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Abstract

By using the Bosonic p-adic integral, Kim et al. [D. S. Kim, T. Kim, H.-I. Kwon, J.-J. Seo, Adv. Stud. Theor. Phys., 8 (2014),
745-754] studied some identities of the Korobov and Daehee mixed-type polynomials. In this paper, by using the fermionic
p-adic integral, we define the Korobov and Changhee mixed-type polynomials and give some interesting identities of those
polynomials. (©2017 All rights reserved.
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1. Introduction

Let p be an odd prime number. Throughout this paper, Z,, Qp, and C,, denote the ring of p-adic
integers, the filed of p-adic rational numbers, and the completion of algebraic closure of Q,, respectively.
The p-adic norm |- |, is normalized as [pl, = L LetC (Z,) be the space of continuous functions on

P
Zp.
For f € C(Z,), the fermionic p-adic integrals on Z,, is defined by Kim to be
ph—1
14(f) = J f(x)dpus(x) = lim > (1), (see [1-21]). (1.1)
Zy e x=0

From (1.1), it is well-known that
[ 1(f1) + 11 (f) = 2f(0), (1.2)
where f1(x) = f(x +1). By using (1.2), we get
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—¢)aytx R —— p— ) 1.
J, (-0 ) = g (13)
Recall that the g-Chaghee polynomials are defined by the generating function
—(1 — 20]). 14
(1+t)q+1 +1) ZCh“q o (see 20) (14
From (1.3) and (1.4), we have
2 N A
(1—t)q+1 (1-t7 ZChnq g- (1.5)
By replacing t by 1 —e* in (1.5), we have
_ 2 xt
2 x
— qat
—1+eqteq (1.6)
& n
= Z En <X) qntil/
= q n!
and
ad 1—et)™
RHS of (1.5) = Z i q () (1) i )
_y ¢ Ly s o
=) Chnglx)—nt 3 Sy(m,n)— (1.7)
n=0 m=n
o0 m tm
= Z Z x)So(m,n) | —.
m!
m=0 n=0
From (1.6) and (1.7), we obtain the following theorem.
Theorem 1.1. For m € IN U{0}, we have
x m
m () qm = Z Chn,q(x)S2(m,n).
q n=0
We observe that
= +x
| a-vram =3 | <q” )(—t)mdu_l(y)
Zp m=0"Zp m
. (1.8)
tm
=3 | taytxmdna -
7 m.
m=0""p
From (1.3), (1.5), and (1.8), we obtain the following theorem.
Theorem 1.2. For m € IN U{0}, we have
|| (ay+x)mdis(y) = Chimg ) 19)

P
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The Stirling numbers of the first kind are defined by

(n =) SimUx, (n=0).
1=0

The Stirling numbers of the second kind are defined by
n
XM=Y Smxh, (n>=0).
1=0

By using the Bosonic p-adic integral, Kim et al. ([11, 12, 14]) studied some identities of the Korobov
and Daehee mixed-type polynomials. In this paper, we observe the Korobov and Daehee mixed-type
polynomials in a slightly different way and use the Fermionic p-adic integral in stead of the Bosonic
p-adic integral. From the Fermionic p-adic integral, we define the Korobov and Changhee mixed-type
polynomials and give some interesting identities of those polynomials.

2. The Korobov and Changhee mixed-type polynomials
Let us define Korobov and Changhee mixed-type polynomials KCh, 4(x) of the first kind as follows:

KChn,qm:(l)“J (qy+X)ndialy), (0> 0). @.1)

P

Then, by (1.9) and (2.1), we have
KChn,q(x) = Chy q(x)(=1)"™.

By (2.1), we derive the generating function of KCh,, ¢(x) as follows:

00 m . 00 (—t)m
nZ_OKChn,q(x)n! -1, nZ_O(qy +X)n o du_1(y)
o0 + N
[ (M) eoranaty
Iz, 10 n
=| (1—-t)N¥du_4(y)
)z,
2 x
e (RO

Note that the generating function of the Stirling number is given by

tl

oo (see [4,5,8,10,13, 14, 16, 20, 21]).

(et —1)" =n! Z So(l,m)
l=n

Recall that the Euler polynomials was defined by the generating function as follows:

2 tn
(y+X]t = — xt = E E _
sz ¢ draly) et il — n(xJ n!
Replacing t by 1 — e, we have
oo et—1™ 2 ..
2 _1ym _ q
m:OKChm,q(X)( 1) n! N 1+eqteq

(2.2)

= X\ t"
-y u(G)en

n=0
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and
m (et _ 1)m

m!

Me i M

Y KChumq(x)(~1) KChy,q(x)(-1)™ ¥~ Sz(n,m)%
m=0 n=m

0 (2.3)

(Z (—1)™KChm,q(x)S2(n, m)) %

n=0 \m=0

Thus by (2.2) and (2.3), we obtain the following theorem.

Theorem 2.1. For n > 0, we have

n

En (’;) q" =D (—1)'KChyq(x)S2(L, ).

1=0

In view of (2.1) , we define the Korobov and Changhee mixed-type polynomials of the second kind as
following:

KCnq(x) = (—1)" JZ (—qu+x)ndu(y),  (n3>0). (2.4)
From (2.4), we get
© i 00 m
> RO = 3 (1" | (—ay+hndiafy)
n=0 n=0 P (25)

- J (1— 1) 9 d_y(y).
Z

P

From (1.2), we have
2

JZ (1—t)" 9 dp 4 (y) = -t 9+1

P

(1—1v)~. (2.6)
By (2.5) and (2.6), we derive the generating function of fC\hn,q (x) as follows:

S tn 2 N

n=0

From (2.4), we have

KChp q(x) = (=)™ J (—qy +x)ndp—1(y)

Zy

Il
M=

Sy, V) j (—qy +x)'dp_1 () ()"

1=0 Zp
n x 1 (28)
=> Sl(nfl)(—1)1+nqlJ <U - ) dp—1(y)
1=0 Zp q
= X
= Si(n,Y(-1)""q'E <—) :
1=0 q
Thus, by (2.8), we obtain the following theorem.
Theorem 2.2. For n > 0, we have
KChnq(x) = Y S1(n,)(-1)™"'q'Ey (—q) . (2.9)
1=0
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We observe that

- tn 2 —xt
2 Enlx) g = e
n=0
2
- o ()t (2.10)

o tn
=Y E(1+x)(-1)"
n!
n=0
By (2.10), we get
Enqg(—x) = En(1+x)(—=1)™. (2.11)
By (2.8) and (2.11), we obtain the following theorem.

Theorem 2.3. Forn > 0,
n
RChnq(x) = 3 S1(n, 1(~1)"q'E, (1 T ’(;) .
1=0

By replacing t by 1 —e' in (2.7)

= (1—eb) 2 gt
ZKChn,q(x) = 1+eqte e
n=0
_ 2 e(q+x)t
~ 1+eqt
(2.12)
_ 2 . (+3)at
1+ edqt
& n
=) En <1+X> q“t,,
n=0 q n
and
i RChm g (x)— (1 — et)™ = i KCh g (X)—mi(—1)™ i Sa(n, m) =
™A m N A 2
m=0 m=0 n=m
. (2.13)
=5 (Z KChp,q(x)(—1)™S2(n, m)) =
n=0 \m=0

Thus, by (2.12) and (2.13), we obtain the following theorem.

Theorem 2.4. For n > 0, we have
n
En (1 - :) q" = ) KChpm,q(x)(~1)™S(n, m).
m=0

We observe that

K/(Zh!n,q _ (—Ti!J“ J'Zp(_qy)ndul(y)
_ sz (qy e 1) a1 (y)
B é <2 - D sz (qu> du_1(y) (2.14)
-2 (e, e
-3 (v
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Thus, by (2.14), we obtain the following theorem.

KChp q :i n—1) KChyq
n! —\1-1 (LI

3. The Korobov and Changhee mixed-type polynomials of order r

Theorem 2.5. For n > 1, we have

For r € IN, let us consider Korobov and Changhee mixed-type polynomials of order r as follows:
KCRIh00 = (C1" | o[ g+ a4 x)ndia faa)- dia (), @)
Z, Zy
Then we have

KChiT) (x) = (1)“J i,
Z.

P

-JZ (gqx1+- 4+ qxr +x)ndp_q(xq) - - dp—q1(xy)
P

=)_sil

1

g nJZP "‘sz(xl 4+ X+ g)rdu,ﬂxl) cedpg (xy).

n

sz . sz (gx1 4+ qxe +x)"dp_q(x1) - - - dp_q(xr) (3.2)

o

Recall that the Euler polynomials of order r was defined by the generating function as follows:

2 T > ),
[ o] emrretanm ) = ((2) et X elwl e
Z, Z, et+1

From (3.2) and (3.3), we obtain the following theorem.

Theorem 3.1. For n > 0, we have

KChiT) (x ZSlnl nglr (:)

From (3.1), we can derive the generating function of KCh,, (x) as follows:

n

Y KChily(x)— = Z(—l)“JZp : --sz(qxl o g xndia(xa) A ()

(qxl +oogxr +x
0

) ()i (1) - i ()
n

Rl
3
|

(3.4)
:JZ ...JZ (1 -yt Ft@atxqy ((xq) - du_q(xy)

P
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By replacing t by 1 —e' in (3.4)

iKCh 1) L) —iKChm( )~ 'is (RE
g (x o = nqxn!n. 2{Ln U
n=0 no l=n 1 (3.5)
= (Z KChiy) (x)(—l)“sz(l,n)> t7
1=0 \n=0
and
> T) (1_et)n . 2 " tx
2 KChmab = = () @
2 \" »
e (x|t
£ ()
;) 14 q) U

From (3.5) and (3.6), we obtain the following theorem.
Theorem 3.2. Forn > 0,

QBN () = Y KCR{(x)(—1)' Sz (n, 1),
1=0

Let us consider Korobov and Changhee mixed-type polynomials of second kind with order r as fol-
lows:

— (1)
KChy, 4(x) = (—D“J = J (—ax1 —qx2 — - — qx¢ +xX)ndp_1(x1) - - - dpu_1(xs), 3.7)
z, z,

where n > 0.
Thus, by (3.7), we get

K/C\h:')q(X) 2251(n/1)(_1)nJ J (—qx1 —qxp — - — qxr +x) A1 (xq) - - - dp_q (xr)
1=0 z, z,
_“ —1) gt Y

=Y Sim )M ET ().
1=0 q

By (3.8), we obtain the following theorem.
Theorem 3.3. Forn > 0,

KChy q(x) = 3 Si(n, Vg (D)™ e (-2, (3.9)

We observe that

(3.10)
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By (3.10), we have

B (%) = EV (x 1) (=)™ (3.11)

By (3.9) and (3.11), we obtain the following theorem.

Theorem 3.4. Forn > 0,
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