positive definite, so G and P = G Q K,
have also these properties. Now, using preconditioned Newton’s conjugate gradient algorithm, we
can find fast and accurate convergence of the solution [20].

In fact P can be written as:
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o
Il

tT(Kk Ko)
0 w14 Z
P tr (KoTKo)

So P~1K can be expressed as:

Ko + Y121 Cia Ko 0
tr(Kk Ko)
1+ 3k C"l tr (K] Ko)
Pk = ;
0 Ko + Xi=1 Cip K.
tr(Kk Ko)
1+ X1 Cip tr (KJ Ko).
Finally, after precondltlomng the problem, we are interested in solving the following equation:
Ko + Yi—1 Cra K 0 ] / z! \
M tr (K{ Ko) tr (KT Ko)
1 2 Gt gy (ﬁ ) | L+ Xk Gy ooy Ik |
: : = | : |
. Ko+ T G K [\up/ | AL |
tT(Kk Ko) M tT(Kk Ko)
1+ X 1 Cht o kT 1+ Xie=1 Gt ey

Usmg Newton’s conjugate gradient algorithm we can find fast and accurate convergence of the
solution.

4 Experimental results

Example 1- 2D Poisson Equation: The first example is a Poisson equation in two spatial
dimensions with one constant random parameter. Let D = {(x,y): -1 <x<1,-1<y <1} be
the spatial domain of the problem and 2 the sample space. Then we seek a solution
u(x, y, w)such that satisfies

2 2
a()(u(x,y, w)g +ulx,y, 0),,) = exp [—64 * <(x - %) + ( - %) )] in Dx0

u(x,y,w) =0 onD X 0.2
where a(w) is a random variable distributed uniformly over the interval [1,3]. First we express a
in terms of a uniform random variable on [—1,1], i.e
a=¢&+4+2 where E~U[—1,1].
Figure 1, illustrates approximated solution, standard deviation and expectation counter plot and
global matrix sparsity, for 50*50 mesh points of spatial domain, d=3, (hnumber of random
variables) and N=4 (degree of polynomials) .

278



R. Naseri, A. Malek / J. Math. Computer Sci. 9 (2014), 271-2382
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Fig 1.1llustration of the approximated solution and its mean value, standard deviation and global
matrix sparsity for d=3, N=4, 50*50 mesh points in Example 1.

Example 2: consider the following SPDE

—V.(alx,y, 0)Vu(x,y,w)) = z(x,y) (x,y)€eD, wef
where D = [—1,1]?, Q~U[—1,1], the boundary condition is given as
u = 1L.1sign(sin(mx) sin(my)).
and
z(x,y) = sin(mx) sin(mwy) + x.
The random field a(x, y, w) is characterized by its mean and covariance function
E[a] = 10, R(xy,x,) = e~ 1% x, x, € [-1,1].
The truncated KLE of a(x, y, w) can be expressed as:

N
a(x,y,w) =10 + A w; ;i (x).
;\/7 ) Pj

The eigenpairs 4;, w; in truncated KLE solve the integral equation

J e~ (1% ¢ (x,)d, xp = Ay (, x1)

For this special case of the covariance function, we have explicit expression for 4; and ¢; [9].
Let w;, .. and w; . solve the equations

1— w;

J even

):0,(‘).

tan(a)- Jodd

+ tan(wjodd ) =0

even
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Then the even and odd indexed eigenfunctions are given by:

cosiliw; x) sinffw;  x)
¢jeven (x) = }--Even ¢)} dd (x) = ol
sinfRw ; ) ¢ o
\/1-}-—2(0.]9‘”’" 1_sm=_162wjodd)
J
even Zw}odd

and corresponding eigenvalues are given by:
2 2

A x)=———74 (x) =—5——

]even( ) wjzwen +1 ]odd( ) ijDdd +1
We choose w; = (w, ..,wy)T to be independent random variables uniformly distributed over
the interval [—1,1]. First of all, we find numerical approximations of w; ~ and wj , With
bisection method, and then, with the eigenpairs evaluated with these w;, ~ and w; ., We
construct the KLE of d =2, N = 6, which emphasis that P = 28. Figure 2, illustrates mean
value representation, standard deviation and expectation counter plot and global matrix sparsity,
for 20*20 mesh points

Mean values Standard Dev. - SGS

0.1
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0.04
0.02
10 20 0

sparsity of global matrix

0 N -
2000 \\

N
2NN
8000 \\\\\

10000

Upean

0 5000 10000
nz = 189952

Fig 2. lllustration of the approximated solution and its mean value, standard deviation and global
matrix sparsity for d=2, N=6, 20*20 mesh points in Example 2.

Example 3: similar to Example 2, consider the following SPDE

-v. (a(x, vy, w)Vu(x, y,w)) =z(x,y) (x,y)eD, wefd
where D = [—1,1]?, Q~U[—1,1], with the boundary condition
u(x,y,w) =0 on D xanN
and
z(x,y) = 2m?sin(mx) sin(my) in Dx0
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Figure 3, illustrates mean value representation, standard deviation and expectation counter plot
and global matrix sparsity, for 50*50 mesh points of spatial domain, d=1, (number of random
variables) and N=3 (degree of polynomials) which emphasis that P=4.

Mean values Standard Dev. - SGS

y 00 X 1 0 1

sparsity of global matrix

2000

4000

6000

0 2000 4000 6000
nz = 82012

Fig 3. Numerical solution of example 3 with 50*50 mesh points, d=1, N=3

5 Conclusion

We described a deterministic finite element (FE) solution algorithm for the stochastic elliptic
boundary value problem, whose coefficient are assumed to be random field. Separation of
random and deterministic variables is achieved via Karhunen-Loeve Expansion (KLE). Finite
element discretization utilized in both spatial space and probability space. Using the Polynomial
Chaos Expansion (PCE) and constructing the solution based on orthogonal basis and truncating
the KLE of the permeability field lead to find a finite dimensional approximation. Finally, since
the resulted system of equation governed by discretizing the problem is large and sparse, we use
Kronecker product preconditioner and Newton’s conjugate gradient method to solve this system
of equation more accurate and fast. Numerical results presented for illustrating the theoretical
results.
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