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Abstract
We show common fixed point theorem for generalized non-expansive and uniformly R —subweakly
commuting mappings satisfying a more uniformly asymptotically regular condition in Hausdorff locally
convex space.
Keywords : Uniformly R — subweakly commuting mapping , non-expansive ,uniformly asymptotically
regular .

1. Introduction and Preliminaries

With introduction of a class R-weakly commuting mappings , Pant obtained common fixed point results.
We introduce a new class of commuting mappings namely R —subweakly commuting mappings and
R —subcommuting mappings. Simultaneously, Hussain and Berinde [6] proved common fixed point
results for generalized non-expansive R —subweakly commuting mappings on non-starshaped domain.
More recently , Ismat Beg et al[2] extended Cho’s result to asymptotically I non-expansive mappings
introducing a new class of non-commuting mappings as “uniformly R —subweakly commuting
mappings”. In this paper we present definition of uniformly R —subweakly commuting mappings on
Hausdorff locally convex space that it is extension the definition of uniformly R —subweakly commuting
on normed space.
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The purpose of this paper is to generalize Beg’s result for generalized asymptotically I non-expansive and
uniformly R —subweakly commuting mappings . Also we present a common fixed point lemma and apply
it to find new common fixed point result. The existence of common fixed point is established for two
mappings T and I that are uniformly R —subweakly commuting on a Hausdorff locally convex space.

Let (X ,t) be a Hausdorff locally convex topological vector space and M be a t-bounded subset of X.
Definition 1.1: Let (X ,t) be a Hausdorff locally convex topological vector space. A family

{P,:a €1} of semi-norms defined on X is said to be an associated family of semi-norms for t if the

family {Yu:Y > 0}, where

U=Njz1 Uy
Uy, = {x: P, (%) < 1} .

forms a base of neighborhoods of zero for 1. the associated family of semi norms for t be denoted as A(t)
Definition 1.2: A family {P ;:a € I} of semi-norms defined on X is called an augmented associated
family for tif { P ,: o € I} is an associated family with the property that the semi-norms,

max{ P, P} € {Pia €1},

for any a, B € 1. the augmented associated family of semi norms for t be denoted by A*(7) .
Definition 1.3: A subset M of X is t -bounded iff each P, is bounded on M.
Remark 1.4: If M isat -bounded subset of X, then a number A, >0 foreach a € I is
selected such that M c A, u,where u, = {x: P,(x) < 1}. Clearly B= N, A,u, ,t _closed and T bounded,
absolutely convex and contains M.
Definition 1.5: let T and I be self-maps on M. The map T is called
(1) A*(t)-nonexpansive if for all x,y € M
P(Tx =Ty) < P(x—).

For each P, € A* (7).

(2) A*(7)-I-nonexpansive if for all x,y e M
P,(Tx —Ty) < P,(Ix—1Iy) .

For each P, € A* (7).

For simplicity, we shall call A*(t)-nonexpansive (A*(t)-I-nonexpansive ) maps to non-expansive
(I —nonexpansive).
Definition 1.6: A self mapping T of M is said to be uniformly asymptotically regular on M if for each &>
0, there exists N(¢) = N such that P,(T"x — T"*1x) < ¢, forallm > N,andx € M.
Definition 1.7. A self mapping T of a nonempty subset M of a locally convex space X is said to be;
(1) compact, if {x,} is a bounded sequence in M, then {T x,} has a convergent subsequence{T x,,} in
M.
(2) demiclosed at 0, if for every net {x,} in M converging weakly to x and {T x,} converging strongly
to 0, T x =0.
Definition 1.8: Two self mappings T and I defined on M is said to be R — commuting if

P, (TIx — ITx) < RP,(Ix — Tx).
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For all x e M and P, € A*(t) and real number R > 0 .if R=1 the self mappings T and I are said to be
commuting.
Definition 1.9: Let M be nonempty , T and I —invariant and q —starshaped with g € F(I) . Two self
mappings T and [ defined on M are said to be R — subcommuting if for all x e Mand P, € A*(7)
there exists R >0 such that P, (TIx — ITx) < () P,(((1 = K)q + KTx) = Ix) for all K € (0,1).
Moreover if R = 1 The self mappings T and [ are said to be subcommuting.
Definition 1.10: Let M be T and I-invariant and q — starshaped with g€ F(I) . Two self mappings T
and I are said to be R — subweakly commuting if for all x € M and P, € A*(7) There exists Real
number R > 0 such that P, (TIx — ITx) < Rdp_(Ix,[q, Tx]) . Such that

dp,(Ix,[q,Tx]) = inf {P,(Ix — y):y € [q, Tx]}
forall 0 < K <1, where, [q,Tx] = (1 —-K)q + KTx.

Remark 1.11: It is clear from the definition that commuting mappings are R — subcommuting and
R — subweakly commuting mappings are R — weakly commuting mappings.

Example 1.12: Let X = R with norm ||x|| = |x| and = [1, ) . Let two self mappings I and T of M be
defined as:

Tx = x?
Ix=2x—-1

Then T and I are R — weakly commuting mappingsto R = 2 . But T and I are not
R — subcommuting.

Example 1.13: Let X = [0,1] with Euclidean metric and define

=

Tx =

x+4

Ix =

N xR 4

For € X . But forany x # 0

X S X
x+8 2x+8

TIx = =ITx

Example 1.14: Let X = R with norm ||x|| = |x| and = [1, o] . Let two self mappings T and I of M be
defined as

Tx =4x—-3
Ix =2x%—1
Then M is T and I — invariant and P — starshaped with P =1 € F(I) and

|TIx — ITx| = 24(x — 1)?
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Moreover for all x € M and R= 12, P = 1 = F(I) We have
R
ITIx = ITx| < () IKTx + (1= K)P — Ix|

Therefore two self mappings T and I are R — subweakly commuting mappings , but are not
commuting.

Example 1.15: Let X = R? with norm ||(x, y)|| = max {|x|, |y|} . And define T and I by
T(xy) = (2x—3,y°)
Ixy) = (x%y?)
Then two self mappings T and I are R — subweakly commutingon M = {(x,y):x =1,y = 1}

, but are not commuting.

2. main result

The following is the definition of uniformly R — subweakly commuting mappings in the subset of
normed space.

Definition 2.1: If M is g — starshaped subset of normed space with g € F(T), then T and I are said to
be uniformly R — subweakly commuting on M \ {q} if there exists a real number R > 0 such that
IT™Ix — IT™x|| < Rdist(Ix,[T™x,q]) forall x € M and R > 0 where

dist(Ix, [ T"x,q]) = inf {|lIx = yn ll:yn € [T"x,q] =

anT" x4+ (1 — 0o, )q,where {ay, } is a sequence of real numbers suchthat 0 < o, <

land lim,,,0, = 1 }.

Now present definition of uniformly R — subweakly commuting mappings in Hausdorff locally convex
space.

Definition 2.2: Let M is T and I — invariant and q — starshaped with qe F(I) . Two self mappings T
and I are said to be uniformly R — subweakly commuting on M \ {q} if there exists a real number
R > 0 such that for all P, € A*(7) and all x € M we have;

P, (T™Ix — IT™x) < Rd p,(Ix,[T"x],q)
where,

dp,(Ix, [T™x,q]) = inf { B ((I(x — yn): ¥ € [T"x,q] =
a,Tpx + (1 — ay)q,and {a,}is a sequence of real numbers such that 0 < a,, <
1 and lim,_, a, = 1}.

Lemma 2.3: Let M be a nonempty , - bounded and t- closed of a Hausdorff locally convex space
(X, 1). Let T,I:M - M be self mappings and T(M — {q}) < I(M) — {q} and, suppose there exists
k € (0,1) such that :
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P,(Tx —Ty) < kmax{Pa(lx —1y),P,(Ix — Tx),P,(Iy — Ty),% [P,(Ix —Ty)+ P,(Iy — Tx)]}

For all x,y € M and P, € A*(7) . Further if T is continuous and cl[T(M — {q})] is t-sequentially
completely . T and | are R-weakly commuting on M — {gq}. Then F(I)NF(T) is singleton.

Proof: Letx, € M — g . Since (M — {q}) < I(M) — {q} , we define a sequence {x,} in M — {q} as
Ix, = Tx,_, foreachn > 1.Then
Po(Uxnyq — Ixn) = Py(Txy — Txp_1)
1
< Jmax B, (1 = 10 2), Pulltn = T, Pulln 1 = T2, 5 [Pulln = Tt 1)
+R(Txy — 3,
1
= Jemax B, (1 = 102, Pulln = Dt 1), Bul iy = 1), 5 [Pl = D)
+ Iy~ [noo)]]
1
= kmaX{Pa(Ixn - Ixn—l)' Pu(Ixn - Ixn+1)'§ [Pa(lxn+1 - Ixn)

1
= kmaX{Pa(Ixn - Ixn—l)v Pu(Ixn - Ixn+1)'§ [Pa(lxn+1 - Ixn) + Pa(Ixn - Ixn—l)]}
< KkP,(Ixy, — Ixp_1)

For all n. This implies that {Ifx,} is Cauchy sequence in M — {q}. So {Tx,} is a Cauchy sequence in
M — {q} and since CI[T (M) — q]is T —complete, Tx,, » y € M and consequently x,, - y . Since T, |
are R — weakly commuting on M — {q}, P,(TIx,, — ITx,) < RP,(Tx,, — Ix;,)

Which implies ITx,, = Ty asn — .
Since
P,(Tx, — TTx,) < k max{P,(Ix,, — ITx,),P,(Ix, — Tx,), P,(ITx,, — TTx,,),
~ [Py, — TTxy) + By (1T, — Ty,) T}

Taking the limited as n — oo, We get

Pu(y = Ty) < k- max{F,(y — Ty).Pu(y — y), P(Ty — Ty),

[Py = Ty) + P (Ty = y) 1}

Thusy =Ty

Suppose y = q. Since T and I are R-weakly commuting on M — {q} , it follow that

0 = P,(ITq — TIq) < RP,(Tq —Iq) = 0

200



H. Shojaei, S. Dehghani/ J. Math. Computer Sci. 7 (2013), 196-204

A contradiction . Sincey =Ty e T(M —q) and T(M — {q}) c I(M) — {q}, there exists z € M — {q}
such that y = Ifz . Now we shall show that /z = Tz, and

P,(TTx, — Tz) < k.max{P,(ITx,, — 1z),P,(ITx,, — TTx,), P,(I1z — Tz),

N |-

[P,(ITx,, — Tz) + P,(TTx,, — 1z) |}

Now, as n — o we have,

P,(Ty — Tz) < k.max{P,(Ty — 1z),P,(Ty — Tz), P,(I1z — Tz), [P,(Ty —Tz) + P,(Iz — Ty) ]} .

N| =

Therefore,
P.(y = Tz) < k- max{P,(y — Ty),P,(y — T2), P,(y — T2),
[Py —Tz) + P(y—T2) ]} .
So,
P,(y — Tz) < P,(y — Tz).
Hence y = Tz = Iz .Since
P,(Tlz — ITz) < RP,(Iz — Tz)
We have ,TIz = ITz.
Therefore, y =Ty = Iy.

Theorem 2.4: Let T and I be continuous self mappings of a nonempty, t-bounded, t—closed,

T- sequentialluy complete and q — starshaped subset M of a Hausdorff locally convex space (X, 1) .
Suppose I is A*(7)-nonexpansive and affine with respect to g € F(I) and I(M) = M and T(M \ {q}) <
I(M) —{q} ifT,I are uniformly R — subweakly commuting and T is I — nonexpansive and there
exists a sequence {K,} of real numbers with K,, >0 and lim,_. K, = 1such that T is uniformly
asymptotically regular satisfying

Po(T"x = T"y)
< K,, max {Pa (Ix — Iy),dist(Ix, [T™x, q]), dist(Iy, [T™y, q]),% [dist(Ix,[T™y,q])
+ dist(ly, [T™x, q])]}

Forallx,y € M and P, € A*(tr) andn € N.

Then T and I have a common fixed point provided any one of the following condition hold:

1) cl[T(M \ {q})] is t—sequentially compact ;
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2) M is weakly compact and (I — T™) is demiclosed in 0.

Proof: Foreach n > 1, defineT,on M by T, = u,,T"x + (1 — u,,)q , for all x € M. Where u,, = i—"

and {K,} is a sequence of real numbers with 0 < 4,, < 1 such that lim,,_,, 4, = 1 and{ K,,} is defined as
above. Let T, is a self mappings on M such that T(M \ {q}) € I(M) —{q} , from uniformly R —
sub weakly commuting of T and I on M \ {q}, since I is affine with respect to q , it follow that;

Py (Tolx — ITyx) = pupn Py (T™Ix — IT"x) < Rupdp, (Ix,[T™x,q] < Rppdp, (Ix — Tyx).

Forall x € M \ {q}, which it implies T,, and f are u,, R — subweakly commuting .Hence by lemma 2.3
;there exists {x,} such that T,,x,, = Ix,, = x,,. Hence u,,T"x + (1 — u,)q = Ix,, = x,, . Also,

Py (xn — T™xp) = Po(Tpxn — T"xy)
= Py (unT"xn + (1 — pun)q — T"xp)
=1 - pu)Pa(q — T xp)
Since T(M \ {q}) is =—bounded as u,, = « and P,(x,, — T"x,) = 0 asn — . Therefore
P,(x, — Tx,) < P,(x,, — T"x,,) + P,(T"x,, — T"*1x,) + P,(T"*1x,, — Tx,)
< P,(x, — T"x,) + P,(T"x, — T"*1x,) + P,(T(T"x,) — Tx,)
= P,(x, — T"x,) + P,(T"x, — T"*1x,)

+k,.max{P,(IT"x,, — Ix,), P,(Ix,, — Txy,),P,(IT"x,, — TT"xy,),

N

[Po(Ixn — T™*'xy) + P, (IT" X, — Txp)]}
< P,(x, — T"x,) + P,(T"x, — T"*1x,,) + kP, (IT"x,, — Ixy,)
=P,(x, — T"x,) + P,(T"x, — T"*'x,)) + K, P, (I(T"x,, — Xp).

Since I is continuous and affine with respect to , and T is uniformly asymptotic regular , it follow that
P, (x, —T"x,) » 0asn — oo.

Since CIT(M — {q}) is 1- compact, there exist a subsequence {x,} of {x,} suchthatx,, -y € M (1) as
— oo, T iscontinuous , it follow that
Txp > Ty=y

Moreover , T(M — {q}) € I(M) — {q} implies y = Ty = Iz for some ze M.
P,(Tx,, — Tz) < k,.max{P,(Ix,, — 1z), P,(Ix;, — Txp,), P,(Iz — Tz), % [P,(Ix, — Tz) + P,(Tx,, — [2)}

< kyP,(Ixp, — 1z) = k,P,(x;, —y) , therefore
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Txym = Tz, Asm— o, Hence,y =Tz =Ty = Iz Now
P,(Iy — Ty) = P,(ITz —Tlz) < RP,(Tz—1z2) =0
Which implies Ty=1y =y .

(2) Since M is weakly compact, there exist a subsequence {x,,} of {x,} converging weakly to some
y€ M .But | is affine and continuous in weakly topology in Hausdorff Spaces, it follow that Iy = y .

Now the demiclosed of (I — T™) at 0 guarantees that (I — T™)y=0 . Hence T™y = y . Now we shall
show that Ty=y. Since

Pa(Ty - TmY) = Pa(Ty - T(Tm_l)Y)

< ky.max{P,(Iy — IT™ 'y),dp,(ly, [Ty, q]), dp, AT™ 1y, [TT™ 1y, q]),

~[dp, (y, [TT™ 1y, q]) + dp, (I T™ 1y, [Ty, q]) I}

Let m - oo we have,

P,(Ty —y) < ky max{P,(y — y),dp,(Iy — Tyy), P,(Iy — Tryy), %[Pa(y —Tny) + B,y —Ty) I}
A contradiction, hence Ty=y which implies [y =Ty = y.
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