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ABSTRACT

We consider N(k)-quasi Einstein manifolds satisfying the conditions R(§ X).W , =0,
W, (£X).5=0, P(§,X).W, =0, where W, and Pdenote the \W, -curvature tensor and projective
curvature tensor, respectively.
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1. Introduction

The notion of a quasi Einstein manifold was introduced by M. C. Chaki in [1]. A non flat n-dimensional Riemannian
manifold (M ) g) is said to be a quasi Einstein manifold if its Ricci tensor S satisfies

(1.2) S(X,Y)=ag(X,Y)+bn(X)(Y) v X,Y eTM
for some smooth functions @ and b # 0, where n is a non zero 1-forms such that
(L2) 9(X,&)=n(X), 9(¢.¢)=n(¢)=1

for the associated vector field £ . The 1-form 77 is called the associated 1-form and the unit vector field & is called the
generator of the manifold. If b # O then the manifold reduced to an Einstein manifold. For more details about quasi
Einstein manifolds see also ([2]-[6]).

If the generator & belongs to k-nullity distribution (k) then the quasi Einstein manifold is called as an Mk)-quasi

Einstein manifold [12]. In [12], it was shown that a conformally flat quasi Einstein manifold is an A(k)-quasi Einstein
manifold and in particular a 3-dimensional quasi Einstein manifold is an A(k)-quasi Einstein manifold. The derivation
conditions R(EX).R = 0and R(EX).S = Owere also studied in [12], where R and S denote the curvature and Ricci
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tensor, respectively. In [9], it was proved that in an n-dimensional N(k)-quasi Einstein manifold kK = —— . In [7],

derivation conditions R(EX).p = 0, p({X).S = 0and p(EX).p = Owere studied where pis the projective curvature
tensor, also it physical examples of N(k)-quasi Einstein manifolds were given. The derivation conditions R X).C =0,

R(EX).C =0, studied in [8], where Cand C denote the conformal curvature tensor and quasi conformal curvature
tensor, respectively. In this paper, we consider A(k}quasi Einstein manifolds satisfying the conditions R(EX).W, =0,

W, ($X).5=0, PEX).W, =0, where W, and Pdenote the W, -curvature tensor and the projective curvature tensor,
respectively.

2. N(k)-quasi Einstein manifolds

From (1.1) and (1.2) we obtain

(2.1) S(X,¢)=(a+b)n(X)
(2.2) r=na+b,

where ris the scalar curvature of M.

The Ricci operator Q of a Riemannian manifold (M ) g) is defined by
S Y)=9@x Y)

If (M , g) is a quasi Einstein manifold [1], its Ricci operator satisfies

(2.3) Q=al +bp®¢&.

Let R denote the Riemannian curvature tensor of a Riemannian manifold M. The 4-nullity distribution M) [11], of a
Riemannian manifold defined by

N(K): p—> N, (k)= {z eT,M|R(X,Y)Z =k{g(Y,Z)X —g(X,Z)Y}}

forall X,Y e TM", where kis some smooth function. In a quasi Einstein manifold M, if the generator & belongs to

some k-nullity distribution A(k), then is said to be an Mk)-quasi Einstein manifold [12].
Lemma2.1. [9] In an n-dimensional A(k)-quasi Einstein manifold it follows that

(2.4) K =i—j-

Let (M " g) be an M{(k)-quasi Einstein manifold. Then, we have [12]

(25) R(Y,2) = 252 fr(2 )y — ()2}

The equation (2.5) is equivalent to

(26) Rz =252 {g(v, ) - nlz )V }=—R(Y.£)2

In [7], we view the following physical examples of A(k)-quasi Einstein manifolds.
Example2.2. [7] A conformally flat perfect fluid space-time (M 4, g) satisfying Einstein’s equation without cosmological

k(30 + p)
6
Example2.3. [7] A conformally flat perfect fluid spacetime (M 4, g) satisfying Einstein’s equation with cosmological
k(30 + p)
6

where O is the energy density and P is the isotropic pressure of the fluid.

constant is an N( j-quasi Einstein manifold.

A
constantisan N (g +

j-quasi Einstein manifold.

3. The W2 -curvature tensor of an N(k)-quasi Einstein manifold

29



A. Taleshian and A. A. Hosseinzadeh/ TIMCS Vol .1 No.1 (2010) 28-32

In [10], Pokhariyal and Mishra have defined a new curvature tensor
(3.1) W,(X,Y,Z,U)= R(X,Y,Z,U)+i[g(X,Z)S(Y,U)— a(Y,z)s(x,u))]
where S'is a Ricci tensor of type (0,2).
Proposition 3.1. In an n-dimensional A(k)-quasi Einstein manifold /, the W , -curvature tensor satisfies
(32) nW,(X.Y)z)=0,
for all vector fields X, Y, Zon M.
Proof. From (1.1), (2.5), (2.6) and (3.1) the Eq. (3.2) follow easily. o

Theorem 3.2. Let Mbe an N(k)-quasi Einstein manifold. Then M satisfies the condition R(E,X).W , = 0 if and only if a +
b=0orw,=0.

Proof. Assume that M is an n-dimensional N(k)-quasi Einstein manifold satisfying the condition R($.X).W , =0. Since M
satisfies the condition R(£X).W , = 0 we can write

0=R(& X W,(Y,Z -W,(R(&, X)Y,ZJ
=W,(Y, R(E X)Z ) =W,(Y, Z)R(S, X W

for all vector fields X, ¥, Z Uon M.
Using (2.6), in above equation we get

0= 212 W,(Y,2.U, ) -nlW, (1. 20X

- g(X,Y)Nz(é:,Z)J 4‘77(Y)/\12(X’ZlJ
_g(X'Z)Nz(Y’QEp +77(Z)N2(Y, X)J
—g(X,U)Nz(Y,Z)§+77(U )Nz(Y’Z)X}

which implies eithera + b = 0 or

0=W,(Y,Z,U, X )¢ —n(W,(Y,Z)J)X
= 9(X, YW,(&, Z) + (Y W, (X, Z

(
- g(X,Z)Nz(Y,é:)J +77(Z)N2(Y1 X)J
—g(X,UW,(Y,Z) +nU W, (Y, Z)X.

Taking the inner product of above equation with 5'; we obtain

(33) 0=W,(Y,Z,U, X)-nW,(v,Zn(X)
= 9(X, Y )nW, (£, 2 )+ (Y JnW, (X, Z)V)
= 9(X, Z)nW, (Y, £ )+ (2 nW, (¥, X V)

=g(X,U)pW, (Y, 2))+ 5L i, (Y, 2)X)
Using (3.2) into (3.3) we obtain
W, (Y,Z,w, X)=0.

The converse statement is trivial. This completes the proof of the theorem. o
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Next, we have the following theorem

Theorem 3.3. Let Mbe an Nk)-quasi Einstein manifold. Then M satisfies the condition W, (£X).5= 0 if and only if g =
0.

Proof. Since W, (§{X).5= 0, we have
(3.4) 0=SW,(&X)Y,Z)+S(Y,W,(£,X)Z) .
In view of (1.1), (3.1) and (3.2) in (3.4) we have

(35) 0= na—_bl (XY (@) +9(X, Z)n(Y )= 2n(X (Y )u(2 )}

From (3.5) by a contraction, we obtain
(3.6) ab=0.

Since b # 0, then from (3.6) we have a = 0. The converse statement is trivial. This completes the proof of the theorem.
O

Let (M n, g) be a Riemannian manifold. The projective curvature tensor [13], is defined by

(3.7) P(X,Y)Z:R(X,Y)Z—ﬁ[S(Y,Z)X—S(X,Z)Y],

If Pbe a projective curvature tensor in an n-dimensional AV(k)-quasi Einstein manifold, we have [7]
b

(3.8) P& XN =—— (X, )& = (X )n(¥ )¢}

Theorem 3.4. Let Mbe an N(k)-quasi Einstein manifold. Then M satisfies the condition A(§X).W , = 0 if and only if W,
=0.

Proof. Assume that Mis an n-dimensional Mk)-quasi Einstein manifold satisfying the condition A(§X).W , =0. Since M
satisfies the condition A(§.X).W, = 0 we can write

(39) 0=P(&, X W,(Y,ZJ -W,(P(¢, X )Y, Z
=W, (Y, P& X)Z U =W, (Y, Z)P(¢, X U

for all vector fields X, ¥, Z, Uon M.
Using (3.8), in (3.9) equation we get

0=—2 W, (1,2, X ) =W, 2 ()¢

= 9(X, Y W, (&, Z) + (X (Y W, (£, 2V
- g(X,Z)NZ(Y,f)J +77(Z)’7(X)N2(Y15)J
—g(X,UW,(Y,Z)¢ +n(X )n(U W, (Y, Z)s}

Since b # 0, then
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(3.10) 0=W,(Y,Z,U, X)&-nW,(Y,Z ) (X )¢
= g(X, Y W, (£, 2 +n(X (Y W, (§,Z
=9(X, Z W, (Y, £ +7(Z (X W,(Y, &
—g(X UMW, (Y, Z)¢ + (X n(U W,(Y, Z)2.

Taking the inner product of (3.10) with & we obtain

(3.11) 0=W,(Y,Z,U, X)-nW,(Y,Z ) )n(X)
=g(X. Y JnW, (&, Z)0 )+ (X J(Y Jn(W, (£, 2)0)
=9(X, ZW, (Y, E )+ n(Z (X W, (Y . £ )
—g(X,UnW,(v, 2)6)+n(Xn(U nW, (Y, Z)5).

Using (3.2) into (3.3) we obtain
W, (Y,Z,w, X)=0.

The converse statement is trivial. This completes the proof of the theorem. o
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