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Abstract

A 2p times continuously differentiable complex-valued mapping F = u+iv in a domain D C C is polyharmonic if F satisfies
the polyharmonic equation A - - - AF = 0, where p € N and A represents the complex Laplacian operator. The main aim of this

I3
paper is to introduce a subclasses of polyharmonic mappings. Coefficient conditions, distortion bounds, extreme points, of the
subclasses are obtained. (©)2017 All rights reserved.
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1. Introduction

Let A denote the class of functions of the form
o
fz) =z+ Z anz™,
n=2

which are analytic in the open unite disk U = {z: z € Cand|z| < 1}. Also let 8§ denote the subclasses of
A consisting of functions which are univalent in U. A continuous mapping f = u+1iv is a complex-valued
harmonic mapping in a domain D C C if both u and v are real harmonic in D, i.e., Au = Av = 0, where
A is the complex Laplacian operator
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A=4

In any simply connected domain D C C we can write f = h+ g, where h and g are analytic in D.
We call h the analytic part and g the co-analytic part of f. A necessary and sufficient condition for f
to be locally univalent and sense-preserving in D is that [h/(z)| > |g’(z)| for all z € D. See Clunie and
Sheil-Small [2].
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Denote by J{ the class of functions f = h + g that are harmonic univalent and sense-preserving in the
unit disk U = {z : |z|] < 1} for which f(0) = h(0) = f,(0) =1 =0. For f = h+ g € 83 we may express the
analytic functions h and g as

o0 o0
z)=z+ Z anz™, g(z) = Z bnz", [bq| < 1.
n=2 n=1

Observe that J{ reduces to §, the class of normalized univalent analytic functions, if the co-analytic
part of f is zero. Denote by H8" and J(C the subclasses of {8 consisting of functions f that map U onto
starlike and convex domain, respectively.

In 1984 Clunie and Sheil-Small [2] investigated the class J{ as well as its geometric subclasses and
obtained some coefficient bounds. Since then, there has been several related papers on H and its sub-
classes such that Silverman [6], Silverman and Silvia [7], and Jahangiri [3] studied the harmonic univalent
functions.

2. Preliminaries

A continuous complex-valued mapping F in D is biharmonic if the Laplacian of F is harmonic, i.e., F
satisfies the equation A(AF) = 0. It can be shown that in a simply connected domain D, every biharmonic
mapping has the representation

F(z) = G1(z) + z*Ga(2), (2.1)

where both G; and G, are harmonic in D.

More generally, a complex-valued mapping F of a domain D is called polyharmonic (or p-harmonic) if F
satisfies the equation APF = A(AP~'F) =0 forp € N™.

In a simply connected domain, a mapping F is polyharmonic if and only if F has the following repre-
sentation:

P
F(z) = H(z) + G(z) = ) 2P V] ca(2), (22)
k=1

where AJ, x11(z) =0 and for each J, x41 =hp—x41+Gp—x41, (kK €{L, ..., p}) is harmonic in D, where

p k+1 Z an,p— k—|—1Z 9p— k+1 Z bnp k—0—1Z (al,p =1, |b1,p| < 1)-

Denote by ZH% (bi,p = 0, ai,p—k+1 = b1p—x+1 = 0) the subclass of I, the class of function F of
the form (2.1) that are harmonic, univalent, and sense-preserving in the unit disk. Obviously, if p =1
and p = 2, F is harmonic and biharmonic, respectively. Biharmonic mappings arise in a lot of physical
situations, particularly in fluid dynamics and elasticity problems, and have many important applications
in engineering and biology.

In [5], Qiao and Wang introduced the class {8, of polyharmonic mappings F given by (2.1) satisfying
the condition

P

ZZ (k=1 +nJ(lanp i1l +onp 1) ST—=[bral =D (2k—1D(lagp 1l +Ibrprial),  (23)
k=1n=2 k=2

P
where 0 < |by 1|4+ > (2k—1)(la1,p—x+1l + [b1,p—k+1) < 1, and the subclass HC, of HS,,, where
k=2

P p

Z Z 2(k —1) +n?l(lan,p—ks1l + bnprxi1l) <1—by1l— Z (2k —1)(lat,p—xs1l + b1 p—ry1l).  (2.4)
k—1n—2 k—2



K. Al-Shagsi, R. Al-Khal, J. Math. Computer Sci., 17 (2017), 437-447 439

The classes of all mappings F in iHSOp which are of the form (2.1), and subject the conditions (2.3) and

(2.4) are denoted by 382, J—CG%, respectively.

Now we introduce new classes of polyharmonic mappings, denoted by H8, () and HCp,(«) as fol-
lows:

Denote by HS8, («) the class of all functions of the form (2.1) that satisfy the condition

aae (argF(re'?)) > «, <<, |zZl=1r<1). (2.5)

Also, denote by H7, («) the subclass of H8, (o) such that the functions H and G in F = H + G are of
the form:

H(z )—Z—Zlanllz —ZZIZI2k Ylanp-ir1lz",

k=2n=2

Z Ibn1IZ“+Z Z 2P D by p g2

k=2n=1

(2.6)

Also denote by HCp () the class of all functions of the form (2.1) that satisfy the condition
0 0
% [arg (—F(re ))] > «, 0<a<l, |zl=r<1).

Note that:

(i) if « = 0, then the classes H8, (o) and HCp (o) reduce to the classes HS, and HC,, introduced and
studied by Qiao and Wang [5];
(i) if p = 1, then the classes 8, () and HCp () reduce to the classes HS(«x) and HC(«) studied by
Jahangiri [4];
(iii) if « = 0, p = 1, then the classes H8, (o) and HCp () reduce to the classes HS and HC studied by
Avci and Zlotiewicz [1].

3. Main results

Theorem 3.1. Let F be given by (2.1) and

L (k — 1)+n—oc 2k—1)4+n+a
Z [ }|an,pfk+1| + 1— o } ‘bn,pfk+1|
k=1n

— o
(3.1)
1+« 2k—1—« 2k —1+4+ «
1 - 17|b1 1| - Z {ﬁ|al,p—k+l| + ﬁ|bl,p—k+1|}/
k=2
P
where 0 < |b1 1+ Z {Mlal]D | + 2= 1+o‘Ibl][, k+l|} < 1. Then F is univalent and sense preserv-

ingin Uand F € HS (oc)
Proof. First, we note that F is locally univalent and sense-preserving in U. This is because

p P

H'(z)| >1-) ((2k—Dlagpre1™ => > R(k—1) +nllanp_jpq 20!
k=2 k=1n=2

>1_Z(2k 1) |a1p k+1|_ZZ (k—1) +n|anp k+1|

k=2 k=1n=2
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2(k—1) + by pge PP > G/ (2).
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To show that F is univalent in U we notice that for |z;| < |z;| < 1, and by (3.1), we have

[F(z1) —F(z2)| =2 [H(z1) — (Zz)l —1G(z1) — G(z2)|

(z1 —2z2) +ZZanp K121 —27)

k=1n=2
2t —z) Zt — 2z
|Zl—22|{1—’Zanp 2 —i—Z “z 2‘
1 — 22 Z1_22
n=1
3 (3 g B zb*"“'z D))
n,p—k+1 2z — 2o n,p—k+1 2 —2

k=2 n=1 n=1

Zzbnp k+1(z _Zz)'

k=1n=1

o0
> Iz — 22l (1= baal = [z2] 3 nllnpl + o pl)

n=2

m[[ (k=1) +1)(lanpts1l + brp 1))

k=2n=1
|zl—zZ|(1—|b11\—|zZ|Z{ Zanpl+ T Tonpl}
3 (€L RNICE ELE P

> |z1 — z2l(1— [b1]) (1 = |22]) > 0

Consequently, F is univalent in U.
Now we show that F € H8,(«). According to the condition (2.4) we only need to show that if (3.1)
holds, then

0 i o~ 0 i _
a—e(argF(Te %) = J(afelogF(Te e)) = %<

wherez=1e?,0<0 <21, 0<r<1l,and0 < ax < 1.
Using the fact that Rw > o if and only if [1 — « +w| > [1 + x — W], it suffices to show that

’A(z) + (1 —«)B(z) >0, (3.2)

— 'A(z) — (14 «)B(z)

where B(z) = H(z) + G(z) and zH'(z) — zG'(z).
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Substituting for B(z) and A(z) in (3.2),

‘A(Z) +(1—«)B(z)

— 'A(z) — (14 «)B(z)

= ’(1 —o)H(z) + zH'(z) + (1 — «)G(z) — zG'(2)

— ’(1 + o)H(z) —zH'(z) + (1 + «)G(z) + zG'(z)

P o
> Y Rk—1)+n+1—allanp_jrllzPFDH
k=1n=1
P o
=Y > Rk—1D+n—T1+abnp_jplzPE
k=1n=1
k—1)4+n

Rk—1)+n—1—allan, xi1llz?

+
M-
Mg

?v
Il
AN
3
Il
AN

P 00
3 Y Rk— 141+ allbp el
k=1n—1
(2—a |Z|+Z (k—1)+2—odlagp— k+1|+ZZ (k—1)+n+1— ollan p_ystllz20<Y
k=1n—2
P
—afbiallzl = 3 20k —1) + by p e llzPRDH
k=2
P 00
Y Y 21D -1+ dbnpowllzPEDE
k=1n=2
oc|z|+Z (k—1)— odlagp— k+1|+ZZ (k—1)+n—1— afanp_ellzpEDn
k=1n=2
P
— (24 &)lbyllzl — Z 2(k—1) +2+ adfbyp_ip1llzPDH
k=2
P 00
=3 Y RMk—1) F L b gl DT
k=1 n=—2
1+a > (2k—1—a) e
22(1_“)|Z|{1_|b1f1|_z|al,pk+1|Z| +n
1—o = 1-«
P
R 1+ o) ) tn— o
Sy B ey 3 N Y
k=2 k=1n=2
P o}
+n+M -
-y > A B ptcs1 2P 3}
k—1n—2
1+« Y (2k—1—«) Y (2k—1+«)
22(1—06)|Z|{1—1_(X|b1,1|—zHlallpk+1|—ZH|prkH|
k=2 k=2
P 00
2(k—1)+n—«f )+ 1+ o
_Z Z 1—« lanp— k+1|_Z Z [bn,p—k+1l ¢ =0, by (3.1).
k—1n=-2 k=1n-—2

+n
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The starlike polyharmonic mappings

P o0 - . -
— kZ_l |20 D) { ; { +°‘n ]Xn,p—k—l—lzn + B=T) +0¢n _ “]y“fp_k+1zn}}’ (3.3)

P 00
where > { > {|Xn,p7k+1| + |yn,p7k+1‘}} = 1, show that the coefficient bound given by (3.1) is sharp.
k=1 ‘n=1

The functions of form (3.3) are in }{8, () because

>y { DAL PRI bR Ay |bn,p_k+1|}
k=1n=1
=1+ Z { i {|Xn,p—k+l| + |yn,p—k+1|}}

k=1 n=1

1+« 2k—1—« 2k—14+ «
=1- 7|b11| - Z {ﬁkll,p—k—l-ﬂ + ﬁ'bl,p—k—kﬂ}-
k=2
O

The restriction placed in Theorem 3.1 on the moduli of the coefficients of F = H + G enables us to
conclude for arbitrary rotation of the coefficients of F that the resulting functions would still be harmonic
univalent and F € H8, («)

Next, we discuss the geometric properties of mappings belonging to H8, ().

Theorem 3.2. Each mapping in H8 (o) maps U onto a starlike domain with respect to the origin.
Proof. Let r € (0,1) be a fixed number and
00 P 00 P
Z) =z+ Z (Z rz(k*”an,p_kﬂ)z“ + Z (Z Tz(kil)bnlp_k_._l)Zin
n=2 k=1 n=2 k=1

Obviously, F; is a harmonic mapping. Since

n=2 n=2 k=1
o P

<Y > k=1 +1)(lanp kil +Bap i)
n=2k=1

P o}
2k—1)+n—« 2k—1)4+n—«
S Z Z ( ( 1)—0( |an,pfk+l|+ ( 1)_()( |bn,‘p7k+1|) < ]_,

it follows that F, € {8, (0). By (2.5), we know that F. maps U onto a starlike domain with respect to the
origin for each r € (0,1), we show that F is starlike with respect to the origin. O

Example 3.3. Let Fi(z) =z + 122+ %?. Then F; € 381(2) is a univalent, sense preserving polyharmonic
mapping. In particular, F; maps U onto a starlike domain with respect to the origin (see Figure 1).

Example 3.4. Let Fo(z) = z+ 5322 + 103z2 Then F, € 3S1(35) is a univalent, sense preserving polyhar-
monic mapping. In particular, F; maps U onto a starlike domain with respect to the origin (see Figure
1).
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Figure 1: The images of U under the mappings Fi(z) =z + %zz + %;Z (left) and Fp(z) =z + 1032 + 103 0 22 (right).

We next show that the condition (3.1) is also necessary for functions in HTp (o).

Theorem 3.5. Let F = H+ G with H and G are given by (2.6). Then F € HTp (o) if and only if

i = {{ (k—1)+n— oc]|an,p_k+1|+[Z(k—l)—i-n—i—ocpbn/p_kH'}

k=1n=2 -« -« (3.4)
1+« 2k—1—« 2k —1+ «
<1- 7|b1 1l = Z {ﬁkln,p—k—i—ﬂ + ﬁ|bn,p—k+l|}/
k=2
where 0 < 1+“ |+ Z {Zk 1= 0‘|‘1n'p k+1|+2k 1+(x‘bnp k+1|}

Proof. We first suppose that F € 17T}, («), then by (2.5) we have

{ZH’(Z) —G/(z2)

H(z) + G(z) f-azo

The above condition must hold for all values of z, |z] = r < 1. Upon choosing the values of z on the
positive real axis where 0 < z = r < 1 we must have

P
([(1 — ) = (1 + abrpl] = Y {@k—1=lanp icsrl+ 2k =1+ &)lbnp 12}

k=2
P o0
Z Z { k 1 +T1 0(]|anp k+1| +[2 (k_ 1) +n+ o‘]|bn,p—k+1|r2k+n3}T2k+n3> (35)
k=1n=2
p P
/ (1 =Y {latpocal+Brpocal? D=3 ¥ {|an,pk+1| + |bn,pk+1|}r2k+“3> >0,
k=2 k=1n=2

If the condition (3.4) does not hold then the numerator in (3.5) is negative for r sufficiently close to 1.
Thus there exits a zgp = 19 in (0, 1) for which the quotient in (3.5) is negative. This contradicts the required
condition for F € HT, () and so the proof is complete. O

Example 3.6. Let Fi(z) =z — 122 + 22 Then F; € HT7(1?) is a univalent, sense preserving polyharmonic
mapping. In particular, F; maps U onto a starlike domain with respect to the origin (see Figure 2).

Example 3.7. Let Fx(z) =z — 1037. + 10312 Then F, € HT1(52;) is a univalent, sense preserving polyhar-
monic mapping. In particular, F; maps U onto a starlike domain with respect to the origin (see Figure
2).
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Figure 2: The images of U under the mappings Fi(z) =z — %22 + %27 (left) and Fy(z) =z — 11@22 + %;2 (right).

Next, we shall obtain distortion bounds for functions in {7}, («) and also provide extreme points for
the class HTp ().

Theorem 3.8. F € HT}, () if and only if F can be expressed as

P 00
F(Z) = Z Z (Xn,p—k+1Hn,p—k+l (Z) +Yn,p—k+1Gn,p—k+l(Z))/
k=1n=1
where
Hi1(z) =2z, Hnai(z) =2z — z" (n=2,3,...),
n—o
2(k—1) -« n
Hppxt1(z) =z~ IR m=1,2,...,2<k<p),
Gni(z) =2+ ——2% (n=1,2,...),
n+«
_ 1—« _
Gnp-xt1(z) =z+ |22k 1)2(k—2) Tht (Xz“ m=12,...,2<k<p),
and
P o]
Z Z (Xn,p—k+1 +Yn,p—k+1) = 1/ (Xn,p—k—l—l = O/ Yn,p—k+1 P O)
k=1n=1

In particular, the extreme points of HT}, («) are {Hp p—x 41} and {Gp p—x41}-

Proof. Note that for F we may write

a
™
I
M'd
M ¢

(Xn,p—k—l—l Hn,p—k+1 (Z) + Yn,p—k—l—l Gn,p—k+1 (Z))

;v
ﬂ‘
3
I

1

P
Xn,lHn,l(Z) + Yn,l Gn,l (z) + Z Z Xn,p—k+1Hn,p—k+1(Z) + Yn,p—k+1

ot

n=1 k=2n=1
L 1—«
L 2(k—1) - X n
z ](Z_ZT;L"' 2(k—1) +n—o MPTRALE
L 1—« 21— 21—
2(k=1) _ Y Zn _~n _om
+ZZ|Z' 2(k—1)+n+« np—kt1Z Zn—ocZ +Zn+ocz '
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Then, by Theorem 3.5 we have

ZZ{ +Tl O(< 1_“ Xn'p_k+l)+2(k—l)—|—n+o(< 1_0( Yﬂ,p—k+1>}

2k—1—a 1—« 2k—14+a 1—«
+“1+Z:< 1o 2k 1 okt =7 2k—1+a“m””0

P

P
<D ) Knpwiri+Ynpws)+ ) KXiporri+Yipar) + Y11 <1-Yig <1,
“in=2 k=1

so F € HT, (). Conversely, suppose that F € HTp (ex). Then

P o -
+n x |an,pfk+l|+ Z(k 1)+n+(x |bn,pfk+1|
1—oc 11—«

k=1n=2
14+« 2k—1—« 2k —14+«
<1-—- 7|b1 1l — Z {ﬁ|an,pfk+l| + ﬁ|bn,pfk+l|}~
k=2

Setting

2k—1)4+n—«

Xn,p—k+1 = ( ( 1)—06 )|an,p—k+1| 2<k<p,n=12..),
n—o
Xna = (1= Jlanal (n=23,...),
2k—1)+n+ «
Yn,p—k+1 = ( ( 1)_“ )|bn,p—k+1| 1<k<p, n=12...),
and
P P
Xi1=1- Z Z (Xnp—k+1+ Ynp—k+1) — Z (X1, p—k+1 + Yi,p—k+1) — Yi,1,
k=1n=2 k=2
we obtain
P o
F(Z) = Z Z (Xn,pkarlHn,pkarl(Z) +Yn,pfk+1Gn,pfk+l(Z))/
k=1n=1

as required. O

Finally, we give the distortion bounds for functions in H7},(«), which yields a covering result for
HTp ().

Theorem 3.9. If F € HT (), then

- 1+«
If(2)] < ﬂ+wnmw(§—&—z—4mﬂ),|ﬁ:r<L
and
- 14+«
f(z)] = (1 —[bral)r — (m - 27“31 1|) , lzZl=r<1L
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Proof. We only prove the first inequality. The argument for second inequality is similar and will be
omitted. Let F € HT, (). Taking the absolute value of F, we obtain

) P
F@)I < A+ ToraDlz+ (D 3 anp sl +bupoicsal + 3 (larp el +lbrp i) )2
k=1n=2 k=1
) P
< (1+[bpalr+ ( > Y (lanp—istl+onps1l) + ) (agpril+ |b1,p_k+1|))r2
k=1n=2 k=1

L - 11—«
— (14 b1 r+ﬂ(zz T lan il + 7 onp ki)
k=1n=2

P
11—« 11—«
+ Z (G Jevp—crl + j“)l,p—k—!—l‘))rz

2
< (1+bya)r+ —(Z y A g 2D )
k=1n=2
+ ki_l (%ﬂal,p—k—o—ﬂ + %ﬂhm—kﬂ”)#
< Wbyl oo (1= 55yl )2 by 3.4)
= (1t P+ (=2 - ;*—zjbln)

The bounds given in Theorem 3.5 for the functions F = H + G of the form (2.6) also hold for functions of
the form (2.2) if the coefficient condition (3.1) is satisfied. The functions F given by

11— 14+« 5 B l1-ax 1+«
Flz) =2+ o+ (37— — 7= lb1al)Z and Flz) =z—foalz— (53— — 5 lb11l)2?
for [b11] < (1 — «),/(1+ «) show that the bounds given in Theorem 3.5 are sharp. a

The following covering result follows from the second inequality in Theorem 3.5.

Corollary 3.10. If F € HT, (), then

{W twl < %(1 — |b1|) 1+ (206— 1)|b1,1|]} C F(U)
— X

The corresponding definition for polyharmonic convex function of order o« leads to the following
corollary.

Corollary 3.11. Let F be given by (2.1) and

oo k-1 +nn-o 2k—1) +n(n+a)
£ 5 ([t Pt

14+« 2k—1—« 2k—14+ «
<1- 17|b1 1l —kZZ {ﬁ|a1,p—k+l| + ﬁ“)l,p—kﬂ\},

P

where 0 < 1+"‘Ibl 1+ > {Zk L), p—k+1]+ Zk— 1+"‘Ibllp,kﬂl} < 1. Then F is univalent and sense preserv-
k=2

ingin U and F € HCp (o).
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