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Abstract
In this paper, we use modified homotopy perturbation method to solving singular boundary value
problems (BVP) of higher—order ordinary differential equations. The proposed method can be applied to
linear and nonlinear problems.

The results prove that the modified HPM is a powerful tool for the solution of singular BVPs.

Keywords: Singular boundary value problems, homotopy perturbation method, ordinary differential

equations.

1. Introduction

The homotopy perturbation method (HPM) is a new and ingenious method for solving linear and
nonlinear differential and integral equations of various kinds. homotopy perturbation method is an
analytical method which can be applied to the solution of linear, nonlinear deterministic and stochastic
operator equations. HPM deforms a difficult problem into an infinite set of problems which are easier to
solve without any need to transform nonlinear terms. The applications of HPM in nonlinear problems
have been demonstrated by many researchers. In recent years, much attention has been devoted to the

application of the HPM, to the solutions of various scientific models. The purpose of this paper is to
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introduce a new reliable modification of HPM. For this reason, a new differential operator is defined

which can be used for higher-order singular boundary value problems.

Consider the singular boundary value problem of n+1 order ordinary differential equation in the form
y™ D + 2y + Ny = g(x) (1)

y(O) =Aay ,y,(O) =a , ---ryn_l(o) =an-1, }’(b) =

Where N is nonlinear differential operator of order less than n, g(x) is given function anday, a;...a,_1, b,

care given constants.

We propose the new differential operator, as below

_ 19" 14n-m 2 _m-n
L()=x o o ) 2

Where m<n-1, n>1 so, the problem (1) can be written as

Ly = g(x) — Ny 3)

The inverse operator L is therefore consider n+1 fold integral operator, as below
-1 _ - x —n—1 (X X X
L) = xmm [Cam T 5 f [y x(dx . dx @)

According to HPM we can determine the component y,, (x), and the series solution of y(x) can be

obtained.

y(x) = yo(x) + py; (%) + p?y,(x) + -

Putting P=1 the approximate solution therefore can be readily obtained.
y = lim y&) =yo(x) +y1(x) +y2(x) + -

For numerical purposes, the n-term approximate

n-1
Yh = Z ¥n(X)
n=0

Can be used approximate the exact solution.
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3. Numerical examples

In this section, few examples are presented to understand better the confusion HPM

Example 1. Consider the linear BVP

y” + ;y’ = —x"Pcosx —(2—-b)x"Psinx
y(0) =0, y(1)=cosl

put

d d
L() — x—l axz—b ax—lﬂj ()

L) = x‘lf

X X
x‘z_bf x()dxdx
1 0

We construct the following homotopy
b .
y'+ ;y’+ p(xt~Pcosx+(2—b)xPsmmx)=0
Equating the terms with the identical powers of P,
" b ! —
P’y +5¥, =0,
Yo(0)= y(0)+(y(1) — y(0))x*~P= cos 1 x* P
ph oy + syl'+ x17P cos x+ (2-b)x~? sin x=0
Ly;=—x'"P cos x —(2—b)x~? sinx
y1 (%)=L~ (=x'"P? cosx — (2 — b)x P sinx)
y1(x) =x*7P cosx — x17P cos(1)
b
p: y"+-y"=0Ly, =0 y,(x) =0
vn =3 y3(x) =0

y(x) = yo(x) + y1 (%) + yo(x) + -+ = x P cosx
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This is the exact solution.
Example 2. Consider the nonlinear BVP

"e 2 " 2
y oy Ty-y = g(x)

y(0)=y'(0)=0,y(1)=e
g(X)= 7Tx2e*+6xe* —6e* — x%e?*
We put
L()=x71 ;—;xs %x“"(.)
L= x*[[x7° fox foxx(.)dxdxdx
We construct the following homotopy
" =2y +P (=y — ¥ — g(x))=0
we use Taylor series of g(x) with order 4
g(x) =~ —6 + 10x? + 9x3
Equating the terms with the identical powers of P

POy —=¥"y = 00 (x) = ¥(0) + (¥(1) — y(0))x"™™

Yo(x) = ex*
1 " 2 " 2
PHy 17V T Yo~ Yo —g(x)=0
y" = ;y”l —ext—e?x8+6-10x2-9x3 =0

Ly, = —6 + 10x? + 9x3 + ex* + e2x8

yi(x) = L7 (=6 4+ 10x2 + 9x3 + ex* + e2x?)
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X X X
yi(x) = x4f x‘5f f X(—6 + 10x2 + 9x3 + ex* + e%x®)
1 0 Jo

1
yi(x) = x3 + §x5 + 0.15x° + 0.0215x” + 0.0095x*! — 1.6810x*

5
X
Yo (x) + y1(x) = x3 + 1.0372x* + > + 0.15x% + 0.0215x7 + -+

2
P%) y", — 2V =1 2y0y1 = 0
5

2 x
AP (x® +1.0372x* + -+ 0.15x% + 5.4579x7 + ---

x5
ya(x) = L1 <x3 + 1.0372x* + > + 0.15x° + 5.4579x7 + )

x X X 6
x
yo(x) = x* f x5 f f (x* +1.0372x5 + -+ 0.15x7 + 5.4579x8)dxdxdx
0 Jo
1

X6
Y, (x) = ot 0.0082x7 + 0.0022x8 + 0.0004x° + 0.0101x° — 0.0375x*

5
x
Vo (%) + y1(x) + y2(x) = x3 + 0.9997x* + -+ 0.1666x* + -+

The exact solution isy(x) = x3e*

4. Discussion and Conclusion

In this paper, we use modified homotopy perturbation method to solving singular boundary value
problems (BVP) of higher—order ordinary differential equations. The MHPM proposed in this
investigation is simple and effective for solving higher order of BVP and can provide an accuracy

approximate solution or exact solution.

Mathematical has been used for computations in this paper.

References

[1] G. Adomain, Solving frontier problems of physics: the decomposition method, Kluwer. Boston, MA.
MR1282283 (95e:00026). (1994) Zbl 0802.65122
[2] G. Adomian, Nonlinear Stochastic Operator Equations, Academic press, San Diego, CA (1986).

142



Mostafa Mahmoudi, Mohammad V. Kazemi/ J. Math. Computer Sci. 7 (2013) 138 - 143

[3] G. Adomain, A review of decomposition method and some recent results for nonlinear equation,
Math. Comput, Modeling, (1990), 13(7) 17-43.

[4] G. Adomain, R. Rach, Noise terms in decomposition series solution.Comput, Math. Appl. 24.1161-64.
MR1186719.Zbl 0777. 35018, (1992).

[5] G. Adomain, R. Rach, N.T. Shawagfeh, on the analytic solution of the Lane- Emden equation, Found.
Phys, Lett. 8(2), (1995), 151-181.

[6] G. Adomian, R. Rach, Modified decomposition solution of linear and nonlinear boundary-value
problems. Nonlinear Anal, 23(15): 615-9 (1994).

[7] M. Jafari, M. M. Hossaini and Seyed Tauseef Mahyud-Din, Solutios of nonlinear singular initial value
problems by modified homotopy perturbation method. International Journal of the physical sciences
vol 6, (2011), 1528-1534

[8] Y.Q. Hasan, L.M. Zhu, Modified Adomian decomposition method for singular initial value problems
in the second — order ordinary differential equations. Surveys in mathematics and its Applications
vol3, (2008), 183-193

[9] Y.Q. Hasan, L.M. Zhu, Solving singular boundary value problem of higher-order ordinary differential
equations by modified Adomian decomposition method. commun Nonlinear SciNumerSimul. (2009),
14: 2592-2596.

[10] Y.Q. Hasan, L.M. Zhu, A note on the use of modified Adomian Decomposition method for solving
singular boundary value problem of higher-order ordinary differential equations. Commun Nonlinear
sciNumerSimul. (2009), 14:3261-3265.

[11] J.H. He, Homotopy perturbation method for solving boundary value problems.Physt.Lett, (2006),
A350 (1-2): 87-88.

[12] J.H. He, Application of Homotopy perturbation method to nonlinear wave equations.
Chaossolution.Fract, (2005), 26(3):695-700.

[13] J.H. He, A coupling method of homotopy technique and perturbation technique for nonlinear
problems. Int. J Non-linear mech., (2000), 35(1):37-43.

143



