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Abstract
In this paper, by considering distributed optimal control over a PDE, a gradient based iterative
Algorithm is proposed for solving is proposed and analyzed. Galerkin finite element method is used
for solving underlying PDE, then the adjoint base technique for derivative computation to
implementation of the optimal control issue in preconditioned Newton's conjugate gradient method
isused.
The interface and connection between quadratic programming extracted from discretizing the
problem and Newton's type method, as well as the convergence rate of the algorithm in each
iteration is established.
Updating control values at discretization points in each iteration yields optimal control of the
problem, where the corresponding state values at these points approximate the desired function.
Numerical experiments are presented for illustrating the theoretical results.

Keywords: Diffusion equation, optimal control problem, finite element method, Newton's conjugate
gradient method.

1 Introduction

Optimization problems, constraints with partial differential equation (PDE), arise in many areas
such as mathematical finance [2, 3, 4], aerodynamics [13, 15], environmental engineering [11]
and medicine [1, 10] and generally are infinite dimensional, large and complex. In order to solve
a PDE-constrained optimization problem, the question about should | first discretize the
optimization problem and then solve the discretized optimization problem (DO), or should first |
optimize the continuous problem and obtain a set of equations to discretize (OD), is not
avoidable. An important challenge in optimization problems is that, these two steps do not
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commute. Thus, the two different approaches could lead to two different solutions. Our intention
is to proposean efficient DO algorithm. The advantages and disadvantages of both approaches
are summarized by Gunzburger in [6]. With OD approach, one can obtain inconsistent gradients
of the objective functional. In other words, unless the grid is fine enough, the approximate
gradient obtained with OD is not a true gradient [7]. In this paper the specific DO approach is
used as follows: At first, discretization of the underlying PDE is done via Galerkin finite
element.Since the discretized system of equation is sparse and so large, preconditioned Newton's
conjugate gradient approach, is a good choice to solve the governed equation efficiently. In this
way the control vector is computed, where the corresponding solution of PDE is nearest
approximation of desired function and has low cost in the objective function [8]. The relation
between quadratic programming extracted from discretizing the optimal control problem over
PDE, and Newton's type method is established. It is shown that under certain conditions the
algorithm s strictly convergent to its optimal vector. According to the above discussion, in
Section 2, problem definition, derivatives computation and Newton's conjugate gradient method
is discussed. In Section 3, distributed optimal control for elliptic equation using Galerkin finite
element approach is proposed. Finally in Section 4, numerical results for some optimal control
problems are presented.

2 Problem formulation

We consider optimal control problems of the form
minyeyyey J(y,u) subjecttoe(y,u) =0, (y,u) € Wy 1)

whereJ: Y x U — Ris the objective function, e:Y x U — Zis an operator between Banach spaces,
and W,;, c W :=Y x U is a nonempty closed set. Existence and uniqueness of the solution to
these problems are ensured by implicit function theorem [16].1t is considered that ] and e are
continuously F-differentiable and for each u e U the state equation e (y,u) = 0 possesses a
unique corresponding solution y(u) €Y. So, in fact we have a solution operator ueU —
y (u) € Y. Furthermore, it is assumed that e, (y (u),u) € £ (Y,Z) is continuously invertible.
Then, the continuously differentiability of y(w) is ensured by implicit function theorem.
Differentiating the equation e(y(u),u) =0 with respect to u yields an equation for the
derivative y'(u):
e, (y (W, Wy (W) + e, (y (w),u) =0 2)

Inserting y(u) in (1), the reduced problem becomes

min,y Jw) :=J(y(w),u) subjectto  ue Uy := {ueU: (y(w),u) € Woq} ©)
It will be important to investigate the possibilities of computing the derivative of the reduced
objective function;.
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2.1 Gradient and Hessian Computation

In order to investigate the gradient based optimization technique, computation of the derivatives
of the reduced objective function J is not avoidable. In whole of this paperU*, Y*and Z* denote
the dual space of U, Yand Z respectively. For any s € U, from

<J'W),s >p-p =<J,(yW),w),y' W) s >y-y +<J,(),u),s >y-y
=<y'W)" J, ), w),s >yy + <Ju (@), u),s >y y
we see that
J @) =y' W], yw),uw) + J, (y(w), u).

Therefore, not the operator y'(u) € L(U,Y), but only the vector y’(u)T]y (y(u),u) e U* is ready
required. Since by (2)

YW, yw),u) = —e, (y(w), w) e, (y(w), W)™, (y(w), w),
it follows that
y' @', (y(w),uw) = e, (y(w), w)" p(w),
where the adjoint state p = p(u) € Z* solves the adjoint equation:
e, YW, W' p =—J, (y(w),u).(4)
We thus have
J@) = e,(yw), )" p(w) + J (y(w), u).
Now, consider (1) and define the Lagrange function L:Y X U X Z* — R,
Ly, wp) =]y, u) +<p,e(y,u) >z,
Inserting y = y(u)gives, for arbitraryp € Z*,
J@) = Jyw),w)
=], w) +<pely,u) >z
= L(y(w),u,p).
Differentiating this in the direction S; € U yields:
<J'W),S1 >yy =< L,(yW),u,p),y' WS >y+y + < L,(y(W),u, ), S1 >y+y
Differentiating this once again in the direction S, € U gives:

<J'(W)Sy, $1 >y y= < L,(y(w),u,p(w)) ,y" (w)(S1,52) >y+y
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+< Ly, (W), u, p(W)) y' (W) Sz y' (W)S1 >y+y
+< Ly, (W), u, p(W)S2, y' (W) Sy >y y

+< Ly (W), u, p(W) ¥' (WS, S1 >y p

+< Ly (y(W), u, p(W))S2, S1 >y

Now we choose p = p(u), i.e., L, (y(u),u,p) = 0. Then, the term containing
y"'(u) drops out and we arrive at

<J'WS2 S1 >y y=< Ly, W), u,p(w)) y' WS, y' WSy >y+y
+< Ly (Y (W), u, p(u))S2, ' WSy >y-y
+< Ly (v, w, p(w)) y' WSz, S1 >y
+< Ly (y(W), u, (W) S2, 1 >y
This shows that
J'@) =y' @)Ly, (yw),u,p(w) y' W) + y' @)Ly, (v, u, p(w))

+Lyy (W), u, p(W) y' (W) + Ly, (y(w), u, p(w))

= T(W)" Lo (YW, u,p(w)) T(w) (5)
with
T(w) = (y 'I(U”)) € L(WU,Y x U)
Ly, Ly,
b = (7 1)

Here, I, € L(U,U) is the identity. Note that by (2), y (u) = —e, (y(w),w) e, (y(u),u) and
thus,

rw = (") =(" (y(u),uz;leu 60,w)

Usually, the Hessian representation (5) is not used to compute the whole operator j''(u). Rather,

it is used to compute operator-vector-products j''(u)s that investigates the iterative solvers
applied to the Newton’s equation

J'@h)sk = = @h). (6)

The Newton's Eq. (6) is solved approximately using the conjugate gradient (CG) method. The
CG method is truncated if the Newton system residual is sufficiently small. In practice some
globalization technique for Newton’s method should be employed. Line search techniques are
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popular choices for their case of implementation and relatively low computational cost. A line
search algorithm attempts to find an optimal step size a, and generates the iterate uktl =k +
a*S*. The step size is required to satisfy the Armijo condition (or sufficient decreas condition)

JWk + aksk) < Jwk) + cak) (wk)Ssk
where ¢ € (0,1) and is typically quite small, e.g. ¢ = 107* [9,12].
Algorithm.

1. Givenuandgtol > 0, setk = 0
2. Compute the adjoint state by solving the adjoint equation

ey (y(w),u)" p = =/, (y(w), w).

w

Computej’(u) via

J'W) = e, (y(w),w)* p + J, (y(w), w).

4. Compute the derivative:
Y'(Ws = —e, (y(w),u)"te, (y(),w)S
5. Compute
(hl) _ (Lyy (v, u,p(w)) y'Ws + Ly (y(u).u,p(u))5>

hy) Ly (Yw), u,p(w)) y'(W)s + Ly, (W), u, p(w))s)’

6. Compute
hs =y (W)hy = —e, (y(w), u) e, (y(w), W) "Ry

This requires an adjoint equation solve.

7. Setf (u)s = h, + hy

8. If||V j(u")|| < gtol stop.

9. ComputeV?J(uk)

10. Solve J' (u¥)sk = —J (u¥)using preconditioned CG method with preconditioner

P =diag(J (u")):
a. Set xp,=0andA =] (u¥)and b = -] (Wh).
b. Set 1y« Axy — b;
c. Solve Pyq = r, for yq;
d. Setpy=-—-15,t < 0;
e. While ||;]| > gtol
Ty
PtTAPt
o x1 < x + oy
. 14 <1+ aApy;

i. a, <
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V. Py < Teqas

T
Te1Vie+l .

V. — —
.Bt+l TtT}’t '

Vie Deyr < —Vesr + Beiale s
vii. tet+1;
End (while)
f. sk=x4
11. Perform Armijo line-search.

a. Seta® = landevaluate](u* + a*S*)
b. WhileJ(uk + akS*) > J(wk) + 10~*ak sk v j(uk) do
i. Set a* = ak/2andevaluate] (u* + a*S*).

12. Setu**! = yk + akS*, k <k + 1. Goto 2.

In the following, the connection between the Newton equation V?J"'(u) s = —V J'(u) and the
solution of a quadratic program is established.

Theorem 2.Let e, (y(u), u) be invertible and let V2] (u)be symmetric positive semidefinite.

The Newton equation 2] (u)s, = —V J(u) is solved by the vectors, if and only if solves the
quadratic program:

nun,<%JszoT>T<sy)+_1<Syjf<%w ACATRON L(yan>><sy)
VJ(,w) ) \sy/  2\s,/ \ Wy Ly, u,p)V L(y,u,p) ) \s,

s.t. e, (y,w)sy, + e, (y,u)s, =0 @)
is solved by (s, s, )with s, = e, (y(w),u) e, (y(w),u)s,, wherey = y(u), p = p(w).
Proof: For every feasible point in (7) we have

<5y> _ <ey W), w e, (y(u),u)su)

Su Su
= TW) s,
Since we have
J @) = —e,(y(w),we, (y(w), )™, (y(w), w) + J, (y(w), w).
So, we can write J (u) as

ey (y(w),u) e, (y(u),u)> (]y (y(u),u)>

“”=< Iy Ju (), 0)

208



R. Naseri, A. Malek / J. Math. Computer Sci. 9 (2014), 203-215

B Ty (y(w), w)
=10 () )

Now,
(]y (y(u),u))T (sy) _ (ey (y(w),u) e, (y(u),u)su> (]y (y(w), u))
JuQy),u)/ \s, Su Ju (y(w), u)

) 1, (), w)
=10 (00 )

=5,V J(u)

Also, using equation (5) we have,

Sy)T (VW L(y,u,p) Wy L(y,u,p)> (sy) . .
=Tw)s,L,,s,T(u
(Su Vuy Ly, u,p)V, L(y,u,p) Sy (W)sy LywsuT W)

=sI'TWw)"L,,TWs,
= 5, V2] (Ws,,
Thus, the result follows from the equivalence between (7) and the following equation
min sIvj(u) + sI'véj(ws,
Theorem 2.Supposefis twice continuously differentiable, u* € Uis a point at which the second
order sufficiency optimality conditions are satisfied, and consider the iterates u,,.; = u; +

sywhere s, solves V?j(u)s, = —V J(u). In addition, assume that j”’(z) is Lipschitz with
constant L, then

L.
s — wll < 5 {77 Gud) 7 llwge — wall?

Proof.Since the second order optimality conditions are satisfied atu* € U, thusf (u.) = 0. Now,
we can write

Upyr1 — U = U + S — U,
=w, —u, +J (W)Y (W)

arr

=J )™ I ud e = w) = (J ) = J ()]

1
=] ()™ [f ) =10 + | T (e + g = ) = w)de
0
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1
=J" (w) f (f (w) +J (uk + tr (uy — u*))) (u —u,)dt
0

Taking norms on both sides of the above equality and using the triangle inequality
submultiplicativity and yields

arr arr

1
s =l = 7 ol + [ )+ G+t = ) s, = .l
0

1
< |IF" )| + g — w. | f Llfwg + t (g — w)llde
0

arr

L
= /" | + §||uk —u,||?

Thus, giving the desired inequality.

3 Distributed Control of Elliptic Equations

Now, we apply the result to distributed optimal control problem which consists of a cost
functional to be minimized subject to a partial differential problem posed on a domain 2 € R? or
R®[8,14]:

_ 1
min J(y,u) := 5”3’ _Yd”iZ(g) + a”””i%ﬂ) ©)
s.t. —Ay=u on (2

Y=g on a1

Since we want to use finite elements, the weak formulation of constraints in (9) is required. So,
the problem is: find y e H;(2) = {u: ue H(2), u=g on 02 }suchthat

J,Vy. vv= [jvu Vve H}(2)(10)

LetV{* e Hibe an n-dimensional vector space of test functions with {¢, ..., ¢,} as a basis. Then,

in order to satisfy the boundary condition, the basis is extendedby defining functions

Dns1s - Pnyan and coefficients Y; so thatzgizrjrl};gbj interpolates the boundary data. Hence

ify, € V' © H}(Q), then it is uniquely determined by y = (Y3, ... ¥;,)"with

n n+on
yh=21§¢,~+ Z Y &
J=1 J=n+1
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Here the¢;,i =1,..,ndefine a set of shape functions. Also it is assumed that this
approximation is conforming, i.e.I{gh=span{¢1,...,¢n+an}cHgl(Q).Thus the finite-
dimensional analogue of (10) can be expressed as: Findy;, € I{ghsuch that

nyh.Vvh =fvhu VthVoh.
0 0

Now the discretization ofu, needed as it appears in (9), is done using the same basis used for y

n
Uy = Z U ¢;
=1

Since it is well known that without loss of generalityu, = 0 on 9. Thus the discrete analogue
of minimization problem can be written as

) 1 ~
min yh,uhzllyh —J’||§ + a”uhllg (11)
site [, Vyn Vop = [, vauy Y€ A (12)
The discrete cost functional can be written as
. 1 ~ . 1
miny, ., > lyn = P35 + alluli3 = mmy,ugyTMy —y"b + B + au" Mu (13)

Wherey = (Yl' '"'Yn)TJ u= (Ulf e Un)Tf b = {f y(nbi}i:l,...,n ’ ﬁ = ”}/}IlgandM =
{f b P; }ij=1 . Is a mass matrix.We now turn our attention to the constraint: (12) is equivalent

to finding y such that

n n+on n
LV(; Yip:) Ve =L\7(i;1yi¢i).v¢j =L(; Updd;, j=1..,n
which is
n n n+on
;KLV@'W’J :;Uifnff’i‘f’j —i;1Kf7¢i-V¢j , Jj=L.,n
or
Ay =Mu+d (14)

where the matrix 4 = {f V¢, 'V¢j}ij=1

vector d contains the terms coming from the boundary values of y,. Thus (13) and (14) together
are aquivalent to (11) and (12). In order to solve this minimization problem, one way is
considering the Lagrangian

nis the discrete Laplacian (the stiffness matrix) and the
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L;:%yTMy—yTb+,8+auTMu+lT(Ay—Mu—d)- (15)

By setting the partial derivatives of the Lagrangian with respect to y;to be zero, the adjoint
equations corresponding to (4) are obtained and are given by

My—-b+2TA=0 = AT = (b— My)A! (16)

Given the solution of (16), the gradient of the objective function J can be obtained by
computing the partial derivatives with respect to u of the Lagrangian (15). The gradient and
hessian are given by:

V,J(w) = 2aMu — ATM = 2aMu — (b — My)A™'M
V2j(u) = 2aM

ConsideringP = diag(A) as a preconditioner in the Algorithm, since A is a block diagonal
matrix with the blocks consisting of mass matrices, P is guaranteed to be positive definite. So,
the eigenvalues of P14 satisfy

Mx = Adiag(M)x
and, since M is a mass matrix, the eigenvalues of P~*A will be bounded above and below by
constant values, see [16].

4  Examples

Example 1. Let @ = [—2,1]?, and consider the problem

N T 2
minz Iy = Yallizgoy + allullzgg,
s.t. —Ay=uin Q
y = ydon a.Q.

where y,; = sin(mx) sinfry).Taking « = 0.001, and using 100 discretization point in each
direction , the initial state in order to handling the Algorithm, is shown in Fig. 1. In Fig. 2, the
desired function, the state of control problem as an approximation of desired function, the
optimal control and its corresponding adjoint are illustrated and show the efficiency of the
Algorithm.
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Fig . 1. lllustration of initial state considered to handling the Algorithm, for Example 1.

Desired values Approximated solution(State)

Numn sol. as State

control

adjoint

lenda

100

20

Fig. 2. lHlustration of the solution with y,; = sin(mx) sinifiry),@ = 0.001 and 100 x100
discretization point for Example 1.
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Example 2. In Example 1, let Q = [-2,2]?, and y4 = 1.1sign(sin(mx) sin(my)). Takingy =
0on @Q, the initial state for handling the Algorithm, is depicted in Fig. 3. Considering a =
0.0005, 50 x50discretization points and solving the optimal control problem according to the
proposed algorithm, yields the optimal control, state and adjoint solutions of the problem.
Comparing the desired function and its approximation namely state of the control problem, as
well as illustration of the optimal control and adjoint are depicted in Fig. 4.

Fig . 3. lllustration of initial state considered to handling the Algorithm, for Example 2.

Desired values Approximated solution(State)

ik W
'lll.';,.m: 4 A

"’;lm, ;&ﬁ;‘\\\\\"‘
!II])-

yhad
Nurn sol

control

7
=

il
NN s Sy
By e

LT

lenda
=]
=)
(i3]

&0

Fig. 4. lllustration of the solution with y, = 1.1sign(sin(mx) sin(my)),a = 0.0005 and50
x50discretization points for Example 2.
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5 Conclusion

Here, a gradient based iterative algorithm for solving optimal control problem is proposed,where
the analysis of the method in Theorem 1, shows relation between the Newton's type method used
on the derivatives of the problem and the quadratic programming extracted from discretizing
theproblem. As well as, Theorem 2 shows the convergence rate of control values in each
iteration to the optimal control is proposed. In order to solve the large system of equations in
Newton's equation, preconditioned conjugate gradient method is a good and efficient choice,
where this fact is illustrated in some examples.
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