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Abstract

A frozen Jacobian iterative method is proposed for solving systems of nonlinear equations. In particular, we are interested in
solving the systems of nonlinear equations associated with initial value problems (IVPs) and boundary value problems (BVPs).
In a single instance of the proposed iterative method DEDF, we evaluate two Jacobians, one inversion of the Jacobian and four
function evaluations. The direct inversion of the Jacobian is computationally expensive, so, for a moderate size, LU factorization is
a good direct method to solve the linear system. We employed the LU factorization of the Jacobian to avoid the direct inversion.
The convergence order of the proposed iterative method is at least eight, and it is nine for some particular classes of problems.
The discretization of IVPs and BVPs is employed by using Jacobi-Gauss-Lobatto collocation (J-GL-C) method. A comparison of
J-GL-C methods is presented in order to choose best collocation method. The validity, accuracy and the efficiency of our DEDF
are shown by solving eleven IVPs and BVPs problems. (©2017 All rights reserved.

Keywords: Frozen Jacobian iterative methods, systems of nonlinear equations, nonlinear initial-boundary value problems,
Jacobi-Gauss-Lobatto quadrature, collocation method.
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1. Introduction

The closed form solutions of nonlinear problems are not always available. It means we need an
iterative method to solve them. We are interested in iterative numerical methods for solving systems of
nonlinear equations associated with nonlinear IVPs and BVPs. At the first place, we find some efficient and
accurate discretization method to approximate the nonlinear differential equations. Once, we translated
the continuous problem into a discrete nonlinear problem. We proceed by finding some efficient iterative
solvers for the associated systems of nonlinear equations.

The pseudospectral collocation methods offer excellent accuracy. Doha et al. [7] employed J-GL-C
method for the discretization of nonlinear 1+1 Schrodinger for spatial dimensions and got a system of
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ordinary differential equations. They used implicit Runge-Kutta method to solve the system of ordinary
differential equations and obtained highly accurate numerical solutions, for four different kinds of nonlinear
1+1 Schrodinger equations. In another article Bhrawy et al. [5] solved the nonlinear reaction-diffusion
equations by using J-GL-C method. In the solution of the complex generalized Zakharov system of equation
[4], the J-GL-C method is also the method of discretization. The further application of pseudospectral
collocation techniques for solving nonlinear IVPs and BVPs can be found in [6, 8, 9, 17] and references
therein. The J-GL-C method is a parametric pseudospectral collocation method. By selecting different values
of the parameters, we can get different pseudospectral collocation methods. The Legendre, Chebyshev, and
Gegenbauer pseudospectral collocation methods are special cases of ]-GL-C method [16].
The Jacobi polynomials are the eigenfunctions of a singular Strum-Liouville problem [16]

(1—x3)o"(x)+O0—p+(0+d+2)x)0'(x) +n(n+0+¢+1)o(x) =0.

The following recurrence relation produces the Jacobi polynomials

0, 0, 0, 0, 0, 0,
1000 = (@l =0l ) 10 ) = S ), k21,

_1

o =1, 100 = 5

(6+¢+2)x+%(¢—9),

where

a(e,q)) 2k+0+¢d+1)2k+0+ P +2)

K 2(k+1)(k+0+d+1) '
(00 _ (02— P (2k+0+p+1)

K T 2k+D)(k+04+dp—1)2k+0+¢)
C(9,¢))_ (k+0)(k+)2k+0+ ¢ +2)

ko (k+D(k+0+d—1)2k+0+)

The p-th derivative of k-degree Jacobi polynomial ]](Qe’q’) can be computed as

P1red)y_ TG+0+d+p+1) (o4pd+p)
D) = e v o) (x).

The Jacobi polynomials are orthogonal over the domain [—1,1] with respect to weight function (1 +x)®(1 —
x)®. The J-GL-C method is attractive because the numerical differentiation matrix is easy to construct for
approximating differential operators of different orders. The construction of such differentiation matrices
can be found in [14]. Assume Q is the Jacobi-Gauss-Lobatto differentiation matrix of the first order
derivative operator over the domain [—1,1] .Then a derivative of order p can be approximated over the

interval [a, b] as follows
dr 2 P
o <b - aQ> :

The discretization of IVPs and BVPs gives a system of nonlinear algebraic equations F(y) = 0, where
y = [Y1,Y2,Y3, - - ,yn)". The classical iterative method for solving system of nonlinear equations is the
Newton method [11, 18], which can be written as

NR — yo = initial guess,
Yn+1 =Yn— F/(Yn)_lF(Yn) ’

where det(F’ (yn)) # 0. Many researchers [1-3, 10, 12, 13, 15, 19, 20] have proposed the frozen Jacobian
multi-step iterative method for solving the system of nonlinear equations. The frozen Jacobian iterative



D. A. Alrehaili, et al., ]. Math. Computer Sci., 17 (2017), 378-399 380

methods are computationally efficient, because inversion of the Jacobian is too expensive. For moderate
size system of nonlinear equations, it is good idea to use the LU factorization for solving the system of
linear equations. The benefit of using the LU factorization of frozen Jacobian is apparent because in DEDF
method we use eight systems of linear equations with fixed augmented matrix, which is a frozen Jacobian.
In fact, we solve eight lower, and eight upper triangular systems and the solution of the triangular system
is computationally economical. In the DEDF method, we get an increment in the convergence order of one
per solving a system of linear equations. It is a good idea to design higher order frozen Jacobian iterative
methods, which provide us rapid convergence in the vicinity of the root.

2. Frozen Jacobian iterative method

A new iterative method (DEDF) can be described as

yo = initial guess,
F'(yo) &1 = F(yo),
Convergence order > 8 y% =Yo =1,
. . F'(yo) &2 = F(y1),
Function evaluations =4
. . 2=y 02,
Jacobian evaluations =2 F (yo) b3 = Fly)
LU-factorization =1 ZO 3 ¢Y2 ’
Matrix-vector 3= y2moa®s
DEDF = . y31 = y2 — o2 §3,
multiplications =4 |
F'(yo) ¢4 = F(y3),
Vector-vector , ,
. F'(yo) &5 = F'(y31) b4,
multiplications =81, ,
F'(yo) ds = F'(y31) ¢s,
Number of lower and , ,
. F'(yo) &7 = F'(y31) de,
upper triangular systems =8 , ,
F'(yo) s = F'(y31) ¢7,
Vi =Y2—B1®d3— P2ds— B35 — Psds — Psd7 — Be s,
Yo =Y,
where
N V1724 + 68 /9757 29 L%
2 =— —,
204 17 v/1724 + 68 /9757 102
o =4op —3,
B _ 6 Xy — 5
T d-3)2x—3)
960 o> — 2560 xp? + 2260 xy — 659
By = —1/32 0;2 - X" + x2 )
(203 —7 002 +8x —3) (4xp — 3)
B 160 0?2 — 305 x5 + 146
Bs = 1/820c23—7oc22+80c2—3'
120 xp? — 226 &y + 107
=-3/16 ,
B / 2003 -7 2 +80tp —3
B 96 0y” — 179 x; + 84
Bs = 1/820c23—7oc22+80c2—3'
2_14
B — —1/32 80 oty 8 oy + 69

2003 7002 +8xp —3
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The DEDF is an efficient iterative method, since it requires only one inversion of the Jacobian regarding
LU factorization. In summary, the DEDF employs four functions, two Jacobian evaluations, and eight
matrix-vector multiplications.

3. Convergence analysis

We used the symbolic algebra of Maple software to deal with symbolic computations. The Fréchet
differentiability condition on the system of nonlinear equations is the essential because it ensure the
linearization of the nonlinear function.

The existence of the following limits

iy IF(y 1) —Fly) — ARJ| _

0,
h—0 I[hl|

ensures the Fréchet differentiability. The linear operator A is called the first order Fréchet derivative and
we denote it by F’(y). The higher order Fréchet derivatives can be computed recursively

F'(y) = Jacobian (F(y)),
F (y)w ! =Jacobian (F~!(y)v 1), j=>2,
where u is a vector independent from y.

Theorem 3.1. Let F: ' C R™ — R™ be a sufficiently Fréchet differentiable function on an open convex neighborhood
Iof y* € R™ with F(y*) = 0 and det(F'(y*)) # 0, where ¥'(y) denotes the Fréchet derivative of F(y). Let

A, =F'(y") and A = jllF/(y*)1 F(j)(y*),for j = 2, where FU) (y) denotes j-order Fréchet derivative of F(y).

Then, with an initial guesé in the neighborhood of y*, the sequence {ym} generated by DEDF converges to y* with
local order of convergence at least eight and error

e; =Le® +0 (eog) ,

P times
——
where eg =yo—y", eo¥ = (eg, ey, ..., ep), and

L :( —16A3A3A505 + 48A2A3A505 + 16A3A3A305 — 48A3A505 — 816A%05 4+ 56A5A3A505
—21603A2A3A% — 5605 A3A3A5 + 21605 A3A3 + 228005A5 — 7203A5A3A3 + 36005A2A3A5
+ 7203 A3A3A5 — 36003 A3A5 — 214400A] 4+ 4000A3A3AS — 2640A2A3A5 — 400 A5A3AS
+ 2640 A3A5 + 678A] — 8AZA3A2 + 72A2A5A% + 8AZA;AS — 72A3A§) / ((2a2 —3)(d — 20 + 1)),

8 times

is a 8-linear function, i.e.,, L € L (R™, R"™,R"™,--- ,R"™) with Leo® € R™.

Proof. We define the error at the n-th step e, = yn —y". To complete the convergence proof, we performed
the detailed computations by using Maple and details are provided below in sequence.

F'(y) ! :(1 “2Ase + ( _3A5+ 4A§) e+ ( “4A, +6A3A; - 6ArA; — 8Ag>e3 + (f 5As — 12A2A;
—12A3A% — 12A2A3A; + 8A4A; + 9AS + 8ALA, + 16A§) et + ( —6Ag — 16A3A4 —32A5
—16A4A3 —18A3A; — 16A2A4A; — 18A3A2A5 — 18A7A3 +24A3A3 + 24AA3A35 + 24A3A3A,
+10A5A; + 12A4A5 + 12A3A4 + 10ArAs5 + 24A§A3) e 4--+0 (e3> )A;l,

F(yo) =A1 (eo + Aze(z) + A3e8 + A4e3 + A5eg + A6e8 + A7e(7) + Ageg +0 (eg> ),
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b1 =eg— Ased + ( —2A4+ 2A§) e+ ( C3A4 +4A0A; +3A3A, — 4A§) el + ( —4As +6AsA, +4A4A,
— 6A2A3A, + 6A2 + 8A% — 6A;AZ — 8A§A3> e+ ( ~5Ag— 12A3A2A3 — 8A2A4A; + 8AsAS
+9A3A, +8A4A; +5A5A, + 12A3A3A, + 12A,A3A3 + 12A3A3 —9AZA, — 12A,A3 — 16A3
—12A2A, — 8A4A2 + 16A§A3) ef+--+0 (eg) ,

e1 =Asel + (2A3 - 2A§) e+ (3A4 —4AyA; —3A3A, + 4A§_’> e+ (4A5 —6AxA, — 4A4A, - 6A2A3A,
—6A% —8A3 + 6A3A3 + 8A§A3) ed+ (5A6 +12A3A2A5 4+ 8A,A4A, —8A,A5 —9A3A, — 8A4A;
—5A5A; — 12A3A3A; — 12A5A3A3 — 12A3A5 +9A3A; + 12A,A% + 16A3 + 12A3A, + 8A, A3
~16A3As)ef + -+ 0 (ef ),

F(y1) =A (Azeg + (ZA3 - 2A§) e+ (3A4 —4AyA; —3AsA, + 5A§> e+ <4A5 — 6A2A; — 6A2 —4A4A,
—12A% +8A2A3A; + 6A3A3 + 10A§A3> e+ (5A6 +8A4A3 + 12A3A7A5 — 24A3A3 — 19A3A3A,
—19A2A3A% — 11A3A3 + 9A2A; + 11A2A4A; + 16A2A3 + 28A5 — 8AAs — 9A3A, — 8A4A;3
_5AsA, + 15A§A4> ef+---+0 (eg) )

by =Asel + ( —4A2 ¢ 2A3> e+ (3A4 +13A3 — 8A,A; — 6A3A2> el + (4A5 —12A,A, — 12A2 — 8A4A,
—38A5 +20A2A3A, + 18A3A% + 26A§A3) ed+ (5A6 +24A4A% +36A3AA3 — 76A3A;3
—59A3A3A, —55A2A3A% — 50A3A5 + 27A2A, + 27A,A Ay + 40A7A3 + 104A3 — 16A2A5
—18A3A, — 16A4A3 — 10A5A, + 39A§A4) ef+--+0 (e%) )

ey =2ejA3 + ( —9A3 +4AsA; + 3A3A2> et + (30A‘21 +6AsA, +6A% +4ALA; — 14A5A3A, — 12A3A3
—18A3A; )] + (47A3A540 + 4389 A5 A3 + 384347 — 16A4A — 18A3A7 — 1942447,
—24A3A5A3 —28A5A% + 60A5A; — 88A3 + 8ArA5 + 9A3A, + 8A4A; +5A5A, — 27A§A4) ef
+---+0 <e8) ,

F(y2) =A, (2A§e3 + ( —9A3 +4ArA; + 3A3A2) e+ (30A‘21 +6A2A4 +6A2 +4A4A; — 14A5A5A,
—12A3A3 — 18A§A3) e+ (47A§A3A2 +43A7A3A7 + 38A3A3 — 16A4A5 — 18A3A; — 19AA4A0
—24A3A5A5 —28A7A3 + 60A5A; — 84A3 + 8ArAs + 9A3A, + 8A4A; +5A5A, — 27A§A4) e§
+---4+0 <e8)>/

3 =2A%e] + (—13A3 + 4A2A5 + 3A3A; ) ef + (6A2A4 + 4A4As — 202434, + 56A1 +6AF — 18A5A]
- 26A§A3) &+ ( —27A2A4A7 — 36A3A0A5 + 8ArAs + 9A3A4 + 8A4A; + 5A5A, + 87A2A5A,
+79A2A3A3 + 77A3A3 — 24A4A3 — 27A%A, — 40AA3 + 112A5A;5 — 196A3 — 39A§A4) €S
+---+0 <e8) ,

e3 =4A3e} + < —26A% +6A2A3A, + 6A3A3 + 8A§A3) e+ ( —40A3A3A; —36A,A3A3 —39A3A3
+8A4A3 +9A%A, +8ArALA, + 12A3A5A5 + 12A,A% — 52A3A5 + 108A5 + 12A§A4) e§
+ (— 80A3AS —72A5A3A2A3 — 78A3A3A; + 16A4A2A3 + 18A3 + 16A2A4A; + 18A2A3A,
+18A3A2A, +216A3A; — 78A3A, — 356A5 + 10A5A3 + 12A4A3A; + 12A3A4A; + 10A2A5A,
+168A3A3A, + 150A5A3A3 + 148A,A3A5 + 168A3A5 + 16A3A5 — 52A4A3 — 54A3A3

— 48A,A4A% — 54A,A%A; — 60A3A2A5A, — 54A§A4A2> e+ +0 (eg) ,
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Fys) =Aq (43¢ + (—26A% +6A0AsAs + 6A3A3 + 8A3As )] + ( — 40A3AsA; — 36A9A3A3 — 39A3A3
+8A4A3 +9A%A, +8A2ALA, + 12A3A5A5 + 12A,A% — 52A3A5 + 108A5 + 12A§A4) ef
+ ( —80A3AZ — 72A2A3A2A3 — 78A3A3A3 + 16A4A0A5 + 18A3 + 16AA4 A3 + 18A2A3A,
+18A3A0A4 +216A5A; — 78A5A, — 356A8 + 10A5A3 + 12A4A3A; + 12A3A4A; + 10A2A5A,
+168A3A3A, + 150A3A3A3 + 148A2A3A5 + 168A3A3 + 16A3A5 — 52A4A3 — 54A3A3
— 48A,A4A% — 54A,A2A, — 60A3ArA3A, — 54A§A4A2> e+ +0 (eg) )
e3 = (2A§ - 2a2A§) e+ (13oc2A§ — 40y ArAs — 30pA3A, —9A3 + 4ArA; + 3A3A2> el + (200(2A2A3A2
+1802A3A3 — 60 A2 Ay — 600 A3 — 4o AgAy — 560, A5 + 2600 A3A; — 14A,A3A, — 12A3A3
+6AsA, +6A3 +4A4A, +30A5 — 18A§A3) e+ (47A§A3A2 +43A5A3A3 +38A3A3 — 16A4A3
—18A2A; — 19A2A4A; — 28ArA3 — 24A3A5A5 — 900 A3A4 — 8 A4A3 — 500 A5A, + 390 A3A,
+60A3A3 — 88A3 + 8A2As5 + 9A3A, + 8A4A3 + 5A5A, — 870pA3A3A, — 790 Ar Az A3
—7700A3A3 + 2400 A4 AS + 270, A A, + 270 ArAgA, + 4000 ArAS + 3600 A3A0A3
—11200A3A3 + 19600 A7 — 8asAs As — 27A3A, )ef + -+ + O (ef ),
Flys1) =A ((2A§ _ z(xlAg) e+ (13oqA§ — 401 A2As — 301 AzA, —9A3 + 4ArA; + 3A3A2)e3
+ (20a1A2A3A2 + 1801 A3AZ — 601 ApAy — 601 A3 — 4] AyAy — 5604 A3 + 261 AZA3
—14A5A3A; — 12A3A3 + 6ArA, + 6A% + 4A4A; +30A5 — 18A§A3) e+ (47A§A3A2
+43A2A3A3 +38A3A5 — 16A4,A% — 18AZA; — 19A,A4A; — 28A7A3 — 24A3A0A;3
— 8701 AZA3A; — 790 Ag Az AL — 770 A3 A3 + 240 AyAS + 270 AZA; + 2701 Ar AyA,
+ 4004 Ap A3 + 360 A3Ap Az — 11201 A3 A3 + 1880 A5 — 8 Ao As — 9o Az Ay — 8 AyAs
—501A5A7 + 3901 A3Ay + 60A3A; — 84A3 + 8ArAs + 9A3A4 + 8A4A; + 5A5A, — 27A%A,
+4o¢%Ag>e8 +---+0 <e3) ),
F(ys1) =Aq (1+ (40283 +4A3) e} + ( — 80oA3As +2600A3 — 60042 A, + 8AJA; — 18A3
+ 6A2A3A2) et + ( — 1200 A%A4 +5200A3A3 — 11200 A5 — 1200 A A3 + 360, A2 A3 A3
+400pA%A3A; — 80 ArAgA; + 12A5A, — 36A5A; + 60A3 + 12A5A% — 24A,A3A% — 28A3A3A;
+ 8A2A4A2> e+ ( —56A3A% —48A2A3A0A3 + 16A5A4A; + 18AA3A, + 1203 A3A%
—36A,A%A; —38A3A4A; — 32A5A4A3 + 120A3A; + 94A3A3A, + 86A3A3AS + 76A2A3A3
+12A3A% —176A5 + 16A3A5 + 10A2A5A, — 54A5A, + 800 AZA3 + 7200 A2 A3A0 A3
—1600A2A4A; — 1800 A2 A3 Ay + 5400 A0 AZA, + 540 A3 AL A, + 480 Ag AgAS — 2240, A5A;3
—17400A3A3A, — 1580pA3A3A3 — 15400 A0 A3 A3 — 240 A3 A% + 39200 A8 — 160, A3 A5
— 1000 AsA5A, + 78a2A§A4)e8 + 40 (e3> )
by = (2A§ - z(xlA%) e+ < — 4o AsAs — 301 AsAy + 1701 Ad + 4Ar A + 3A3A, — 13A§) et
+ (26oclA2A3A2 — 601 AxA, — 4o AgAy + 240 A3AS — 601 AT — 900y AS + 340 AZA;3
—20A2A3A; +6A2A4 +4A4A, — 18A3A3 + 6A3 4 56A5 — 26A§A3) e+ (87A§A3A2
+79A2A3A3 + 77A3A3 — 24A4A3 —27A%A, — 27ArA4A; — 40A,A% —36A3A5A3
— 13901 A3A3A; — 12701 Ap A3A3 — 12801 A3AS + 32001 Ay A3 + 3601 AZA, + 350 AsA4A,
+ 5201 Ap A + 480 A3 A Az — 1800 A3 A3 + 3680 A3 — 8 Ao As — 9o Az Ay — 8oy AgAz
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— 501 A5A0 4+ 510 A3A, + 112A5A5 — 196A5 + 8ArA5 + 9A3A, + 8A4A; +5A5A, — 39A2A,
+4oc%Ag>e8 +---+0 <e3) ,

&5 — (2A§ - 2alA§) e+ (21a1A§ — 401 ArAs — 30y AzA, — 17A3 + 4A,A; + 3A3A2> et
+ (32a1A2A3A2 +300 A3A3 — 60 AgAy — 60 A3 — 4o AgAg — 1320 A + 420 AZA
—26A2A3A; —24A3A3 +6AsA, + 6A3 +4A4A, +90AS — 34A§A3) ed + (139A§A3A2
+127A2A3A3 + 128A3A3 + 8001 A5 — 324443 — 36A3A, — 35AA4A; —52A,A3 — 48A3A,A;
— 20301 A3A3A; — 18701 ApA3A3 — 191 A3AS + 400 AgAS + 4501 AZA, + 430 A Ay A,

+ 640 A A% + 600 A3 A Az — 2640 A3 A3 + 62404 A3 — 8 AgAs — 9 AzAy — 8oy AgAsz
— 501 A5Ap + 6301 A5A, + 180A5A; — 368A5 + 8ArAs + 9A3A, + 8A4A; +5A5A; — 8 A5
51434, + 4033 )ef + -+ 0 (ef),

bg = (2A§ - 2oqA§) e+ (25oqu — 401 ArAs — 30y AgAy —21A3 + 4A,A; + 3A3A2> el
+ (380(1A2A3A2 + 3601 A3A3 — 60 AgAy — 60 A3 — 4o AgAy — 1820 A + 500 AZA3
—32A2A3A; —30A3A3 4 6AsA4 + 6A3 + 4A4A, + 132A% — 42A§A3> e+ (203A§A3A2
+187A2A3A3 + 191A3A3 + 16000 A3 — 40A4A3 —45A3A, — 43A2A4A; — 64A,A% — 60A3A7A3
— 27904 A3A3A; — 2590 AgA3 A3 — 26601 Az A3 + 480 A4A3 + 5doy AJA, + 510 Ay AyA)

+ 7601 AAS + 720 A3 A Az — 3640 A3 A3 + 9800 A3 — 8 AgAs — 9o AzAy — 8oy AgAsz
—5x1A5A, + 7501 A3Ay + 264A3A3 — 624A3 + 8ArAs + 9A3A, + 8A4A3 + 5A5A, — 160,A5
— 63A3A, + 4033 )ef + -+ 0 (ef),

by = (2A§ - 2oqA§) e+ (29oqA§ — 401 A2As — 30q AzAy —25A3 + 4A,A; + 3A3A2> el + (44oc1A2A3A2
+ 4201 A3A% — 60 AgAy — 604 A3 — 4o AyAy — 24004 AS + 5801 AZA; — 38A2A3A, — 36A3A3
+6AsA, + 6A% +4A4A, + 18245 — 50A§A3) ed+ (279A§A3A2 +259A,A3A% +266A3A3
+ 24001 A5 — 48A4A3 — 54A2A; — 51A2A4A) — 76ArA3 — 72A3A5A5 — 3670 A3A3A,

— 34301 ApA3AS — 3530 A3 A3 + 560 Ay A3 + 630 ASA; + 590 AsAyA, + 880 Ay A

+ 840 A3Ar Az — 4800 A3 Az + 145204 A5 — 8o ApAs — 9o Az Ay — 8o AyAz — 501 AsA,
+ 8701 AZAy +364A3A3 — 980A3 + 8ArAs + 9A3A, + 8A4A; +5A5A, — 2400 A5 — 75A3A,
+4oc%Ag)e8 +---+0 (eg) ,

s =(2A3 — 201 A3 )& + (33cx1A§ — 4o AgAs — 30q AzAy —29A3 + 4A,A; + 3A3A2> ef -+ (5001 A2AsA,
+ 480 A3A3 — 601 AgAy — 60 A3 — 4o AgAy — 3060 A + 660 AZA; — 44AA3A, —42A3A3
+6A2A4 +6A2 + 4A4A, +240A% — 58A§A3) &+ (367A§A3A2 +343A,A3A% + 353A5A3
+320p01 A5 — 56A4A3 — 63A3A; —59A,A4A, — 88ArA3 — 84A3A5A; — 4670 A3AzA,

— 4390 A A3AS — 45200 A3 A3 + 640 AyA3 + 7200 AZA, + 670 AgAgAy + 1000 Ap A3
+ 9601 A3A2A; — 6120 A3 A3 + 20560 A5 — 8oy AgAs — 9 Az Ay — 81 AyAz — 50 As Ay
+ 9901 A5A4 +480A5A5 — 1452A3 + 8ArAs5 + 9A3A, + 8A4 A3 +5A5A, — 320,A5 — 87A2A,
+4oc%Ag>e8 +---+0 <e3) ,

ey :( —16A3A3A305 + 48A2A3A505 + 16A5A3A3 05 — 48A3A505 — 816A% 03 + 56A3A3A305
—21605A2A3A% — 5605 A3A3A3 + 21605 A3A5 + 228005 A% — 7203 A5 A3A3 + 36005 A2 A3 A%
+7203A3A3A3 — 36003 A3A35 — 214405 A) + 400 A3A3AS — 26405 A2 A3AS — 400 AZAZAS
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+26400A3 A3 + 67847 — BAJAGAZ + 7280 A5 A% + 8AAsA — 72A5A3) /(202 - 3)

x (oc%fZ(x2+l))eg+O (eg) .

4. Numerical simulations

Numerical simulations are the direct way for checking the validity, accuracy and efficiency of an iterative
method. In this section, we solved eleven initial and boundary value problems. The discretizations are
performed by using four pseudospectral collocation methods. The details of absolute errors are tabulated
for different parameters on different pseudospectral collocation methods. The verification of theoretical

convergence order is crucial, and we adopt the following definition of computational convergence order
(COQ)

_ log (IIF(xc1)lloo/IIF(x:)lsc)
1og (IF(x)lloo/TE(xic—1)ll)

4.1. Verification of computational convergence order

First we consider the following system of nonlinear equations F(x) = [F;(x), F2(x), F3(x), Fax)]T =0,

2 X3 + X4 (X2 + X3

7

- (4.1)

1X2 +%Xg4 (X1 +X2) =

7

(x) =x ( )=0
Fa(x) = x1x3 + x4 (1 +x3) =0,
(x) =x ( )=0
(x) =x ( )=1

1X2 +%3 (X1 +X%2

Table 1: MFA : verification of convergence order for the problem (4.1).
Iters  ||F(xx)lle COC

1 2.50e-1 -
2 5.36e-8 -
3 9.15e-69  9.11
4 1.12e-615 9.00

Table 1 shows that COC is nine which is higher than our claimed convergence order. The verification of
theoretical convergence order is hard to verify by solving the system of nonlinear equations associated
with IVPs and BVPs.

4.2. Solving the initial and boundary value problems

The temporal and spatial discretizations of all IVPs and BVPs are made by employing different J-GL-C
methods. The discrete problems are the systems of nonlinear algebraic equations and we used our proposed
iterative method DEDF to solve them. In the majority of the solved problems, the vector 0 is the initial
guess. The initial and boundary conditions are embedded in the zero vector, and this inclusion makes the
initial guess non-smooth. In most of the numerical simulations, the non-smooth initial guess works well.
But in some numerical simulations of schrodinger equations, we get divergence and then we make the
initial guess smooth to get the convergence.
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4.3. Lane-Emden equation

2
x"(t)—i—;x/(t)—i—x(t)p =0, x'(0)=0, x(0)=1. 4.2)
The discrete Lane-Emden equation (4.2) is obtained by using J-GL-C method
) 2
F(x) = Sxxx + diag (t) Syx+xP =0,
F'(x) = Sxx +diag (i) Sy +pdiag (x*7 1),

where diag(-) means a diagonal matrix, Sy =2/b Qx, Sxx = (2/b QX)Z, X = [x1,%2, -+, xn] " and [0, b] is the
domain of the problem. Figure 1 depicts the numerical solutions of different Lane-Emden equations and
initial guess. Table 2 shows infinity norm of residue function for different values of index p of Lane-Emden
equation. We performed three iterations (Iters) to show the convergence of our proposed iterative method
DEDFE

Table 2: Norm of residue of system of nonlinear equation associated with the problem (4.2) over the domain [0,3], number of grid
points =50, (6, $) = (—1/2,-1/2).

Iters \ p 2 3 4 5

1 IIF(xi )l 6.58e-03  3.14e-02  2.39e-02  3.51e-02
2 - 8.73e-35  1.43e-31 91.67e-27 4.07e-25
3 - 5.98e-278 3.96e-255 7.26e-226 3.07e-207

initial guess

index=2 i
index=3
index=4
index=5

0.81

0.6 \
04t |

0.2F |

L L L
0 0.5 1 1.5 2 25 3

Figure 1: Solution of the Lane-Emden equation (4.2) with different indices, number of gird points=50.

4.4. Bratu-problem

x"(t) +oe*t =0, x(0)=0, x(1)=0, (4.3)

where « is a parameter. The associated system of nonlinear equations in (4.3), by using J-GL-C method,
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can be written as

F(x) = Syxx+axe* =0,
F'(x) = Sxx + adiag(eX),

where Sy, = (ZQX)2, x = [x1,%2,- - ,xn]". The Bratu problem has a parameter « and we solved it against
the several values of parameter «. Figure 2 shows the solution of the Bratu problem for different values of
o and norm of residues of associated system of nonlinear equations are listed in Table 3. We can see that
the DEDF iterative method leads to a rapid convergence.

Table 3: Norm of residue of the Bratu problem (4.3) over the domain [0,1], number of grid points 50, (8, ¢) = (—1/2,—1/2).
Iters \ « 1 2 3
1 Fa)llee 621e9  4.45e7  6.05e-7
2 - 2.72e-75  538e-59  1.52e-57
3 - 3.40e-542 5.20e-425 1.00e-411

initial guess

0.9r o

08l =2

=3

0.7-

061

0.5-

0.4r

Figure 2: Plot of the solution of Bratu problem (4.3) with different parameter values, number of gird points 50.

4.5. Frank-Kamenetzkii problem
Consider the problem

1
x"(t) + ?c'(t) +aeX® =0, x'(0)=0, x(1)=0, (4.4)

where « is a parameter. Hence, we have

1
F(x) = Sxxx + diag (t) S x+ae* =0,

F'(x) = Sxx + diag <1) S« + adiag (e¥),

where x" = [x1,x2, -+ ,xn]'. The Frank-Kamenetzkii problem also has a parameter «. The simulated

results are depicted in Table 4 and Figure 3.
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Table 4: Norm of residue of the problem (4.4) over the domain [0,1], number of grid points 50, (6, ¢) = (—1/2,-1/2).

Iters \ o 1 1.1 1.2 1.3

1 [IF(xk)llo  2.96e-7 5.18e-7 8.31e-7 1.19e-6

2 - 3.11e-62  1.85e-60  2.23e-59  3.03e-60
3 - 1.40e-448 1.80e-435 1.00e-426 1.40e-426

09k initial guess
o=1

o=1.1
o=1.2
0.7 o=1.3

0 0.1 02 03 04 05 0.6 0.7 0.8 0.9 1

Figure 3: Plot of the solution of Frank-Kamenetzkii problem (4.4) with different parameter values, number of gird points 50.

4.6. 1+1 nonlinear Schrodinger equations
Consider the problem

100 (x, ) + Db (1) + 27 b (%, )P W (x, 1) =28 R(x, ) b(x,t) =0, (x,t) € Dy x Dy,

where
DX = [aX/ bX] /Dt = [0/ tf] s

with the initial-boundary conditions
Ylax, t) =mi(t), Wby, t) =m2t),
b(x,0) = C[x).

The complex function 1 (x, t) can be written as P (x, t) =P1(x,t) +i2(x,t). The Schrodinger equation in
the real function V1 (x, t) and P(x, t) is

at axx 1~|)1
axx *at II)Z

with initial-boundary conditions
Pi(ax, t) +iva(ax, t) =nn(t) +in, Pilby, t) +ida(by, t) =n2i(t) +inn(t),
P1(x,0) +1iP2(x,0) = Ci(x) +1la(x).

The discretization of (4.5) by using J-GL-C method leads to

Py

P2

Py
P2

+2y (V7 +13) =0, (4.5)

1

{0
—28R(x, t)

F(‘ll)) _ |:St®lx It®sxx] |: 1] 95 0) dlag(R) 1"1]
ILi ® Sxx —St ® Iy 2 diag(R) (0] 1')2
: 2 2
Loy 0 diag (Wi +¥3) | || _ 0 (4.6)
dag@Wi+wd) o | e
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o diag(R)
diag(R) (0]

7

L ®Sw —St®Ik 3diag(h])  2diag(h © o)

[miag(wl@wz) 3 diag(3)

Si®Ilx It®S
Fl(ll))_[ t ® Ly t® xx] —2%

T . A Taf 71T
where b5 = [, 1), Wi 10 Wi Wi Wity Vitneno!l fori =120 = by b1,
R = [Ru1), Ry Rangr o Rine1) Ring2)r -+ ,R(nx,nt)]T/ ® is the Kronecker product, ® is the
element-wise multiplication between two vectors, O is the zeros matrix, I is the identity matrix, Sy =

2
<t2> Q4, Sxx = (b 2 . QX> and Q is J-GL-C operational matrix. Further the system of nonlinear
f x — Ux

equations (4.6) can be written as follows
Flb) = A +g(p) —p,
where

A= St®1x It®sxx 25
It & Sxx _St & Ix

(0] diag(R)
diag(R) o

7

2diag(p ©y)  3diag(h3)
, glb) =2y o ,
3diag(py)  2diag(h O¥2)

and p is the vector to incorporate the initial-boundary conditions. A list of four nonlinear Schrédinger

equations is given in Table 5, with their corresponding analytical solutions. The numerically computed
solutions of four nonlinear Schrédinger equations are tabulated in Tables 6, 7, 8 and 9. In most of the
nonlinear Schrodinger equations, the Chebyshev collocation method of first kind shows better accuracy.
The numerical solution and absolute errors are visualized in Figures 4, 5, 6 and 7. When the initial guess is
non-smooth, due to the inclusion of initial and boundary conditions, the DEDF diverges. Consequently we
make the initial guess smooth by applying the following iteration

b =—A""(29($) - p),
single time for the problem 2 and two times for the problems 1 and 4.

Table 5: Nonlinear Schrodinger equations.

Problem Schrodinger equation Analytical solution
1 104 + dxx b + 2P =0 Plx, 1) = et ()
2 10ub+0ah — 2P =0 P(x, 1) = et (3
3 10+ %axxll) — WP —cos(x)2Pp =0 P(x,t) = e ot sin(x)
4 1000 + dxh + 2P — 289 =0 Wix, 1) = et (x+(1-25))

Figure 4: Plot of the solution of nonlinear Schrodinger equation problem 1, (6, ¢) = (-1/2,—-1/2), n, =15, ny = 30.
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Absolute error

14

Absolute error

o 05 X o1 I gy
Ora/a*_ 0 _ W2\ al® 0 50 100 150 200 250 300 350 400 450
s 1 v
B index

Figure 6: Plot of the solution of nonlinear Schrodinger equation problem 3, (6, ¢) = (-1/2,—-1/2), nx =15, ny = 30.

x107™"

Absolute error
(%]

IS

7 rrarss

g I i I
A hj - ; il
0 50 100 150 200 250 300 350 400 450
index

Figure 7: Plot of the solution of nonlinear Schrodinger equation problem 4, (6, ¢) = (—1/2,—1/2), nx =15, ny = 30.
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Figure 8: Plot of the solution of nonlinear Klein Gorden equation,

Figure 9: Plot of absolute error for the nonlinear 2-D wave equation,
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Figure 10: Plot of absolute error for the nonlinear 3-D wave equation, (6, $) = (—1/2,—1/2), nx =7, ny =7, n, =7, ny =12.
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Figure 11: Plot of absolute error for the nonlinear 3-D Poisson equation, (6, ¢) =

Table 6: Problem 1 in Table 5 over the domain (x,t) €

x107

Absolute error
o
01

[ m
0.31 ‘
02} U ‘

wl

0

0 200

i
400

” ! Mi»

600 800 1000 1200 1400 1600 1800

index

[—1,1] x

(=1/2,-1/2), ny =20, ny =20, n, = 20.

[0, 1], number of iterations=1, initial guess is Pp; =P = 0.

Iters \ Grid size 5 x 30 10 x 30 15 % 30
1 b —Wanalyticalllo 4.33e-02 7.11e-02  7.33e-02
2 Legendre polynomials 2.85e-04 7.53e-06 7.44e-06
3 (6,¢)=1(0,0) 2.85e-04 1.06e-07  1.86e-09
4 - 2.85e-04 3.72e-09 2.57e-12
5 - 2.85e-04 9.47e-11 5.92e-13
1 b —WPanatyticatlloo 7.21e-02 divergent 7.27e-02
2 (6,0) =(1/2,0) 1.59e-03 7.39%e-06
3 - 1.59e-03 1.75e-09
4 - 1.59e-03 9.07e-12
5 - 1.59e-03 2.45e-13
1 b —WPanatyticatlloo 4.83e-02 7.60e-02  7.84e-02
2 Chebyshev polynomials of second kind 1.14e-03  8.33e-06  9.63e-06
3 6,¢) =1(1/2,1/2) 1.14e-03  4.95e-09  5.52e-09
4 - 1.14e-03  1.90e-09  3.01e-12
5 - 1.14e-03  1.90e-09  5.09e-13
1 b — Wanayticallloo 3.06e-02  6.88e-02  7.15e-02
2 Chebyshev polynomials of first kind 1.51e-03  7.0le-06  6.93e-06
3 6,0) =(-1/2,-1/2) 1.52e-03  1.00e-09  8.15e-10
4 - 1.52e-03  4.90e-10  3.54e-13
5 - 1.52e-03  4.90e-10  8.68e-14
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Table 7: Problem 2 in Table 5 over the domain (x, t) € [—1,1] x [0, 1], number of iterations=1, initial guess is {1 =P = 0.

Iters \ Grid size 5% 30 10x30  15x30
1 b — Wanatyticatlloo 4.33e-02 7.11e-02  7.33e-02
2 Legendre polynomials 2.85e-04 7.53e-06 7.44e-06
3 (6,¢)=1(0,0) 2.85e-04 1.06e-07 1.86e-09
4 - 2.85e-04 3.72e-09 2.57e-12
5 - 2.85e-04 9.47e-11 5.92e-13
1 Wb — Wanatyticatlloo 7.21e-02 divergent 7.27e-02
2 6,¢) =(1/2,0) 1.59e-03 divergent 7.39e-06
3 - 1.59e-03 divergent 1.75e-09
4 - 1.59e-03 divergent 9.07e-12
5 - 1.59e-03 divergent 2.45e-13
1 Wb —Wanatyticatlloo 4.83e-02 7.60e-02  7.84e-02
2 Chebyshev polynomials of second kind 1.14e-03  8.33e-06  9.63e-06
3 6,¢) =(1/2,1/2) 1.14e-03  4.95e-09 5.52e-09
4 - 1.14e-03  1.90e-09 3.0le-12
5 - 1.14e-03  1.90e-09  5.09e-13
1 Wb —Wanatyticatlloo 3.06e-02  6.88e-02  7.15e-02
2 Chebyshev polynomials of first kind 1.51e-03 7.01e-06  6.93e-06
3 6,¢) =(-1/2,-1/2) 1.52e-03  1.00e-09  8.15e-10
4 - 1.52e-03  4.90e-10  3.54e-13
5 - 1.52e-03  4.90e-10  8.68e-14

4.7. Klein Gorden equation
We consider the problem

Uge (x, 1) — 2

where

uXX(X/ t) + ku—yu(x, t)s =

01 (X/t)EDXXDt/

DX = [ax, bX]/ Dt = [Ortf] ’

with the initial-boundary conditions

u(aX/ t) =M (t) s u(bX/ t) = pZ(t)/
LL(X,O) =& (X) 7 Ut (X/ 0) = E,Z(X) .

Consequently we find,

F(u) = S¢iu— CstXu +ku —yu3 =0,

F'(u) = Sty — c*Syx + kI — 3y diag (uz) ,

(4.7)
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where
u=[U,1),Wa2),  Uimng)r U ngl) Wing2)r fu(nx,nt)]T

2 \? 2 2
stt - (tht> ’ Sxx - (bx —ay Qx) .
2k

The analytical solution of (4.7) is u(x,t) = dsech (k(x —vt)), where k = \/ﬁ and 6 = ,/7. The

4

parameters with their numerical values arec =1,y =1, v = 0.5 and k = 0.5. Table 10 shows that the
Chebyshev collocation method of first kind exhibits has the best accuracy in the numerical solution for
finer grid. The numerical solution with achieved best absolute error is plotted in Figure 8.

Table 8: Problem 3 in Table 5 over the domain (x,t) € [—1,1] x [0, 1], number of iterations=1, initial guess is {1 =1, = 0.

Iters \ Grid size 5x 30 10 x 30 15 % 30
1 b —Wanatyticatlloo 4.33e-02 7.11e-02  7.33e-02
2 Legendre polynomials 2.85e-04 7.53e-06 7.44e-06
3 (6,¢) =(0,0) 2.85e-04 1.06e-07  1.86e-09
4 - 2.85e-04 3.72e-09 2.57e-12
5 - 2.85e-04 9.47e-11 5.92e-13
1 b —Wanalyticalllo 7.21e-02 divergent 7.27e-02
2 (6,d) =(1/2,0) 1.59e-03 7.39%e-06
3 - 1.59e-03 1.75e-09
4 - 1.59e-03 9.07e-12
5 - 1.59e-03 2.45e-13
1 b —WPanatyticatlloo 4.83e-02 7.60e-02  7.84e-02
2 Chebyshev polynomials of second kind 1.14e-03  8.33e-06  9.63e-06
3 6,0) =(1/2,1/2) 1.14e-03  4.95e-09  5.52e-09
4 - 1.14e-03  1.90e-09 3.0le-12
5 - 1.14e-03  1.90e-09  5.09e-13
1 b —WPanatyticatlloo 3.06e-02  6.88e-02  7.15e-02
2 Chebyshev polynomials of first kind 1.51e-03 7.01e-06  6.93e-06
3 6,0) =(-1/2,-1/2) 1.52e-03  1.00e-09  8.15e-10
4 - 1.52e-03  4.90e-10  3.54e-13
5 - 1.52e-03  4.90e-10  8.68e-14
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Table 9: Problem 4 in Table 6 over the domain (x, t) € [—1,1] x [0, 1], number of iterations=1, initial guess is Py =P = 0.

Iters \ Grid size 5x 30 10 x 30 15 x 30
1 b —Wanatyticatlloo 4.33e-02 7.11e-02  7.33e-02
2 Legendre polynomials 2.85e-04  7.53e-06  7.44e-06
3 (6,¢)=1(0,0) 2.85e-04 1.06e-07  1.86e-09
4 - 2.85e-04 3.72e-09 2.57e-12
5 - 2.85e-04 9.47e-11 592e-13
1 b — Wanatyticatlloo 7.21e-02 divergent 7.27e-02
2 (6,¢) =(1/2,0) 1.59¢e-03 7.39%-06
3 - 1.59e-03 1.75e-09
4 - 1.59e-03 9.07e-12
5 - 1.59¢e-03 2.45e-13
1 b — Wanatyticatlloo 4.83e-02  7.60e-02  7.84e-02
2 Chebyshev polynomials of second kind 1.14e-03  8.33e-06  9.63e-06
3 (6,¢) =1(1/2,1/2) 1.14e-03  4.95e-09  5.52e-09
4 - 1.14e-03  1.90e-09  3.0le-12
5 - 1.14e-03  1.90e-09  5.09e-13
1 b —Wanatyticatlloo 3.06e-02  6.88e-02  7.15e-02
2 Chebyshev polynomials of first kind 1.51e-03 7.01e-06 6.93e-06
3 (6,¢) =(-1/2,-1/2) 1.52e-03  1.00e-09  8.15e-10
4 - 1.52e-03  4.90e-10  3.54e-13
5 - 1.52e-03  4.90e-10  8.68e-14

4.8. 2-D nonlinear wave equation
We consider the problem

uee(x,y,t) —cz(uxx(x,y,t) +uyy(x,y,t)) +f(u) =p(t,x,y), (xy,t) € Dx x Dy x Dy,

where

Dy =lax, by, Dy =lay, byl,

with the initial-boundary conditions

Dt = [OI tf]/

u(aX/y/ t) = P11 (U/ t) 7 u(bX/y/ t) — plZ(y/ t)/
u(Xf ay/t) = P21 (X/ t) 7 u(xl by/t) = pZZ(X/ t)/

u(x,y,0) = C(x,y).

As a consequence we have

Flu) = (St 0L 0Ty u—c? ([t @Sy @1y + L @ I, @ Syy ) u+f(u) —p =0,

Fllu=Su oLl — ¢ (I @ Sxx ® I, + It ® I, ® Syy) + diag(f'(u)),

_ T _
where u = [U(1,1,1),u(1,1,2), WL Ing ) s Y ny 1) Yngny 2) T /u(nx,ny,nz)] , Ste = (

(4.8)
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2 ? 2 ?
Sxx = Q) and Sy, = Qy | . We assume e ' sin(x +y) as the analytical solution of
by —ay by —ay

(4.8) with ¢ = 1 and f(u) = u®. The Chebyshev collocation method of first kind over the grid 20 x 20 x 20
achieve best accuracy. Table 11 and Figure 9 represent the results of numerical simulations for the 2-D
nonlinear wave equation.

Table 10: Klein Gorden equation (4.7) over the domain (x,t) € [—10,10] x [0, 1], number of iterations=1, initial guess is u = 0.

Iters \ Grid size 30x30 60x30 120 x 30
1 [[u — Wanalyticallloo 8.54e-03 1.43e-05 3.29e-06
2 Legendre polynomials 8.53e-03 1.42e-05 4.54e-09
3 (6,¢) =1(0,0) 8.53e-03 1.42e-05 4.55e-09
1 [[u — Wanalyticallloo 7.67e-03 3.55e-05 3.24e-06
2 (6,¢) =(1/2,0) 7.67e-03 3.55e-05 1.45e-09
3 - 7.67e-03 3.55e-05 1.45e-09
1 [[a — Wanalyticallloo 7.85e-03 1.29e-05 3.30e-06
2 Chebyshev polynomials of second kind 7.85e-03 1.29e-05 2.25e-09
3 6,¢) =1(1/2,1/2) 7.85e-03 1.29e-05 2.25e-09
1 [[u — analyticallloo 9.28e-03 1.58e-05 3.30e-06
2 Chebyshev polynomials of first kind 9.28e-03 1.58e-05 3.55e-10
3 (6,¢) =(-1/2,-1/2) 9.28e-03 1.58e-05 3.26e-10

Table 11: 2-D nonlinear wave equation (4.8) over the domain (x,y, t) € [—1,1] x [-1,1] x [0, 2], number of iterations=1, initial guess
isu=0.

Iters \ Grid size 5x5x20 10x10x20 20x20x20
1 [[u — Wanalyticatlloo 1.00e-03 divergent 2.73e-01
2 Legendre polynomials 1.00e-03 8.57e-10
3 (6,d) = (0,0) 1.00e-03 1.48e-11
1 llu — Wanalyticatlloo 1.32e-03 2.45e-07 1.54e-03
2 (6,0) =(1/2,0) 1.32e-03 1.95e-07 1.69e-11
3 - 1.32e-03 1.95e-07 1.69e-11
1 [[u — Wanalyticatlloo 1.17e-03 1.21e-07 4.42¢-02
2 Chebyshev polynomials of second kind  1.17e-03 2.74e-07 3.73e-06
3 6,0) =(1/2,1/2) 1.17e-03 2.74e-07 2.57e-11
1 [[u — Wanalyticatlloo 7.58e-04 8.23e-07 3.58e-05
2 Chebyshev polynomials of first kind 7.58e-04 2.01e-07 5.3%-11
3 0,d) = (—1/2,—1/2) 758-04  2.01e-07 5.39e-11
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4.9. 3-D nonlinear wave equation
We consider the problem

Utt (X/ y/ z, t)_cz (uXX (XIUIZ/ t) + Uyy (X/ y/ z, t) + uZZ(XI y/ z, t)) + f(u) = p(xl y/ Z) ’
(x,Y,z,t) € Dx x Dy x D, x D¢,

(4.9)

where
Dy = [ax, by, Dy = [ayz by]/ D, =laz,b;], D¢=10,t],

with the initial-boundary conditions
u(aX/yr z, t) = pll( )/ U(bx,y, z, t) = 912(9, z, t)/
u(xl Ay, z, t) = le( )/ u(xl by/Z/ t) = pZZ(XI z, t)/
u(X/U/ az, t) = P31 (X Yy, )/ u(X/yle/ t) - 032(X/U/t)z
u(X/y/ z, 0) = C(X/y/ ) .

Y, z,
X,Z,

Therefor we find
Flu) = (St 9L e, eL)u—c (@Sl oL+ L oL ®Sy,, L+ oL ®]l,®S,,)u
+f(u) —p =0,
F(u) = (St L 2Ly ®L) — (I @Sxx @1y L+ L ® L, @Syy @ L + L ® L, @ Iy ® S.,)
+ diag(f'(u)),

.
where u = [u(1,11,1), U1,1,12) W) Wingng e 1) Yngngna2)r " ing g na )]

2 \? 2 2 2 2 2 2
Stt = <tht) , Sxx = <bx_axQx> ’ Syy = <by—ayQy> and S, = <bz—azQZ> . We assume

e ' sin(x +y +2z) as the solution of (4.9) with ¢ = 0.8 and f(u) = u?. The Legendre collocation method
produces the best numerical results. The absolute error is displayed with respect to different girds in Table
12. The numerical solution and absolute error can be visualized in Figure 10.

4

4.10. 3-D nonlinear Poisson equation
We consider the problem

Uxx (%, Y, 2) + uyy (%, Y, 2) +uzz(x,y,2) + f(u) =p(x,y,2), (x,y,z) € Dx xDy x Dy, (4.10)

where
Dy = [ax, bx], Dy = [ay/ by]/ D, = [a,, b.],

with the initial-boundary conditions
ulax,y,z) = p11(y,z), ulbx,y,z) = p12(y,z),
u(x, ay,z) = p21(x,z), ulx, by, z) = pnlx,z),
u(x,y,az) = p3t(xy), ulx,y,bz)=panlxy).
Consequently we have

Flu) = (Sxx @y 9L +1,®Syy ® L + L ®I, ®S,,)u+f(u) —p =0,

Flu) = (Sxx @y 9L + L ®Syy ® I, + I, ® Iy ® S;;) + diag(f'(u)), (1D
2 2
where u = [u(lrlrl)’u(l,l,Z)/ NN /u[l,l,nz)r ce /u(nx,ny,l)/u(nxrnyl) PN 'u(nx,ny,nz)]T' Sxx = (b —a QX) s
2 2 2 by X X
Syy = ( — Qy> and S,, = ( — Qz> . We assume sin(x +y + z) as the solution of (4.10) with
by —ay b, —a,
f(u) = u’. In the case of 3-D nonlinear Poisson equation, the Legendre collocation method offers best

accuracy over different sizes grids. Figure 11 depicts the absolute error in the numerically computed
solution.
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Table 12: 3-D nonlinear wave equation (4.9) over the domain (x,y,z,t) € [0,1] x [0,1] x [0,1] x [0, 1], number of iterations=1, initial

guess is u = 0.

Iters \ Grid size 5x5x5x%x12 6x6x6x12 7x7x7x12
1 llu — Wanatyticatlloo 5.54e-06 7.52e-08 9.54e-09
2 Legendre polynomials 5.54e-06 7.55e-08 3.92e-09
3 (6,¢) =(0,0) 5.54e-06 7.55e-08 3.92e-09
1 [[u — Uanalyticatlloo 2.24e-05 2.11e-06 1.45e-01
2 (6,9) =(1/2,0) 2.24e-05 2.11e-06 1.16e-07
3 - 2.24e-05 2.11e-06 1.16e-07
1 llu — Wanalyticallloo 1.81e-05 1.76e-06 9.51e-07
2 Chebyshev polynomials 1.81e-05 1.76e-06 5.35e-08
3 of second kind 1.81e-05 1.76e-06 5.35e-08
1 [l — Wanalyticatlloo 1.92e-05 1.51e-02 3.24e-08
2 Chebyshev polynomials of first kind 1.92e-05 1.08e-06 3.27e-08
3 (6,0) =(-1/2,-1/2) 1.92e-05 1.08e-06 3.27e-08

Table 13: 3-D nonlinear Poisson equation (4.11) over the domain (x,y,z) € [0,1] x [0,1] x [0, 1], number of iterations=1, initial

guess isu = 0.

Iters \ Grid size 8x8x8 10x10x10 12x12x12
1 [[u — Wanatyticallloo 6.83e-08 7.52e-08 7.91e-08
2 Legendre polynomials 2.95e-11 1.55e-14 6.99e-15
3 (6,¢) =(0,0) 2.95e-11 1.54e-14 7.22e-15
1 [[u — Wanalyticallloo 7.49¢e-08 8.07e-08 8.32e-08
2 (6,¢) =(1/2,0) 1.33e-09 9.39%-13 6.33e-15
3 - 1.33e-09 9.3%e-13 6.44e-15
1 [l — Wanalyticallloo 6.93e-08 7.62e-08 7.98e-08
2 Chebyshev polynomials 9.59%-10 6.78e-13 1.75e-14
3 of second kind 9.59%e-10 6.78e-13 1.81e-14
1 1 — Wanatyticallloo 6.65e-08 7.40e-08 7.83e-08
2 Chebyshev polynomials of first kind  5.63e-10 3.26e-13 9.55e-15
3 6,¢) =(-1/2,-1/2) 5.63e-10 3.26e-13 9.77e-15

5. Conclusions

We consider higher order frozen Jacobian iterative methods which are computationally efficient. We
compute once the frozen Jacobian LU factors. We use them to solve eight lower and upper triangular
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systems per iteration. The numerical solution of lower and the upper triangular system is computational
economic that makes the entire method computationally efficient. We can see that in most of the simulations,
we achieved good accuracy in almost three iterations. Different discretizations collocation methods are
used that are derived from J-GL-C method, by changing the parameters. We conclude that in the majority
of the cases, the Chebyshev collocation method of first kind gives best accuracy for different sizes grids.
Eleven IVPs and BVPs are solved to show the validity, accuracy and efficiency of our higher order iterative
method DEDF.
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