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Abstract

This paper proposes a risk management model for the facility location problems in fuzzy
environment. We investigate the capacitated continuous location allocation problem in continuous
space as a risk model. Two risk types are considered in the proposed model: customer risk and
financial risk. The risks are caused because of unsatisfied demands and budget constraint, respectively.
The introduced model is extension of the continuous location allocation model by adding fixed cost
and customer risk concept. A facility belongs to a zone when is located in a predetermined radius from
center of the zone. Because of uncertain budget and demand, the model is considered in fuzzy
environment. Finally, a risk management model is proposed with presentation of degree satisfaction
concept of each risk as objective function. Also, a numerical example is expressed to illustrate the
proposed model.

Keywords: capacitated continuous location allocation problem, risk management, financial risk,
customer risk, satisfaction degree, fuzzy set theory.

1. Introduction

Several researches have been concentrated on considering risk in the facility location problem.
Guillen et al. [8] considered the design and retrofit problem of a supply chain consisting of several
production plants, warehouses, markets and the associated distribution systems. They constructed a
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two-stage stochastic model in order to take into account the effects of the uncertainty in the
production scenario. Snyder et al. [17] proposed a stochastic version of the location model with risk
pooling which optimizes location, inventory and allocation decisions under random parameters
described by discrete scenarios. The goal of their model was to find solutions that minimize the
expected total cost of the system across all scenarios. They presented a Lagrangian-relaxation—
based exact algorithm for the model. Ozsen et al. [14] introduced the capacitated warehouse
location model with risk pooling. The model provided a logistics system in which a single plant
shipped one type of product to a set of retailers, each with an uncertain demand. Also, the model
was solved by a Lagrangian relaxation solution algorithm. Azaron et al. [1] developed a multi-
objective stochastic programming approach for supply chain design under uncertainty. Demands,
supplies, processing, transportation, shortage and capacity expansion costs were all considered as
the uncertain parameters. They used the goal attainment technique to obtain the Pareto-optimal
solutions. Afterwards, Wagner et al. [18] considered a location-optimization problem where the
classical incapacitated facility location model was recast in a stochastic environment with several
risk factors that made demand at each customer site probabilistic and correlated with demands at
the other customer sites. They considered “Value-at-Risk” (VaR) measure and designed a branch-
and-bound algorithm to solve the problem. Considering the risk management for mid-term planning
of a global multi-product chemical supply chain under demand and freight rate uncertainty, You et
al. [21] proposed a two-stage stochastic linear programming approach within a multi-period
planning model. Furthermore, they developed an algorithm based on the multi-cut L-shaped method
in order to solve the resulting large scale industrial size problems. Mete and Zabinsky [12]
developed a stochastic optimization approach for the storage and distribution problem of medical
supplies to be used for disaster management under a wide variety of possible disaster types and
magnitudes. Wang et al. [19] presented location model of risk pooling with variable construction
cost. They applied a square nonlinear integer-programming model and used particle swarm
optimization algorithm to find suboptimum solutions. Cui et al. [5] investigated reliable facility
location models considering unexpected failures with site dependent probabilities, as well as
possible customer reassignment. They proposed a compact mixed integer program formulation
which was solved using a custom-designed Lagrangian relaxation algorithm. Liu et al. [11]
presented a location model that assigns online demands to the capacitated regional warehouses
currently serving in-store demands in a multi-channel supply chain. The model explicitly
considered the trade-off between the risk pooling effect and the transportation cost in a two-echelon
inventory/logistics system. They formulated the assignment problem as a non-linear integer
programming model.

A strategic supply chain management problem was studied by Peng et al. [15] to design reliable
networks that perform as well as possible under normal conditions, while also performing relatively
well when disruptions strike. They presented a mixed-integer programming model whose objective
was to minimize the nominal cost while reducing the disruption risk using the p-robustness criterion
which bounds the cost in disruption scenarios. Chen et al. [3] presented a multi-criteria decision
analysis for environmental risk assessment with regard to avoiding and eliminating damages and
loss under natural disasters in international airport projects. They used the ANP to demonstrate one
of its utility modes in decision making support to location selection problems, which aims at an
evaluation of different projects from different locations. Wang and Watada [20] studied a facility
location model with fuzzy random parameters and its swarm intelligence approach. A VaR based
fuzzy random facility location model was built in which both the costs and demands were assumed
to be fuzzy random variables. The model was inherently a two-stage mixed 0-1 integer fuzzy
random programming problem. A hybrid modified particle swarm optimization approach was
proposed to solve the model. A corresponding framework for value-based performance and risk
optimization in a single-stage supply chain problem was developed by Hahn and Kuhn [19]. They
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applied Economic Value Added as a prevalent metric of value-based performance to mid-term sales
and operations planning. Due to the uncertainty of future events in a scenario based problem, they
also used robust optimization methods to deal with operational risks in physical and financial
supply chain management. Nickel et al. [13] provided a multi-period supply chain network design
problem. In this problem, uncertainty was assumed for demand and interest rates, which was
described by a set of scenarios. Accordingly, the problem was formulated as a multi-stage
stochastic mixed-integer linear programming problem.

These researches have investigated risk in the location models with discrete space and have
provided the models as a risk cost minimization model. In the next section, a risk management
model in continuous space with uncertain demands and budget are provided and two risk types are
investigated; customer risk because of unsatisfied customers and financial risk which is caused by
budget constraint. Since a customer has an uncertain demand, once the customer was assigned to a
facility, the facility may not service the customer properly and cause to some unsatisfied demand.
Then, we introduce a model proposing a criterion named satisfaction degree of the risk so as to
maximize the satisfaction degree in the location allocation model. In the rest of this section,
aforementioned articles are classified based on Location model, Risk type, Space and Uncertainty
as shown in Table 1 in order to help the reader appreciate the symmetry associated with the facility
location problems.

Therefore, the main differences of our research compared with other works are as follows:

¢ Providing a location allocation model with fixed cost and customer risk.
e [nvestigating risk in a continuous space
o Introducing satisfaction degree concept of risk

Table 1- Comparison between the works

Author(s) Location model Risk type Space Uncertainty
Guillen et al. [8] Multi objective supply chain Scenario based Discrete Stochastic
Snyder et al. [17] Location with risk pooling Scenario Based Discrete Stochastic
Ozsen et al. [14] Warehouse location Uncertain demand Discrete Stochastic
Azaron et al. [1] Multi-objective stochastic Scenario Based Discrete Stochastic
Wagner et al. [18] Uncapacitated p-median Value-at-Risk Discrete Stochastic
Youetal. [21] Multi-product supply chain Uncertain demand Discrete Stochastic
Mete and Zabinsky [12] Location with vehicle routing Disaster Discrete Stochastic
Wang et al. [19] Location with risk pooling Stochastic demand Discrete Stochastic
Cui et al. [5] Reliable facility location Risk of disruption Discrete Stochastic
Liuetal. [11] Two-echelon inventory/logistics ~ Stochastic demand Discrete Stochastic
Peng et al. [15] Reliable logistics network design Disruption Discrete Stochastic
Chen et al. [3] Location selection Disaster Discrete judgmental
Wang and Watada [20]  Fuzzy facility location Value-at-Risk Discrete Fuzzy
Hahn and Kuhn [9] Single-stage supply chain Scenario Based Discrete Stochastic
Nickel S. et al. [13] Multi-stage supply chain Scenario Based Discrete Stochastic
This rescarch Capac.itated con‘Finuous Uncertain demand Continuous Fuzzy

Location allocation and Budget

The remainder of the paper is organized as follows. In section 2 the capacitated continuous location
allocation model is provided. In Section 3, we present the risk management model. A numerical
example is given in Section 4 in order to illustrate the usability of the proposed model. Finally,
Section 5 is devoted to the conclusion and future work.



M. S. Jabalameli, S. J. Hosseininezhad and S. G. Jalali Naini / J. Math. Computer Sci. 6 (2013), 1-12

2. Capacitated Continuous Location Allocation Model

The location-allocation (LA) problem is to locate a set of new facilities such that the transportation
cost from facilities to customers is minimized and an optimal number of facilities have to be placed
in an area of interest in order to satisfy the customer demand. This problem occurs in many
practical settings such as the determination and location of warehouses, distribution centers,
communication centers and production facilities. Since LA problem was proposed by Cooper [4]
and spread to a weighted network by Hakimi [10]. For a review, on the continuous location
problem, see Drezner et al. [6], Salhi and Gamal [17], and Brimberg and Salhi [2].

Assuming, there are n customers (demand points) indexed by i and m facilities indexed by j and
following notations,

Notations Description

Parameters
A; coordinate of customer i
d; demand of customer i

S capacity of facility j
Decision variable
Xj coordinate of new facility |
D(X;,A) distance between customer i and facility j
Vi quantity supplied to customer i by facility j

Then the capacitated continuous location-allocation problem is also known as the capacitated
multisource Weber problem (CMWP) [7] and is as following,

n m
P;:min Z yji - D(X;, A;) 0
i=1j=1
St
m
Z Yji = dj, vi=12..,n 2
j=1
n
Zyji =Sj, Vi=12,..,m 3)
i=1
Yii 20, Vi=12,..,nandVj=12,..,m @)

Equation (1) is objective function consists of transportation cost. Constraint set (2) is demand
constraint. Constraint set (3) guarantees capacity constraint of each facility. Constraint set (4) is
standard constraint.

As seen, the model and other location allocation problems are not considered fixed cost in
continuous space, but, there are cases in real world which may be included some zones with high
installation cost or forbidden zones and it needs to consider fixed cost. So, we introduce a
continuous location allocation model with fixed cost in this paper; also, customer risk concept is
introduced in the model. we are interested in finding the location of m facilities in continuous space
with allocation of each facility to each customer in n points so that the total cost of transportation,
installation and unsatisfied demands of customers is minimized. At first, the space is divided into n
zones. The proposed model is extension of model P;. This paper introduces a new concept; a
facility will be located in a zone if the distance between the facility and the center of the zone is
smaller than a predetermined radius. So, a new variable z;; is introduced. In this regard, the zj;

shows whether or not the facility j is located in the zone i. It is assumed that distance between each
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customer and the facility is Euclidean. Accordingly, the 0-1 Nonlinear programming model P; is as

follows:
n m m n n C
2 2 i\ [4;

Pz min Z Z yji <\/(xj—ai) + (y]_bl) > + Z Z Zjif}i + MZ (El) (d_l> (5)

=1 j=1 j=1i=1 i=1 t
S.t.
n
Z%(J(% ~a) + (- b)) v =12..m (6)
i=1
n
ZZ]L = 1; v] = 1J2) ,m (7)
i=1
m
zzﬁ <1, Vi=12..n ®)
j=1
m
D it ai=dy i=12 ©
j=1
n n
z ZZ S Vj=12,..m (10)
i=1 i=1
zj; € {0,1}, q; € Zand x;,y; € R,, vi=12..,nVj=12..,m

Notations of the model are as follows,

Notations
Sets/Indices

Parameters

qi

Description

set of zones (demand points) in a continuous space indexed by i, {i=1,2,...,n}
set of new facilities to be located indexed by j, {j=1,2,...,m}

x coordinate of demand point i

y coordinate of demand point i

Unit production cost of facility j in zone i

Installation cost of facility j in zone i

Maximum distance a facility can be located from center of a zone for belonging to
that zone

Production capacity of facility j in zone i

Demand amount of demand point i

importance of demand point i

Penalty of unsatisfied demand which is a large amount

x coordinate of facility j

y coordinate of facility j

transported product from facility j to demand point i

Binary variable; equal tol if facility j is located in zone i; otherwise equal to 0
Unsatisfied demand of demand point i

Equation (5) is objective function of the model and constitutes of three terms. The first term is
transportation cost; the second term is installation cost and the third term named customer risk cost
is percent of the unsatisfied demand based on importance of each demand point. Since, there is a
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supply constraint in the model, all of the demand could not be supplied and demand of some
customers may not be supplied, so the third term is added. Constraint set (6) guarantees that if the
distance between the facility j and the zone i be greater than D, z;; = 0, so the facility j does not
belong to the zone i and the facility j will be located in the zone i, if the distance between the
facility j and the zone i be smaller than D. in contrast, if z; = 1, the distance between the facility j
and the zone i could not be greater than D. These constraints are applied to add fixed cost to the
continuous models. Constraint set (7) guarantees that the facility j is installed only in one zone.
Constraint set (8) guarantees that at most one facility could be located in the zone i. Constraint set
(9) is a capacity constraint which guarantees that the transportation amount of the facility j should
be less than the limitation of production in the zone i. Constraint set (10) indicates the demand
constraint which guarantees that the satisfied and the unsatisfied demand of each demand point is
equal to the demand of that demand point.

Since, we want to introduce a risk management model, use the model P, with some changes. For
more adopting on real world, since demand of customers may not be certain, we consider the model
in uncertain conditions Supposing mean and deviation of demand in the zone i are d; and dd; ,
respectively. Therefore, consider d; = (d; — dd;, d;, d; + dd;) as fuzzy demand of the zone i.
Because of the uncertain demand, once a customer was assigned to a facility, the facility may not
service the customer properly and cause to some unsatisfied demand. Also, we set risk cost of the
unsatisfied customers as objective function and consider the transportation and the fixed cost as a
budget constraint. Assuming €, is the budget which is assigned to the transportation and the fixed
costs, If the costs are greater than Q, financial risk will be caused. Therefore, a budget constraint is
added to the model and the transportation and the fixed costs are eliminated from the objective.
Then a fuzzy risk management P;is introduced as follows,

pyimin j(%) () (n

st
ZZ}’ﬂ(\/(xJ a) + (y;— b))+2§zﬂfﬂ_

zﬂ<\/(x, )’ + (y,- b)><D Vj=12,..,m

j=1

m
Zyji+ql_dll l—1,2, ,n

=1

n n
ZJ’ji < szi Sji» vVi=12,..,m

i=1 i=1
zj; € {0,1}, q; € Zand x;,y; € R,, vi=12,..,n,Vj=12,..,m

In the next section, by considering fuzzy concepts, the final risk management model with crisp
parameters is introduced.
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3. Risk management model

In this section a risk management model is proposed based on the model P; . We introduce a model
which proposes a criterion named satisfaction degree of the risk so as to maximize the satisfaction
degree in the model. Since, we investigate the model in uncertain condition; the satisfaction degree
concept in fuzzy set theory is applied to provide the risk management model. We introduce the
satisfaction degree of the customers risk and the financial risk and demand constraint, respectively.
We use the satisfaction degree concept to provide a crisp risk management model. By utilization of
the max—min operator introduced by Zimmermann [22], the problem convert to a single objective
optimization problem, assuming

f&X) = zn: i Yji <\/(xj_ai)2 + (Yj—bi)2> + i zn: Zji fii

i=1j=1 j=1i=1

Be total cost and Q! be the existing budget and Q? be at most value we could assign as the budget
so that total cost could not be greater than 02, Since d; = (d; —dd;, d;, d; + dd;), we introduce
fuzzy variable fig in (12) as fuzzy satisfaction degree of financial risk which is shown in Figure 1,

I 1, fx) <ot
- Q*—£(X)
fio = (o 18 1) = rfgl’ Q' <fX) <’ (12)
0, fx) = Q2
Degree of satisfaction
A
1 1
: > f(x)

Ol 0?2

Figure 1- degree satisfaction of the financial risk

Where pb, ul, u are calculated when demand of each customer are d; —dd;, d;, d; + dd;,

respectively. As seen in constraint (12), if total cost is greater than Q?, then the satisfaction degree
of financial risk is 0, in other words, the financial risk is 1 or 100%. Also if total cost is smaller

than Ql, then the satisfaction degree of financial risk is 1, in other words, the financial risk is O or
0%. If 1 = min{ub, U, u}‘z}, which is named satisfaction degree of financial risk as shown in(13):

do < (QZ —Z Z Yji (J (y—a)" + (YI_bi)2> + Z Zjifji> / (% - QY),vd; € {d; — dd;, d;,d; +dd;}  (13)

n
i=1j=1 i=1j=1

We carry out similar definitions for the customer risk as (14),
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: 2 (@)(F)=0
fic = (ub, ul ug) = 1—211:(%) <§> 0 szn:(%) (%) <1 (14)
i=1 ' i=1 i
S0

As seen in constraint (14), if the satisfied demands are smaller than O, then the satisfaction degree
of customer risk is 0, in other words, the financial risk is 1 or 100%. Also if the satisfied demands
are greater than total demands, then the satisfaction degree of financial risk is 1, in other words, the

financial risk is 0%. If A, = min{ulc, ue, ME‘}, which is named satisfaction degree of the customer
risk as shown in (15):

n
C: .
Ae <1-— Z (El) (%) vd; € {d; — dd;,d;, d; + dd;} (15)
i=1 L

Finally, degree satisfaction of demand constraint is introduced as shown in Figure 2, this concept

is carried out for each i, u5, u4t are satisfaction degree of Left Hand Side (LHS) and Right Hand
Side (RHS) of demand constraint i as shown in (16):

Degree of satisfaction
A

m
» Z Yii+qi, Vi
=

Figure 2- degree satisfaction of demand constraint

d; — dd; d; d; + dd;

( m
0, Z}’ji+QiSdi_ddi
=
m m
di‘ZYﬁ"‘Qi /ddi: d; —dd; S2y1i+qigdi
] i~ i J= j=1 16
o= (ulrud) =9, . (16)
Zyji'l'Qi_di /ddi; d; SZyﬁ+qiSdi+ddi
j=1 j=1
m
0, Yiji +q; = di + ddL
\ =1
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Ifhg = min{ua_,piiﬂl =1,2, ...,n}, then Agq < {uii_, uy}, Vi=12,..,n which is named
satisfaction degree of demand constraint the constraints (17) and (18) are as follows,

m
di—ddi—Zyﬁ—qi tAgdd; <1, i=12,..,n (17)
=1
m
Ey]-i+qi—di—ddi tAgdd; <1, i=12,..,n (18)
=

Finally, if A = min{Aq, Ac, Aq} we apply the Zimmermann Max-min operator to provide a crisp
model. So, the final risk management model P, is as follows in (19),

Py:max A (19)
S.t.
n
G\ (4
A<1- )\5) vd; € {d; — dd;, d;, d; + dd;}
=1 t
n bp n bp
2 2 2 2 1
A < Q —Zzy]ldl <\/(xj—ai) + (y]_bl) >+ szif:ﬁ /(Q —-Q )
i=1j=1 i=1j=1

n

2 2 _
zzji (J(xj—ai) + (vj—b;) ) <D, Vvj=12..,m
=}

Zji = 1, \7’] = 1,2, e, m

m
di - ddl —zy]l —q; +/1ddl < 1, i= 1,2, vy, n
j=1

J
m

Yji +q; — di —ddi +lddi <1,i=12..,n

=1

n n
Zy]'i < szi Sjis Vi=12,..,m
i=1 i=1

0<1< 1,_zji € {0,1}, qi €Zandx;,y; €ER, Vi=12,..,nVj=12..,m

Where 1 is the overall satisfaction degree of risk, Finally, (xj, y]-) and yj; provide the best location
of the facility j and the best allocation values to the customers with the highest satisfaction degrees
of the risk.

. Numerical example

In this section, a numerical example is expressed to illustrate the introduced model. Suppose we
want to locate 4 new facilities in a region including 16 zones (customers) as shown in Figure 3.
Number of each zone is indicated in each cell. Specification of each zone consisting importance,
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mean and standard deviation demand of each customer, fixed cost and capacity of facility in each
zone are shown in Table 2. Q! and Q2 are 1150 and 1200, respectively and D=0.50 .

¥
5 14 13 16
4 10 11 12 13
3 6 7 8 -
2 3 4 5
1 1 2
1 2 3 4 X

Figure 3- Numerical Example with 16 zones

The example was solved by GAMS software applying Baron Solver which uses branch and reduce
algorithm. The Location and the allocation variables are shown in Table 3 and Table 4,
respectively. So, g, = 20, g1, = 40, g1 = 5 and others = 0, consumed budget is f(x) = 1156 and
finally A = 0.80. it means that the overall satisfaction degree of the risks is 0.80 so the overall risk
is approximately 20%. The final solution is shown in Figure4.

Table 2- specification of customers and zones for the Numerical Example

Customer/Zone  Coordinate I'\DA:;';[?; [E)eegé?:j Demand Importance i';;d Capacity
1 (2,1) 17 8 (9,17,25) 1 200 70
2 (3,1 65 5 (60,65,70) 15 250 70
3 1,2) 15 7 (8,15,22) 1.1 500 75
4 (2,2 24 12 (12,24,36) 1.2 1500 70
5 (3,2 10 2 (8,10,12) 1 1200 90
6 13 13 3 (10,13,16) 13 1500 80
7 2,3 22 3 (19,22,25) 1.4 150 60
8 (3,3 38 5 (33,38,43) 1.6 400 100
9 4,3 23 5 (18,23,28) 1 300 50

10 1,4 20 5 (15,20,25) 1 400 80
11 (2,4) 17 6 (11,17,23) 1.1 400 60
12 (3,4) 70 25 (45,70,95) 2 600 30
13 (4,4 20 3 (17,20,23) 1 600 40
14 (2,5) 15 14 (1,15,29) 1 300 70
15 (3,5) 11 5 (6,11,16) 15 600 60
16 (4,5) 25 1 (24,25,26) 1.3 200 90

Table 3- location of facilities

j(facility) (%) zone
1 (1.4202.270) 3

2 (2.996,1.002) 2

3 (3.398,3.303) 8

4 (1.487,4110) 10

10
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Table 4- Allocation variables customers to facilities

j(facility) v =1,..16)
1 Vi3 =14, y1a = 22, Yie = 13,)’1,7 =22, yig =4
2 Y21 =16,y,, =44,y,5 = 10
3 Y38 = 33,¥30 = 22,¥312 = 5,¥313 = 20,316 = 20
4 Yai0 =19, V411 = 16, Y410 = 21, Y414 = 13,415 = 10
'y

v

5 14 15 16

4 w *| n 12 13

»
3 6 7 8 9
L ]
2 3 4 5
1 1 o2
1 2 3 4 X

Figure 4- Location of facilities for the numerical example
Red circles are the location of the facilities and the selected zones are identified by yellow color

5. Conclusion

This paper proposed a risk management model for the facility location problems in fuzzy
environment. We investigated the capacitated continuous location allocation problem in continuous
space as a risk model. Two risk types were investigated in the proposed model: the customer and
the financial risk. The risks are caused because of the unsatisfied demands and the budget
constraint, respectively. The first presented model's advantage over the traditional models was
presentation of the capacitated continuous location allocation model with fixed cost and the
customer risk. The second was consideration of continuous space for risk management model in the
location problems. Because of uncertain budget and demand, the risk management model was
provided. Finally, the third advantage was presentation of the degree satisfaction concept of each
risk as the objective function for the risk models. Considering other parameters such as capacity
and fixed cost in uncertain condition, providing other continuous location models such as the
covering and the p-median as a risk problem and applying a heuristic method to solve large scale
cases are research issues which we think may need future investigations.
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