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Abstract 

  Given group ࡳ, the commuting graph of ࡳ, is defined as the graph with vertex set ࡳ െ  ሻ, andࡳሺࢆ
two distinct vertices ࢞ and ࢟ are connected by an edge, whenever they commute, that is ࢟࢞ ൌ  In .࢞࢟
this paper we get some parameters of graph theory, as independent number and clique number for 
groups ࡰ૛࢔,  .࢔ࡽ
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1 Introduction 

  Given a finite group ܩ, and a subset ܺ of ܩ, the commuting graph associated with ܺ is ߮ሺܺ,  ሻ, a graphܩ
with vetex set ܺ, and two distinct vertices ݕ ,ݔ are adjacent, whenever ݕݔ ൌ  Many authors have .ݔݕ
studied ߮ሺܩ, ܺሻ for different choices of ܩ and ܺ. In [4] and [5], Segev and Seits apply the commuting 
graph, with ܩ a nonabelian simple group and ܺ ൌ ܩ െ ሼ1ሽ. The non-commuting graph of a group ܩ, 
denoted by ᇞ ሺܩሻ, is the complement of ߮ሺܺ, ܺ ሻ, withܩ ൌ ܩ െ ܼሺܩሻ. There are some papers on non-
commuting graphs of a group, for instance see [1, 3]. In this work we consider the commuting graph 
߮ሺܺ, ܺ a non-abelian finite group and ,ܩ ሻ, withܩ ൌ ܩ െ ܼሺܩሻ, and we denote ߮ሺܺ,  ሻ. In thisܩሻ by Γሺܩ
paper we obtain independent number, clique number and minimum size of a vertex cover of non-
commuting graphs on dihedral and generalized quaternion groups. The graph -teoretic notation and 
terminology are standard; see [2] for example. 

  The rest of this paper is organized as follows: The section 2 contains some notations and preliminaries. 
In section 3 we get independent number, clique number and minimum size of a vertex cover. 
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2 Notations and preliminaries 

 

  We consider simple graphs which are undirected, with no loops or multiple edges. For a graph Γ, we 
denote the vertex set and the edge set of Γ by ܸሺΓሻ and ܧሺΓሻ, respectively. We denote the number of 
vertices Γ by ݊ሺΓሻ. The degree of a vertex ݒ in Γ, is denoted by ݀୻ሺݒሻ, is the number of edges incident to 
 ሻ. A graph Γ is regular if the vertices ofݒሻ by ݀ሺݒand if the graph is understood, then we denote ݀୻ሺ ݒ
graph Γ are of the same degree. A subset ܺ of the vertices of Γ is called a clique, if the induced subgraph 
of ܺ is a complete graph. The maximum size of a clique in a graph Γ is called the clique number of Γ and 
denoted by ݓሺܩሻ. A subset ܺ of the vertices of Γ is called an independent set if the induced subgraph on 
ܺ has no edges. The independence number of Γ is the maximum size of an independent set of vertices and 
is denoted by ߙሺΓሻ. A vertex cover of a graph Γ is a set ܳ ك ܸሺΓሻ that contains at least one endpoint of 
every edge. The minimum size of a vertex cover is denoted by ߚሺܩሻ. Two graphs Γଵ ൌ ሺ ଵܸ,  ଵሻ andܧ
Γଶ ൌ ሺ ଶܸ, ଶሻ are said to be isomorphic(is denoted Γଵܧ ؆ Γଶ) whenever there exists one-to-one onto 
mapping ߶ ׷ ଵܸ ՜ ଶܸ such that, for all ݑ, ݒ א ,ݑଵ we have: ሼܧ ሽݒ א ,ሻݑଵ if and only if ሼ߶ሺܧ ߶ሺݒሻሽ א  .ଶܧ
The wreath product of two graphs Γଵ and Γଶ, written ΓଵሾΓଶሿ, is given as follows: The vertices of ΓଵሾΓଶሿ are 
all pairs ሺݔ, ݔ ሻ whereݕ א ܸሺΓଵ) and ݕ א ܸሺΓଶ)  and edges of ΓଵሾΓଶሿ are the pairs ൛ሼሺݔଵ, ,ଵሻݕ ሺݔଵ, ଶሻሽݕ ׷
ሼݕଵ, ଶሽݕ א ,ଵݔሺΓଶሻൟ together with ൛ሼሺܧ ,ଵሻݕ ሺݔଶ, ଶሻሽݕ ׷ ሼݔଵ, ଶሽݔ א  .ሺΓଵሻൟܧ

 

3 The commuting graph of groups ܦଶ௡ and ܳ௡ 

  Throughout this section, let ܦଶ௡ ൌ ,ܽۃ ܾ ׷  ܾଶ ൌ ܽ௡ ൌ 1, ܾିଵܾܽ ൌ ܽିଵۄ and ܳ௡ ൌ ,ܿۃ ݀ ׷  ݀ସ ൌ ܿଶ೙షభ ൌ
1, ݀ଶ ൌ ܿଶ೙షమ, ݀ିଵܿ݀ ൌ ܿିଵۄ denote the dihedral group and generalized quaternion group, respectively. 

  Let ሾܩ ׷ ܼሺܩሻሿ ൌ ݉ሺ݉ ൒ 4ሻ, and ܶ ൌ ሼ1, ,ଵݔ ,ଶݔ … ,  It is clear that .ܩ ሻ inܩ௠ିଵሽ be a transversal of ܼሺݔ
every two element of the coset ݔ௜ܼሺܩሻ, 1 ൑ ݅ ൑ ݉ െ 1, commute. thus, every two elements of these 
cosets are adjacent. We associate to the commuting graph Γሺܩሻ of a group ܩ, the induced subgraph 
Γ௨ሺܩሻ as follows: The vertex set of Γ௨ሺܩሻ  is ܶ െ ሼ1ሽ ൌ ሼݔଵ, ,ଶݔ … ,  ,௝ݔ ௜ andݔ ௠ିଵሽ , and two verticesݔ
1 ൑ ݅, ݆ ൑ ݉ െ 1 are adjacent, if and only if ݔ௜ݔ௝ ൌ  .௜ݔ௝ݔ

 

Theorem 1. Let ܩ be a non-abelian group. Then Γሺܩሻ ؆ Γ௨ሺܩሻሾܭ௟ሿ, such that ݈ ൌ |ܼሺܩሻ|. 

Proof. Let ܼሺܩሻ ൌ ሼܽଵ, ܽଶ, … , ܽ௟ሽ and ܶ ൌ ሼ1, ,ଵݔ ,ଶݔ … ,  Then the set .ܩ ሻ inܩ௠ሽ be a transversal of ܼሺݔ
of cosets ݔ௜ܼሺܩሻ ൌ ሼ ݔ௜ܽଵ, ,௜ܽଶݔ … , ௜ܽ௟ሽ , 1ݔ ൑ ݅ ൑ ݉ െ 1, parties ܸ൫Γሺܩሻ൯. Let ܸሺܭ௟ሻ ൌ ሼ1, 2, … , ݈ሽ. 
Then map ߮ ׷ ܸ൫Γሺܩሻ൯ ՜ ܸሺΓ௨ሺܩሻሾܭ௟ሿሻ, ݔ௜ ௝ܽ ՜ ሺݔ௜, ݆ሻ, 1 ൑ ݅ ൑ ݉ െ 1, 1 ൑ ݆ ൑ ݈ is a isomorphism, 
and this completes the proof. 

Lemma 1. [2] Let Γ is a graph. Then ߙሺΓሻ ൅ ሺΓሻߚ ൌ ݊ሺΓሻ. 

Lemma 2. Let ܩ be a non-abelian finite group. Then 
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ሻ൯ܩ൫Γሺݓ ൌ  .|ሻܩሻ൯|ܼሺܩ൫Γ௨ሺݓ

 Proof. Let ܣ is a clique on Γ௨ሺܩሻ, such that |ܣ| ൌ  ሻ andܩሺܼݔ ሻ൯. Then for each two cosetsܩ൫Γ௨ሺݓ
ݕ ,ݔ  ሻ such thatܩሺܼݕ א ܽ if ,ܣ א ܾ ሻ andܩሺܼݔ א   .ሻ, then ܽ and ܾ are adjacentܩሺܼݕ

Hence ܺ ൌ ڂ ஺אሻ ௫ܩሺܼݔ is a clique and |ܺ| ൌ |ሻܩሺܼ||ܣ| ൌ ሻ൯ܩ൫Γሺݓ ሻ|. Thusܩሻ൯|ܼሺܩ൫Γ௨ሺݓ ൒
|ᇱܣ| ሻ, such thatܩᇱis a clique of Γሺܣ ሻ|. Now letܩሻ൯|ܼሺܩ൫Γ௨ሺݓ ൌ ᇱܣ ሻ൯. Ifܩ൫Γሺݓ ת ሻܩ௜ܼሺݔ ്  ,׎
1 ൑ ݅ ൑ ݉ െ 1, then ݔ௜ܼሺܩሻ ك ௜మݔ ,௜భݔ ᇱ. Hence there existsܣ ௜ೖݔ ,… , א ܶ ך ሼ1ሽ such that ܣᇱ ൌ
ڂ ௜ೕݔ

௞
௝ୀଵ ܼሺܩሻ. It is clear that |ܣᇱ| ൌ ݇|ܼሺܩሻ|, Also, the set ൛ݔ௜భ, ,௜మݔ … ,  ሻ. Thusܩ௜ೖൟ is a clique on Γ௨ሺݔ

݇ ൑  ሻ൯ and it follows thatܩ൫Γ௨ሺݓ

ሻ൯ܩ൫Γሺݓ ൌ |ᇱܣ| ൑  .|ሻܩሻ൯|ܼሺܩ൫Γ௨ሺݓ

  Hence ݓ൫Γሺܩሻ൯ ൌ  .|ሻܩሻ൯|ܼሺܩ൫Γ௨ሺݓ

 

Lemma 3. Let ܩ be a non-abelian finite group. Then 

ሻ൯ܩ൫Γሺߙ                                                     ൌ  .ሻ൯ܩ൫Γ௨ሺߙ

Proof. If ܣ is an independent set on Γሺܩሻ, then |ݔځܣ௜ܼሺܩሻ| ൑ ௜ݔ ,1 א ܶ ך ሼ1ሽ, because every two 
elements of a coset ݔ௜ܼሺܩሻ, ݔ௜ א ܶ ך ሼ1ሽ  are adjacent. For an independent set ܣ of Γሺܩሻ, we associate an 
independent set ܣᇱ of Γ௨ሺܩሻ contain elements ݔ௜ of ܶ ך ሼ1ሽ such that ݔځܣ௜ܼሺܩሻ ്  Since .׎
|ሻܩ௜ܼሺݔځܣ| ൑ |ܣ| ,1 ൌ ሻ൯ܩ൫Γሺߙ ᇱ|. Thusܣ| ൑ ሻ൯ܩ൫Γ௨ሺߙ ,ሻ൯. On the other handܩ൫Γ௨ሺߙ ൑  ,ሻ൯ܩ൫Γሺߙ
because Γ௨ሺܩሻ is a subgraph of Γሺܩሻ. Hence ߙ൫Γሺܩሻ൯ ൌ  .ሻ൯ܩ൫Γ௨ሺߙ

 

Lemma 4. Let ܩ be a non-abelian finite group. Then 

ሻ൯ܩ൫Γሺߚ ൌ ሻ൯ܩ൫Γ௨ሺߚ ൅ ሺ݉ െ 1ሻሺ|ܼሺܩሻ| െ 1ሻ. 

Proof. By lemma 2, we have: 

ሻ൯ܩ൫Γሺߚ ൌ ሺ݉ െ 1ሻ|ܼሺܩሻ| െ  ሻ൯ܩ൫Γሺߙ

ൌ ሺ݉ െ 1ሻ|ܼሺܩሻ| െ  ሻ൯ܩ൫Γ௨ሺߙ

ൌ ሺ݉ െ 1ሻ|ܼሺܩሻ| ൅ ሻ൯ܩ൫Γ௨ሺߚ െ ሺ݉ െ 1ሻ 

ൌ ሻ൯ܩ൫Γ௨ሺߚ  ൅ ሺ݉ െ 1ሻሺ|ܼሺܩሻ| െ 1ሻ 

Now by [6. Lem 3.2] we get the following lemma. 

Lemma 5. For every odd ݊, two graphs Γሺܦଶ௡ሻ and Γ௨൫ܦଶሺଶ௡ሻ൯ are isomorphic. 

Proposition 1. For every even natural number ݊, the following holds: 

(i) ݓ൫Γ௨ሺܦଶ௡ሻ൯ ൌ ௡
ଶ

െ 1 
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(ii) ߙ൫Γ௨ሺܦଶ௡ሻ൯ ൌ ௡
ଶ

൅ 1 

(iii) ߚ൫ᇞ௨ ሺܦଶ௡ሻ൯ ൌ ௡
ଶ

െ 2 

Proof. (i)We have ܼሺܦଶ௡ሻ ൌ ቄ1, ܽ
೙
మቅ and the set ܶ ൌ ቄ1, ܽ, ܽଶ, … , ܽ

೙
మషభ, ܾ, ܾܽ, … , ܾܽ

೙
మቅ is a transversal of 

ܼሺܦଶ௡ሻ in ܦଶ௡. The set ܣ ൌ ቄܽ௜ ׷ 1 ൑ ݅ ൑ ௡
ଶ

െ 1ቅ is a clique of Γ௨ሺܦଶ௡ሻ  and if ܤ be a clique of Γ௨ሺܦଶ௡ሻ, 
then ܤ ك |ܣ| Thus .ܣ ൌ ௡

ଶ
െ 1 ൌ  .ଶ௡ሻ൯ܦ൫Γ௨ሺݓ

  (ii) For any ݆ that 1 ൑ ݆ ൑ ௡
ଶ

െ 1, the set ܣ௝ ൌ ቄܽ௝, ܾ, ܾܽ, … , ܾܽ
೙
మቅ is an independent set of Γ௨ሺܦଶ௡ሻ and 

each two elements of the set ቄܽ௜ ׷ 1 ൑ ݅ ൑ ௡
ଶ

െ 1ቅ are adjacent. Thus, for any ݆ that 1 ൑ ݆ ൑ ௡
ଶ

െ 1,  

หܣ௝ห ൌ ଶ௡ሻ൯ܦ൫Γ௨ሺߙ ൌ ௡
ଶ

൅ 1 .  Finally,  the  relation  (iii) get from (ii) and Lemma 2. 

 

Theorem 2. For every natural number ݊, the followings hold: 

(1) If ݊ be even, then 

(i) ݓ൫Γሺܦଶ௡ሻ൯ ൌ ݊ െ 2 

(ii) ߙ൫Γሺܦଶ௡ሻ൯ ൌ ௡
ଶ

൅ 1 

(iii) ߚ൫ᇞ ሺܦଶ௡ሻ൯ ൌ ଷ
ଶ

݊ െ 3 

(2) If ݊ be odd, then 

(i) ݓ൫Γሺܦଶ௡ሻ൯ ൌ ݊ െ 1 

(ii) ߙ൫Γሺܦଶ௡ሻ൯ ൌ ݊ ൅ 1 

(iii) ߚ൫Γሺܦଶ௡ሻ൯ ൌ ݊ െ 2 

Proof. (1) The proof follows by Lemmas 2, 3, 4 and Proposition 1. 

(2) The proof follows by Lemmas 5 and Proposition 1. 

Proposition 2. For generalized quaternion group ܳ௡, the following hold: 

(i) ݓ൫Γ௨ሺܳ௡ሻ൯ ൌ 2௡ିଶ െ 1 

(ii) ߙ൫Γ௨ሺܳ௡ሻ൯ ൌ 2௡ିଶ ൅ 1 

(iii) ߚ൫Γ௨ሺܳ௡ሻ൯ ൌ 2௡ିଶ െ 2 

Proof. (i) We have ܼሺܳ௡ሻ ൌ ൛1, ܿଶ೙షభൟ and the set ܶ ൌ ൛1, ܿ, ܿଶ, … , ܿଶ ೙షమିଵ, ݀, ݀ܿ, … , ݀ܿଶ೙షమିଵൟ  is a 
transvernal of ܼሺܳ௡ሻ in ܳ௡. The set ܣ ൌ ൛ܿ௜ ׷ 1 ൑ ݅ ൑ 2௡ିଶ െ 1ൟ is a clique of Γ௨ሺܳ௡ሻ and if ܤ be a 
clique of Γ௨ሺܳ௡ሻ, then ܤ ك |ܣ| Thus .ܣ ൌ 2௡ିଶ െ 1 ൌ   .൫Γ௨ሺܳ௡ሻ൯ݓ
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(ii) For any ݆ that 1 ൑ ݆ ൑ 2௡ିଶ െ 1, the set ܣ௝ ൌ ൛ܿ௝, ݀, ݀ܿ, … , ݀ܿଶ೙షమିଵൟ is an independent set of 
Γ௨ሺܳ௡ሻ and each two elements of the set ൛ܿ௜ ׷ 1 ൑ ݅ ൑ 2௡ିଶ െ 1ൟ are adjacent. Thus, for any ݆, 1 ൑ ݆ ൑
2௡ିଶ െ 1, หܣ௝ห ൌ ൫Γ௨ሺܳ௡ሻ൯ߙ ൌ 2௡ିଶ ൅ 1. The relation (iii) follows from Lemma 1 and (ii). 

  Now by Lemmas 2, 3, 4 and Proposition 2 we conclude the following theorem. 

Theorem 3. For generalized quaternion group ܳ௡, the following hold: 

(i) ݓ൫Γሺܳ௡ሻ൯ ൌ 2௡ିଵ െ 2 

(ii) ߙ൫Γሺܳ௡ሻ൯ ൌ 2௡ିଶ ൅ 1 

(iii) ߚ൫Γሺܳ௡ሻ൯ ൌ 3 ൈ 2௡ିଶ െ 3 
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