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Abstract
In this paper,introduce the concept of normal fuzzy subhypernear-modules of hypernear-modules
and establish three isomorphism theorems of hypernear-modules by using normal fuzzy
subhypernear-modules.
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1 Introduction

Hyperstructures, in particular hypergroups, were introduced in 1934 by a French
mathematician, Marty, at the VIlith Congress of Scandinavian Mathematicians ([20]). Since
then, hundreds of papers and several books have been written on this topic. Nowadays,
hyperstructures have a lot of applications to several domains of mathematics and computer
science see [1, 2, 4, 6, 7,9, 13], and they are studied in many countries of Europe, America and
Asia. In 1971, Rosenfeld [23] introduced fuzzy sets in the context of group theory and
formulated the concept of a fuzzy subgroup of a group. Since then, many researchers are
engaged in extending the concepts of abstract algebra to the framework of the fuzzy setting. In
1990 Dasic [10] has introduced the notation of hypernear-rings in a particular case. The
hypernear-rings generalize the concept of near-ring. More recently, Sen, Ameri and Chowdhury
introduced and analyzed fuzzy semihypergroups in [24]. The fuzzy hyperring notion is defined
and studied in [17].Ameri and Hendoukolaie introduced and analyzed fuzzy hypernear-ring and
a fuzzy hypernear-module on a hypernear-ring in [2, 3]. in [14] Hendukolaie analyzed the fuzzy
homomorphism between Hypernear-rings and in [15] Hendukolaie, Ghasemi, Ghasemi
introduced and analized the fuzzy isomorphism theorem of I -hypernear-rings by I
-hyperideals. J. Zhan, B. Davvaz, K.P. Shum, introduced the concept of normal fuzzy
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subhypermodules of hypermodules and analized three isomorphism theorems of hypermodules
by using normal fuzzy subhypermodules in [29]. In this paper, introduce the concept of normal
fuzzy subhypernear-modules of hypernear-modules and establish three isomorphism theorems
of hypernear-modules by using normal fuzzy subhypernear-modules.

2 Preliminaries
First of all,Recalled some notions and results that used in the following paragraphs. ( see
[1],[5]1.[6],[20] ). A nonempty set R with two binary hyperoperations " - and " + is called
a Near —ring if:

(1) (R, +) isagroup;

@i) (R, ) isasemigroup;

(i) x-(y+2)=x-y+x-z, VX, y,ZeR.
Definition 2.1 A right R—nearmodule M overa Near —ring R consists of an group
(M,+) and an operation M xR — M such that forall X,y of M and r,s of R , We
have:

1) (X+y)r=xr+yr ;

@) x(r+s)=xr+xs ;

@iif) x.(rs)=(xr)s ;

(iv) x1; =x if R hasmultiplicative identity 1;.

Example 2.2 every module M overaring R is a near-module.

Example 2.3 If K is a field, Then the concepts K —vectorspace ( a vector space over K )and
K —nearmodule are identical.
Let H be a nonempty set and let P"(H) be the set of all nonempty subsets of H. A
hyperoperation on H is a map o:HxH —>P*(H) and the couple (H,) is called a
hypergroupoid .
If A and B are nonempty subsets of H, then we denote

AoB = U aobh, Aox = Ao{x}, Xo B ={x}-B.

aeAbeB
A hypergroupoid (H,) is called a semihypergroup if for all x;y;z of H we have
(Xoy)oz=Xo(yoz), which means that

Juez= [ xow.

uexoy veyoz
An element e of H is called an identity (scalar identity) of (H,) if for all aeH, we
have ac(eca)n(eca), ({a}=(eca)m(eca)).
A hypergroup is a semihypergroup such that forall xe H, wehave XocH =H =Hox.

A subhypergroup (K,) of (H,) isanonemptyset K, suchthatforall keK, we
have koK =K =koK.
Definition 2.4 The triple (R,+,-) isa hypernear —ring if:
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(1) (R, +) isaquasicanonical hypergroup, i.e. the following axioms hold for (R, +):

i) (x+y)+z=x+(y+2), VX, Y,Z€R;

(i) I0eR suchthat x+0=x=0+X, vxeR;

(iii) vxeH, IXx eH suchthat 0e(X+X)N(X +X);

(iv) ¥x,y,zeR and zex+y=xez+(-Y), ye(—x)+z.
(2) (R,) is a semihypergroup having 0 as a right absorbing element, i.e. 0-x=0,
vXxeR;
(3B) (x+y)-z=x-z+y-z, VX, Y,zeR.
Let (R,+,) be a hypernear—ring . A non-empty subset A of R
subhypernear-ring of R if (A+,) itself a hypernear-ring. A subhypernear-ring AcR is
called normal ifforall xe R holds:

s called a

X+A-Xc A

Since Ac x+A-X, itfollows A=x+A-x, forall xeR.
Definition 2.5 Let (R, +, ) be a hypernear-ring. A nonempty set M , endowed with two
hyperoperations © , e iscalleda right hypernear —module over (R, +, ) ifthe
following conditions hold:

(1) (M,®) isahypergroup ( not necessarily commutative).

(2) e:MxR—P*(M) issuchthatforall a,b of M and r,s of R, we have:

(i) (ae®b)er =(aer)®(ber);

(i) ae(r+s)=(aer)®(aes);

(i) ae(r.s) = (aer)es;

(iv) ae0=0 and 0.r =0.
Let (M,®,e) be a hypernear —module . A non-empty subset A of M s called a
subhypernear-module of (M,®,e) if (A®,e) itself a hypernear-module.
A subhypernear-module A of M is called normal if the relation X+ A—Xxc A holds for all

xeM.
Example 2.6 Every right hypermodule M over a hyperring R isa right

hypernear —module.

Example 2.7 Let (R,+) be a hypergroup ( not necessarily commutative) and let (M (R),+,0)
be a hypernear-ring of mapping from R into itself (see[8]). Then (R,®,e) bea
hypernear-ring over (M, (R),+,°) , Where the action w:RxM,(R)— R is given by

(a, f)>(@)f ,forall acR and feM,(R).

Let A be a subhypernear-module of an R-hypernear-module M. Then the hyperquotient group
M/A={m+A|me M} endowed with the  following  external composition
M/AxR — M/A,(m+Ar)—>mr+A , is an R-hypernear-module, and M/A is called the
guotient R-hypernear-module of M by A.

In what follows, all the hypernear-modules are right hypernear-modules.

Definition 2.8 A fuzzy subset u of a hypernear-module M over a hypernear-ring R is called a
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fuzzy subhypernear-module of M if the following conditions hold:
(1) min{u(x), u(y)}<inf,_  u(z), forall x,yeM;
@) wu(X) < u(—=x),forall xeM;
(i) wu(X)<pu(xr),forall reR and xeM.
A fuzzy subhypernear-module u# of M is called normal if u(y)<inf
X,y e M.
If u be a fuzzy subhypernear-module of M, then it is clear that u(—x)= u(X),

min{u(x), u(y)}<inf,,  u(z), forall x,yeM.
Let M be an R-hypernear-module. Then, for a fuzzy subset x of M, the level subset x, and

(2), for all

zex+y—x;u

the strong level subset g, are defined by
L ={xeM|pu(x) >t} te[0,1]
and
w, ={xeM | u(x) >t},t<[0,1].
A fuzzy subhypernear-module can be characterized by using its level subsets and strong level

subsets. The following proposition is obvious.
Proposition 2.9 Let u be a fuzzy subset of an R-hypernear-module M. Then the following

statements are equivalent:
(1) u isafuzzy subhypernear-module of M,

(2) each non-empty strong level subset of u is a subhypernear-module of M,
(3) each non-empty level subset of s is a subhypernear-module of M.

Definition 2.10 A mapping f:M — M is called a homomorphism if forall a,beM and
reR, we have:

f(a+b)=f(a)+ f(b), f(ar)=f(a)r and f(0)=0
It is clear that a homomorphism f is an isomorphism if f is both injective and surjective and
write M =M if M is isomorphicto M .

3 The isomorphism theorem

In what follows, M is always a hypernear-module over a hypernear-ring R unless state
otherwise.

Definition 3.1 Let u be a normal fuzzy subhypernear-module of M. Define the following

relation on M.
X =y(modg) if and only if there exists a € (x—Yy) suchthat u(a)= u(0).

now denote the above relation by xuy. Then, for this relation, we have the following lemma.

Lemma 3.2 The relation " is an equivalence relation.
Proof. Forall x,y,ze M, we have

(i) Oex—x implies xu'x,i.e., u" isreflexive;
(i) if xu'y then there exist ae(x—y) such that u(«)=u(0). Since
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ula) = u(-a) and —ae(y—x), yu'x.Thus, u* is symmetric.

(iii) To prove that 4" is transitive, let Xu'y andyu’z. Then there exist then there
exist ae(x—y) and fe(y—z) such that u(a)= u(f)= u(0).Therefore, xea+y and
—zey+/p . Hence, we have —z+xc-y+f+a+Yy, and so for every ae—-z+X, there
exists bef+a such that ae-y+b+y . Since u is normal, wu(b)<u(a) and

£(0) = min{u(), (L)} < u(b) . These imply that w(b)=(0) . Consequently, we have
ae—z+X and w(a)=u(0),andso (—z)u’(—x), thatis, xu'z. This completes the proof.

Lemma 3.3 If xu'y, then wu(x)= u(y).

Proof. if xu'y then there exist ¢ ex—y such that u(a)= u(0). Since aex—y implies
Xea+y and so min{u(a), u(y)}< pu(x) , that is, u(y)<u(x) . Similarly, we have
w(X) < p(y) . Hence  p(X) = pu(y)-

Let v be an equivalence relation on M. If A,B are non-empty subsets of M, then we write

AvBto denote that
Vae A dbeB suchthat awb and

VbeB,Jae A suchthat awb.
An equivalence relation v on M is called regular if for every x,yeM,
XW=X+2zwW+2, forall zeM.

Lemma 3.4 u° isaregular relation.

Proof. Suppose that Xu'y. Then there exists o €X—Yy such that u(a')= u(0). Now, for
every zeM and aeXx+z, we have Xea—z which implies that x—yca—-z—-y or

X—yca—(y+z).Hence o ea—(y+z) and so there exists bey+z suchthat o ca-b.
Thus, au’b andso (X+2z)u"(y+2).

Let x'[x] be the equivalence class containing the element x. Then we denote M/u the set
of all equivalence classes, i.e., M/u={u'[x]| x € M}. Define the following two operations on
M/ :

DA TYI={e (2]l 2 € 1 [X]+ 1 TV

I IX*r = g [xr].
Since u" isregular, we can easily deduce the following theorem:
Theorem 3.5 (M/y,(,*) is a hypernear-module.

let f:M —>M beamap and 1, A be the fuzzy subsets of M, M’ respectively. Then the
image f(u) of u isthe fuzzy subset of M defined by
f(w)(y) ={ll sup_xfr-1(y) {(x)} if fr-1(y) O otherwise..
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forall yeM .Theinverseimage f (1) of A isthe fuzzy subset of M defined by

f 1(A)(X) = A(f(x)) for all xeM . The following two lemmas can be easily proved
and hence, we omit the details.
Lemma3.6 Let f:M —M be a homomorphism of hypernear-modules and 1 a (normal)

fuzzy subhypernear-module of M. Then f(u) is a (normal) fuzzy subhypernear-module of M’

Lemma3.7 Let f:M — M be a homomorphism of hypernear-modules and K, A anormal
fuzzy subhypernear-module of M,M, respectively. Then, the following statements hold:
(i) Iffisan epimorphism, then f(f*(1)=241;
(i) If x4 isaconstanton Kerf,then f*(f(w))= L
Let u be a normal subhypernear-module of M. We now denote M, ={xeM | x(x) =(0)}.
Clearly, M, is a normal subhypernear-module of M. We now use the normal
subhypernear-module of M to establish the isomorphism theorems.
Theorem 3.8 (First fuzzy isomorphism theorem) Let f :M — M be an epimorphism of
hypernear-modules and p a normal fuzzy subhypernear-module of M with M y 2 Kerf . Then
M/u=M ff (u).
Proof. First note that M/u and M /f(u) are hypernear-modules. Now, Define
o Mu—->MIf(u) by e [x]1=f()?[f(X)], for all xeM . Then ¢ is clearly
well-defined. In fact, if £'[X]=u'[y], then u(x)=u(y) by Lemma 3.3. Since M, o Kerf,
4 is a constant on Kerf . By Lemma 3.7(ii) ,we have f*(f(u))=pm . Thus,
fHF()X)=f"(f(w)(y) . It follows from above the definition that

f () (f (X)) = f(u)(f(y)). Hence we f(u)°[f(X)]= f()°[f(y)]. Moreover, we have
(i (' X" IYD) = o [2]] 2 € 1" [XT+ O [y ={f () [F (211 2 € 17 [X] + 1[I}

= F()" (F QT TEOD) + ()™ (F (e [F(Y)D) = (" XD [YD);
(it) (X% 1) = (e [xr]) = £ ()" (F(xr)) = ()" (F(¥).r) = £ ()" ([F D * 1 = (e [X]*r .
(i) (u'[0]) = f ()*[f (0)] = f(x)*[0]=0.
Hence, we have shown that ¢ is a homomorphism. Clearly ¢ is an epimorphism. To show
that ¢ isa monomorphism, Let f (2)2[f (X)]= f ()®[f(y)]. Then f(u)(f(X)= f()(f(y)),
that is f1(f()(X)=f(f(w)(y), Hence u(x)= u(y), and so '[x]=1'[y], therefore,
M/u=MIf(u).

Lemma 3.9 Let f:M — M  be an epimorphism of hypernear-modules. If A be a (normal)

fuzzy subhypernear-module of M, then f (A1) is a (normal) fuzzy subhypernear-module of
M.
Corollary 3.10 Let f:M — M be an epimorphism of hypernear-modules. If A be a normal

fuzzy subhypernear-module of M, then MIf *(1)=M /A
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Proof. First we observe that M/f *(1) and M /A are hypernear-modules by Lemma 3.9. In
order to prove that M oy 2 kerf , we consider x e Kerf . Then we have f(x)= f(0), and

hence A(f(x))=A(f(0)), ie., f*A)(x)=f"(1)(0), This leads to xeM
Mo, 2 kerf . By Theorem 3.8, we have M/f *(1)=M/A.

1oy and so

Now, we proceed to establish the Second and Third Fuzzy Isomorphism Theorems. The
following two lemmas are obvious.
Lemma 3.11 Let A be a normal subhypernear-module of M and u a normal fuzzy

subhypernear-module of M. Then the following statements hold:
(i) If u isrestricted to A, then g isanormal fuzzy subhypernear-module of A;

(i) A/u is a normal subhypernear-module of M/yu.

Lemma3.12/f u and A are any two normal fuzzy subhypernear-modules of M, then so is
HNA.

We now prove our second fuzzy isomorphism theorem:
Theorem 3.13 (Second fuzzy isomorphism theorem) If u and A are any two normal fuzzy

subhypernear-modules of M with 1(0) = 1(0), then,
M (unA)=(M,+M,)/A

Proof. By Lemmas 3.11and 3.12, 4 and unA are two normal fuzzy subhypernear-modules
of M,+M, and M, , respectively. Now, it is clear that (M ,+M,)/A and M /(u"A1)
are both hypernear-modules. Define w:M,6 —(M,+M,)/A by w(x)= A[x], for all
XxeM , .Then, it is easy to check that y is an epimorphism. To show that Kery =M ., .
we consider the following equalities:

Kery ={xeM, |y ()= A[0]}={xeM, | 2[x]= 2[0]} =

{xeM,[4(x)=20)}F={xeM | u(x) = x(0) = 2(0) = A(x)}

={xeM, |xeM,;}=M

Therefore, M /(unA)=(M,+M)/1.

Theorem 3.14 (Third fuzzy isomorphism theorem) Let u and A are any two normal fuzzy
subhypernear-modules of M with pt>A and (0) = A(0) . then,

(MIA)(M [ 2) = M/ .
Proof. By Lemma 3.11(ii), it is known that M /4 is a normal subhypernear-module of M/A.

Define f:MIA—>Mu by f(P[x]) =4 [x], for all xeM. If 2[x]=A[y], for all
X,y € M, then there exists ¢ eXx—y suchthat A(a)=A(0).Since u>A4 and u(0)=1(0),
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we have u(a)= A(a) = A(0) = u(0). This implies that u(a) = 1(0), and so z[x]= 1[y].
Hence, f is well-defined. Moreover, we have

(i) fAXIAYD

= {22l ze A[X]+ A [y])

={u*[2]| z e A[x]+ Ayl

= A [ DA A Y]]

= 1A X))

= f(ADD(F (YD)

(i) fADI*r) = F(Axr]) =g [xr]= g D5 r = F (A *r,

(iii) f(2[0]) = #*[0]=0.
Hence, f is a homomorphism. Clearly, f is an epimorphism. Now we show that Kerf =M /1.
In fact

kerf ={[x]e M/A| f (F[x]) = £4[0]}

={A X1 e MIA| £ [X] = 401}

={A[X] e MIA| u[x] = O]}

={F[x]eM/A|xeM }

=M /2.
Therefore, (M/A)/(M /1) = M/
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