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Abstract
The object of the present paper is to study 3—dimensional (LCS),, which are Ricci semi

symmetric, Locally @-symmetric and n_parallel Ricci tensor and proved that 3
dimensional; Ricci semi-symmetric (LCS), manifolds is a manifold of constant
curvature and also shown that such a manifold is locally @-symmetric and with n

parallel Ricci tensor is also locally @-symmetric.
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1. Introduction: The notion of Lorentzian concircular Structure manifolds ((LCS),, manifolds )
was introduced by [1] with example. A n dimensional Lorentzian manifold M is a smooth
connected Para-compact Hausdroff manifold with a Lorentzian metric g, that is M admits a
smooth symmetric tensor field g of type (0,2) such that for each point p € M, the tensor
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9p:TyM X T,M — R is a non —degenerate inner product of signature (—, +, ...., +), where
T, Mdenote the tangent vector space of M at p and R is the real number space.In a Lorentzian
manifold (M, g) a vector field p defined by

9(X,p) = A(X)
For any vector field X € TM is said to be concircular vector field [2], if
(DxA)(Y) = a{g(X,Y) + wX)A(Y)}
Where a is anon zero scalar function, A is a 1-form and w is a closed 1-form.
Let M be a Lorentzian manifold admitting a unit time like concircular vector field &, called the

characteristics vector field of the manifold. The we have

g9¢. & =-1 (1.1)
Since & is the unit conc(LCS)ircular vector field ,there exits a non zero 1 form such that
9X,§) = n(X) (1.2)

Hence the equation
(Dxn) (V) = a{g(X,Y) + n(XIn(¥Y)} (a #0) (1.3)
Holds for all vector field , Y , where D denote the operator of covariant differentiation with
respect to Lorentzian metric g and a is a non zero scalar function satisfying
(Dxa) = (Xa) = pn(X) (1.4)
Where p being a scalar function. If we put

BX = ZDy§ (1.5)
Then from (1.3) and (1.5) ,we have
0°X = X + n(X)& (1.6)

From which it follows that @ is a symmetric (1,1) tensor. Thus Lorentzian manifold M together
with unit time like concurlar vector field &, a associated 1-form n and (1,1) tensor field @ is said
to be Lorentzian concircular structure manifolds (briefly (LCS), manifolds).

2.0n (LCS),, manifolds. A differentiable manifold of dimension n is called (LCS),,manifolds

if it admits a tensor @ of type (1,1) , a contravariant vector field &, a contravariant vector field n_
and a lorentzian metric g satisfy the following

né = -1
(2.1)

O°X =1+ nx&
(2.2)
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9(@X,0Y) = g(X,Y) + n(X)n(¥)

(2.3)
gX, &) =n(X)
(2.4)
0@ =0, n@X)=0
(2.5)

For all X,Y in TM. Also in (LCS),, manifolds the following relation holds [

n(R(X,Y)Z) = (= p)[g(¥, ZIn(X) — g(X, Z)n(Y)

(2.6)
R(X,Y)¢ = (o= p)(n(Y)X — n(X)Y)
(2.7)
R, X)Y = (o= p)(g(X,Y)E — n(¥)X)
(2.8)
R(§,X)¢ = (<= p)(n(X)E + X)
(2.9)
SX,8) = (n— D(?— p)n(X)
(2.10)
S(8X,0Y) = S(X,Y) + (n — D)(<? = p)n(X)n(Y)
(2.11)
(Dx®)(Y) = a{g(X,Y)¢ + 2n(X)n(Y)E + n(Y)X}
(2.12)

For all vector fields X, Y, Z where R ,S denote respectively the the curvature and the Ricci tensor
of the manifold

3.. On 3-dimensional (LCS),, manifolds. In a 3- dimensional (LCS),, manifolds ,the

curvature tensor satisfies

(3.1) R(X,Y,2) = g(Y,2)QX — g(X,2)QY + S(¥, 2)X — S(X, )Y = Z[g(Y, 2)Xg(X, Z)Y]

where T is scalar curvature.

putting Z = ¢ in (3.1) and using (2.10) we get

(32) R(X,Y,Z) = n(Y)QX = n(X)QY + [2(a® = p) = | [n(¥)X = n(X)Y]
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Using (2.7) in (3.2), we get
(33 20X —n()QY = = (@ = p)| k()X = n(0)Y]
putting ¥ = € in (3.3), we obtain
G4 X =[-@-p)]x+[f- 36 - p)|a0E
From (3.4) ,we get
(3.5) SKY) = [5- @ =p)] 6 V) + 5= 3G = )] nCOn(r)
Which implies that (LCS) ; manifolds in n-Einstein manifold.

Theorem 3.1: A 3- dimensional (LCS),, manifolds is a manifold of constant curvature if
and only if the scalar curvature is 6(a’ — p).

Proof: using (3.4),(3.5)in (3.1) we get

(3.6) R(X,Y,2) = [3= 2(a® = p)| (9V, )X — g (X, )V [5 - 3(a® — p)| [9 (¥, 2)(X)E —
9X, Z2)(Y)¢ + (V)(2)X — (X)(2)Y]

From (3.6) theorem (3.1) is obvious.

4. 3 dimensional Ricci semi-symmetric (LCS),, manifolds

Let us consider a 3 dimensional (LCS),, manifolds which satisfies the definition (2.1)
therefore we may write

(R(X,Y),S)(U,V) = R(X,Y)S(U,V) = S(R(X,Y)U,V) — S(U,R(X,Y)V)
From above we get
(4.1) S(R(X,Y)U,V) = S(U,R(X,Y)V) = 0
Putting X = £ in (4.1) and using (2.10 ) and (2.7) we get
(4.2) 2(a” = p)g(Y, )(V) =S¥, V)(U) + 2(a’ = p)g (¥, V)(U) = S, )(V) = 0

Let {e;, e,, £} be an orthogonal basis of the tangent space at each point of 3- dimensional
(LCS),, manifolds then by putting Y = U = ¢; in (4.2) , we obtain

(4.3) W[2(a? = p)g(ei e;) — S(e;e)] =0
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since S(e;, e;) = Z— (a’ — p)| g(e;, e;) , therefore from (4.3) , we get
2

[3(6¥2 —p)— g] gle,e) =0
Which implies T = 6(a’ — p) , since g(e;, e;) = 0

Therefore in view of theorem (3.1) , the manifold is of constant curvature. Then we state
the following

Theorem 4.1 : A 3 dimensional Ricci semi-symmetric (LCS),, is a manifold of constant
curvature

5. Locally @ —symmetric 3 dimensional (LCS),, manifolds

On differentiating (3.6) covariantly with respect to W, we get

(DwR)X,Y)Z
_dt(W)

——l9(¥,2)X — g(X, 2)Y]
dt(W)

+——[9(1, (0§ ~ (X, 2)(¥)E + @)X ~ (D @)Y]

+[5- 3 = ]l DO 0§ ~ 9K, DD 1S

+ 9, 2)(X)Dy§ — g(X, Z)(Y)Dy&] + D) (Y)(Z2)X — (D) (X)(2)Y
+ M Dw)(2)X = (X)(Dw)(2)Y

On account of X, Y, Z, W to orthogonal to &, then above equation becomes

(DwRYX,Y)Z
_dr(W)
2

+ E —3(a? - p)] [9(Y,Z)(Dy)(X)E — g(X, Z)(Dy ) (Y)E]

l9(Y,2)X — g(X,Z)Y]

Using (2.12 ) we get

(DyR)(X,Y)Z = dTgW)

[9(Y, D)X — g(X,2)Y]
+[5- 3 - )] g, 2DgW, 308 + (X, g W, 1)¢]

From above it follows that

’(DywR)(X,Y)Z =

dt(W
T(z ) 190V, 2)X — (%, 2)Y]
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Therefore , we have following

Theorem 5.1 : A 3 dimensional (LCS), manifolds is locally @- symmetric if and only if
scalar curvature is constant.

Again from theorem (4.1) , manifold is Ricci semi symmetric and we have seen that scalar
curvature T = 6(a’ — p) that is T =constant . therefore from theorem (5.1), we state the
following

Theorem 5.2: A 3 dimensional Ricci semi symmetric (LCS),, manifold is locally @- symmetric.

6. 3-dimensional (LCS),, manifolds with @ parallel Ricci tensor

In view of definition (2.3), let us the 3 dimensional (LCS),, manifolds with [ parallel Ricci
tensor, then we have

(6.1) S(@X,07) = [5- (@ - p)| 9(@X, 07)
Using (2. 3) ,we get
(6.2) S@X,07) = [5- (@ = p)| [g(t, V) + GO X))

Differentiating (6.2), covariantly along Z, we get

(63) (DS)(0X,0Y) = Z2[g(x,V) + X)W)] + 5= (@ = p)| (N (D)X +

(X)(D2)Y]

Using the definition (2.3) in (6.3) and taking a frame field , we get dt(Z) = 0 for all Z.
therefore we have

Theorem 6.1 : If a 3 dimensional (LCS),, manifolds has @ parallel Ricci tensor , then scalar
curvature t is constant.

Also using theorem (5.2) and theorem (6.1) , we have the following

Theorem 6.2 : A 3 dimensional (LCS), manifolds with B- parallel Ricci tensor is locally @-
summetric..
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