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Abstract

In this paper, we discuss numerical range-preserving maps between C~ —algebras. As

. 0 0 . . 0 . *
applications, we characterize such maps in terms of Jordan * —isomorphisms on unital C  —
algebras.
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1. Introduction

In 1951 Kadison obtained the following generalization of the Banach- Stone's theorem to

arbitrary C ™ —algebras [9].
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Theorem 1.1. (Kadison) Let A and B be unital C*-algebras and let
¢ be a unital linear isometry from A onto B. Then there exist a
uniquely determined unitary v € B and a uniquely determined Jor-
dan *—isomorphism ¢ : A — B such that ¢(a) = up(a) for all a € A.

Here, a Jordan *—isomorphism ¢ is a bijective linear mapping with
the property that ¢(a?) = ¢(a)? for all @ € A and which is self-adjoint,
i.e. preserves self-adjoint elements.

Let A and B be two unital C*-algebras. We always denote by e
the unit both A and B. A linear map ¢ : A — B is called unital if
é(e) = e and is called a Jordan homomorphism if ¢(a?) = (¢(a))? for
any a € A. Likewise we say that ¢ is numerical range-preserving if
W(¢p(a)) = W(a) for every a in A. Where W (a) denote the numerical
range of a € A. For C*-algebras A and B, a C*-isomorphism ¢ of A
into B is an isomorphism such that ¢(a*) = ¢(a)* for all @ in A. The
set o(a) and r(a) will denote the spectrum and the spectral radius of

a € A, respectively.
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If A be a (unital) C*-subalgebra of a C*-algebra B and a is in A.
Then o4(a) = op(a). A linear map ¢ : A — B is called a spectral
isometry if r(¢(a)) = r(a) for every element a € A.

A 35-years ago problem of Kaplansky [10] asked where every surjec-
tive spectrum preserving linear mapping between unital C*-algebras
has to be a Jordan isomorphism. A linear map ¢ from C*-algebra A
into C*-algebra B is called spectrum-preserving if o(¢(a)) = o(a) for
all @ € A. An important step forward was made by Aupetit [1] by

establishing the result for von Neumann algebras.

Conjecture 1.2. Every unital surjective spectral isometry between uni-

tal C'*-algebras is a Jordan isomorphism.

Evidently this conjecture 1s harder than Kaplansky’s problem, the
point we wish to make here is that the statement provides analogue
of Kadison’s theorem and above conjecture. The aim of this paper
18 to solve 1t for numerical range-preserving linear maps between -
algebras, in fact, we obtain such maps are 1sometry on normal elements.
We prove that every unital surjective numerical range-preserving linear
mapping between unital C*-algebras 1s a Jordan *—i1somorphism.

Throughout this paper H will be a fixed complex Hilbert space and
B(H) is the algebra of all bounded linear operators on complex Hilbert
space H.

The numerical range of an operator T' € B(H) is the subset of the

complex numbers C, given by
W(T)={{Tz,z): xeHl|z|=1}
and the numerical radius w(T) of an operator T' € B(H) is given by

w(T') = sup{|A| : A € W(T)}.

2. MAIN RESULTS

Suppose A 1s a C*-algebra and S 1s a subset of A, we recall that
the C*-algebra generated by S, denoted by A[S], is the smallest C*-

subalgebra of A containing S. If S = {ay, as, ..., a,}, we write A[S] =
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Alay, as, ...;a,]. In particular, Afa] is the C*-subalgebra generated by
a. It is clear that if @ be normal in a C*-algebra A, then Ala] is com-
mutative. Moreover, an element » € A belongs to Ala] if and only
can be approximated in norm by polynomials in a and a*, (see [14]).
For every ("*-algebra A there exists a Hilbert space H such that A 1s

C*-isomorphic to a C*-subalgebra of B(H), (see [14]).

Theorem 2.1. [11] Let A and B be unital C*-algebras and let ¢ be a
unital spectral isometry from A onto B. If A or B is commutative then

¢ is a multiplicative isomorphism.

We say that a € A 1s positive if @ = b*b for some b € A. write a >0

if and only if a 1s positive.

Lemma 2.2. Let A and B be C*-algebras and let ¢ be a numerical
range-preserving linear mapping from A into B. Then ¢ is self-adjoint

and injective.

Proof. Since A and B are both C*-algebras, then A and B can be
represented as a C*-subalgebras of B(H) and B(K). respectively for
some Hilbert spaces H and K. Hence every element in A is a operator
on H and its 1mage 1s a operator on K. Let a € A be positive, since
Wi(é(a)) = W(a), we obtain that ¢(a) > 0. Since every self-adjoin
element 1s the difference of two positive ones, thus ¢ preserves self-
adjoints. Therefore ¢ 1s self-adjoint.

Suppose a € A and o(a) = 0, then W(o(a)) = 0, so W(a) = 0. If

a be self-adjoint then ||a|| = 0 (since for every self-adjoint operator in

A, we have ||a|| = r(a) = w(a)). hence a = 0. For arbitrary a € A,
write a = aq + ias with a; and as self-adjoint, since ¢ 1s linear and

self-adjoint, we obtain ¢(ay) = ¢(az) = 0. Thus ¢ is injective. O

Theorem 2.3. Let A and B be unital C*-algebras and let & be a nu-
merical range-preserving unital linear mapping from A onto B. Then
¢ 15 a Jordan *—isomorphism. Furthermore of B 1s prime, Then ¢ is

either a C*-isomorphism or a C*-anti-isomorphism.
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Proof. By Lemma 2.2 ¢ is self-adjoint and injective. Let a € A be a
self-adjoint element. Let S = {a, e}, then Ay = A[S] is a commutative
C*-algebra. Define a linear map ¢y : Ay — 6(Ay) by ¢1(x) = ¢(x) for
every z € Ay. If ¢(Ay)is a C*-subalgebra of B, then r(¢(x)) = r(x) for
every = € Ay because w(x) = r(x) = ||z]| for every x normal in A. By
Theorem 2.1, ¢ is a multiplicative isomorphism, so that ¢(a?) = ¢(a)?
for every self-adjoint @ € A. Otherwise let By = B[o(Ap)] be the
C*-algebra generated by ¢(A;) in B and define ¢y : By — ¢~1(By)
by ¢1(y) = ¢~ L(y) for every y € By. Since a € A is self-adjoint. an
element = € A belongs to Ay if and only if x can be approximated n

norm by polynomials in a. Hence
r(o(pnla)) + ola)) = r(d(pala) +a)) =

r(pnla) +a) <ripyla))+r(a) =r(d(pala))) + r(o(a)).

Since ¢ is self-adjoint, by [2, Theorem 5.2.2] ¢(a) € Z(By), therefore
By is commutative because every element in [y can approximate in
norm by polynomials in ¢(a). If 6=1(By) is a C*-subalgebra of A, then
¢ 1s a multiplicative isomorphism and hence ¢q 1s a multiplicative
1somorphism. Otherwise let Ay = A[qﬁ)‘l(Bl)], it 1s clear that Ay C
Ay, Define ¢ @ Ay — &(As) by do(x) = o(x) for every = € Ay If
o(Aq) wasn't a C*-subalgebra of B, with continuing this process we
obtain sequences {A,} and {B,} of commutative C*-subalgebras A
and B respectively, such that A; = Ala.e]. By = Blo(Ay)], A, =
Alp™Y(B,-1)] and B, = B[¢(A,)] for every n > 2,

AjC Ay C...CA

and
BiCByC..CBhB.

Define A" = U514, and B’ = U,>1B,. It is clear that A" and B are
commutative C*-subalgebras of A and B respectively. The linear map
o A= B' by ¢(r) = o(x) for every r € A’ is a restriction of ¢, in
addition to. ¢’ is unital and spectral isometry. ¢’ is surjective because
if b € B’ there is a positive integer number n such that b € B,, =
Blo(A,)]. Since v, : B, — ¢7(B,) then ¢, (b) = = € ¢7(B,) C
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Apy1. it follows that 071(b) = 2 € A,41. 50 b= é(x) = ¢'(x). Hence ¢/
is surjective. By Theorem 2.1 ¢’ is Jordan isomorphism. Furthermore.
d'(a?) = ¢'(a)?, it follows that ¢(a®) = ¢(a)? for every self-adjoint
a € A. Replacing a by a + b. where both a and b are self-adjoint, we
get o(ab+ba) = d(a)o(b)+o(b)p(a). Since every o € A can be written
in the form x = a+:b with a and b self-adjoint. the last relation implies
that q_:-")(:er) = g.f}(:fr)g. that 1s, ¢ 1s Jordan *—isomorphism.

The proof last part of theorem 1s obvious because it 1s well known
(for example, see [6, pp. 47-51]) that if B is a prime ring, then every
Jordan homomorphism ¢ from ring A onto B is either a homomorphism

or an anti-homomorphism. This completes the proof. O

Corollary 2.4. Let A be a unital C*-algebra and B a unital prime C*-
algebra. Suppose ¢ be a numerical range-preserving unital linear map-
ping from A onto B. If A contains a left invertible element which is not

invertible and its image 1s left invertible. then ¢ is a C*-isomorphism.

Proof. By Theorem 2.3, ¢ is either a C*-1somorphism or a C*-anti-
isomorphism since B is prime. Let a € A be an element that is left
mvertible but not nvertible and b € A be a left mverse of A. If ¢
is a C*-anti-isomorphism, then ¢ = ¢(ba) = ¢(a)o(b), which implies
that ¢(a) is right invertible. Hence ¢(a) is invertible and ¢(e) = ¢ =
o(b)o(a) = ¢(ab). Since ¢ is injective (Lemma 2.2), we get ab = e.
Thus a 1s ivertible, a contradiction. Hence ¢ 1s a C*-1somorphism.
I
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