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Abstract

In this paper, we use the way of local coordinates instead of the Floquet method to study the problems of homoclinic
and periodic orbits bifurcated from heteroclinic loop for high-dimensional system. Under some transversal conditions and the
non-twisted or twisted conditions, we discuss the existence, uniqueness, coexistence, and non-coexistence of 1-periodic orbit,
1-homoclinic orbit, and 1-heteroclinic orbit near the heteroclinic loop. We get some general conclusions only under the basic
hypotheses, and the other conclusions under the two hyperbolic ratios of the heteroclinic loop are greater than 1. Meanwhile,
the bifurcation surfaces and existence regions are given. (©)2017 all rights reserved.
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1. Introduction and hypotheses

In recent years, the bifurcation problems of heteroclinic orbits in high dimensional space were studied
and many results were obtained (see [1-3, 6-9]). In [10], Zhu and Xia studied the bifurcation problems of
heteroclinic loops with two hyperbolic saddle points by generalizing the Floquet method and exponential
dichotomy. In [5], Jin et al. studied the bifurcations of non-twisted heteroclinic loop with resonant
eigenvalues. In [4], Jin and Zhu studied the bifurcations of rough heteroclinic loop with two saddle
points for the hyperbolic ratios i, i = 1,2, satisfying 1 > 1, 32 <1 and 1 < 1.

In this paper, we use the way of local coordinates instead of the Floquet method to study the problems
of homoclinic and periodic orbits bifurcated from heteroclinic loop for high dimensional system. Under
some transversal conditions and the non-twisted or twisted conditions, we discuss the existence, unique-
ness, coexistence and non-coexistence of the 1-periodic orbit, 1-homoclinic orbit, and 1-heteroclinic orbit
near the heteroclinic loop. We obtain some general conclusions only under the basic assumptions, and the
other conclusions under hyperbolic ratio (3; satisfying 3; > 1, i = 1,2. Moreover, we give the bifurcation
surfaces and their relative positions and the existence regions of 1-periodic orbit.
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Consider the following C" system
z=1(z)+9(z,n (1.1)

and its unperturbed system
z=f(z), (1.2)

wherer >5,zc R™™, neRL1>3,0<|u/ <1, and g(z,0) =0.

(H1) z = py, i = 1,2 are hyperbolic critical points of system (1.2), f(pi) = 0, g(pi, n) = 0, the stable
manifold W? and the unstable manifold W}* of z = p; are m-dimensional and n-dimensional, respectively.
Moreover, —p! and A! are the simple real eigenvalues of D.f(p;) such that any other eigenvalue o of
D, f(p;) satisfies either Reo < —p? < —p% <0or0< ?\% < ?\? < Reo, where pg and ?\? are some positive
constants.

(H2) System (1.2) has a heteroclinic loop I' = 7 UT,, where I} = {z = vi(t) : t € R}, yi(4o00) =
Yitr1(—00) = piy1, v3(t) = vi(t), ps = p1. For any point P; € Ti, dim(Tp Wi N Tp, W}, ;) = 1, where
W3 = W7, Tp, Wi is the tangent space of Wi* at Py, and Tp, W}, is the tangent space of W?, ; at P;.

(H3) Define e = hmtﬁqgoo e % , then e e Tp,,Witand e, €T,

responding to A{ and —pi,, respectlvely. Denote span(T, W}, e) = TpiWiu, span(T, W}, e ;) =
Tpo W;, where Wi and W$* are the strong unstable manifolds and the strong stable manifolds of ps,
respectively, T, Wi*' is the tangent space of Wi'** at p;, and T,, W{* is the tangent space of W?* at p;.
That is, T,, W{*" is the generalized eigenspace corresponding to all the eigenvalues with larger real part
than A?, T,,W** is the generalized eigenspace corresponding to all the eigenvalues with smaller real part

than —pg. The following strong inclination hold:

1+1 +1 are unit elgenvectors cor-

lim (Tyi(t)Wiu'—*—TYi(t) 1+1) Wu @TPLH iSJrl'

t—+oo Tp
tli}m (T oW + Ty (Wi = T Wit & T WES.
—00

Figure 1

2. Local Coordinates

In this section, we will establish a suitable system of local coordinates in the neighborhood of
heteroclinic loop I'. This method is similar to that of in [4]. Based on the analysis of the Poincaré
maps defined on some local transversal sections of I', we need to normalize (1.1) in some small enough
neighborhood U; of pi, and set up a system of local coordinates near the loop T

Suppose that (H1)-(H3) hold, then, it is well-known that there always exists a C" transformation such
that system (1.1) has the following form in U;:
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AL(W) + h.o.t]x + O(w)[O(y) + O(Wv)],

x =

Y = [—p{(n) + ho.tJy + OW)[O(x) + O(w)], 21)
1= Bl (u) + ho.tJu+O(x)[0O(x) + O(y) + O(v)], '
v=]|

—B?(u) + h.o.tJv+O(y)[O(x) + O(y) + O(w)],

for || small enough, where 7\%(0) = 7\%, p%(O) = p%, RGO'(B%(O)) > ?\?, RGO'(—B%(O)) < —p?, z = (x,y,u*,v*)*,
x € RLyeR,ueR™, ve R™ 1 {i=1,2 The sign * means transposition, the “h.o0.t.” means higher
order term and the system (2.1) is cr—L

In other words, we have assumed that the local unstable, stable, strong unstable and strong stable
manifolds of p; in U; are given by

Wi ={z:y=0,v=0} W ={z:x=0,u=0},
WP ={z:x =0,y =0,v =0} Wi ={z:x=0,y=0,u=0},
rMwW ={z:y=0,u=u(x),v=0}, FNWY ={z:x=0,u=0,v=yv(y)},

where 11(0) = u(0) =0, v(0) =v(0) =0.

Taking moments T{) and Ti1 such that yi(—T{)) = (5,0,0;,,0), yi(Til) = (0,8,0%,85,)*, where T? and
Ti1 are large enough and ¢ is small enough such that {(x,y, u*,v*)* : x|, [yl, [ul, v| < 28} € U;. Obviously,
8l = 0(8), [8v,] = o().

Consider the linear variational system

z =Df(ri(t))z (2.2)

and its adjoint system
¢ = —(Df(ri(t)))" . (2.3)
Under the hypothesis (H1)-(H3), both (2.2) and (2.3) have exponential dichotomies in R™ and R™. (See

[9, 10])
According to [4, 5], (2.2) has a fundamental solution matrix Z;(t) = (z%(t),z%(t),z{’(t),z‘l(t)), such that

1
zi(t) € (Ty (oW N (Ty, Wi,
5 Yilt)
2(1) = —
S ]
Z) = (), ...,z (1) € Ty (o Wi N (T ) W) = Ty (o WY,
2 = (2 (1), .., 2™ (1) € (Ty ) W N Ty Wik = Ty ) Wiy,

€T Wi NTy (Wit

i i i(t
w%l w%l 0 w‘-lLl 1 0 w:-fl 0
12 42 32
0 w; 0 0 w; 1 0 1 w0
2T = Wi wB 1 wB | 4i(T) = 0 0 W 0|’
1 1 1 1
0 0 0 w‘.f‘l w%‘* w%‘l w%‘* I

where W5 =W3s, w2l <0, wi2 £ 0, [|[w#|| # 0, |[w$|| # 0. Moreover, for § small enough, ||w?' W) <
i #2 WP Wi <15 =34 [w) ) < 1,5 # 3 i i) 1 <15 # 4
1
Denoting A; = %, we say that [} is non-twisted (twisted) when A; =1 (A = —1).

4

Thus, we may regard z% (t),z%(t),z{’(t), z:(t) as a local coordinate system along T7.

It was clear that ®;(t) = (@l (t), 93(t), (p%(t), e%(t)) = (Z71(t))* is a fundamental solution matrix of

1 1 1 1

(2.3), and (p%(t) is bounded and tends to zero exponentially as t — +o0 (see [4, 9, 10]).
3. Poincaré maps and bifurcation equations
i ), z¥(t)) to define the Poincaré sections.

1 7
LetN; = (n}L,0,(nd)*,(nH*)*, nd = M3, i, nd = (P nd™ )% and hi(t) = vi(t) +

. 2 . 1 2 3
Now we set up the Poincaré maps. First, we use (z; (t), z{(t), z{ (t
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Z;(t)N; in the neighborhood of T'. Thus we define
SY={z=hy(=T) : x|, lyl, lul, v < 28}, S} ={z =hi(T{) : x|, [yl, [ul, v] < 28}
to be cross sections of T} at t = —T and t = T}, respectively, where & is small enough such that S{ C U,
St c Uiy, Us = Uy.
B}
M2
Figure 2
We consider the map F! : ¢ € S — g} € SI. Let
q? = (x2,yd, (W), ) = vi(=T)) + Zi(=TYONG, NY = (ndh, 0, (n™)", (n*))7,
q% = (X%/y},/ ('LL}')*, (V%)*)* = ‘YI(TE) + ZI(TE)NL N11, = (n}',l’ O/ (Tl}":)’)*, (TliA)*)*
According to the expressions of Z;(—T?), Zi(T}), i = 1,2, we have x? ~ 8, y! ~ §, and
n%’l =xI —wil(wP)~lud,
n? = (w1l (3.1)
nit = —witxd 4 (W L wnd - W) lul vl -6y,
0 () () W),
“(1)'3 = u? — Oy, — W?(W%Z)*ly? + (w?(w%z)*lw%z — w‘-lB) (w‘i“)*lv?, (3.2)

04 _ (1,44 —1,0
nt = (W) vy,

Take a coordinate transformation z = hi(t), t € [—T{), Til], substituting it into (1.1), and using Vi(t) =

flyi(t)), Zi(t) = Df(vi(t))Zi(t), one can see that (1.1) is transformed into the following form:
il = @) (tgu(vi(t),0p+hot, i=1,2j=1,34

Thus, the map F! : $? — S is defined by Ni(—T?) — Ny(T}),
n(TH =n)(-T)) +Mlp+hot, i=1,2j=1,3,4

That is,
ny =nd +Mlp+hot, i=1,2j=134,
where M) = [T% ©J*(t)g,.(vi(t),0)dt, i =1,2,j = 1,3,4, (see [4, 9, 10]).
Next, we consider the map F? : qu € 5%71 — q? € Sg, where q%fl = (x%fl,yifl, (uLl)*, (v%
q? = (<, yd, (ud)r, (v ).



Z. Guo, Y. Jin, Y. Gao, D. Xie, J. Math. Computer Sci., 17 (2017), 115-132 119

Letni(u) = min{p%(u),?\%(u)}, i =ni(0), p} = p%(O), 7\% = 7\%(0) and T; be the flying time from q%_l to
q?, si = e MW7 Neglecting all higher order terms we get (see [4, 5])

AL AL () ot (w) ol (w)
1 ~ oNiw) 0 o milw) 0 o oMnilw) ~ MilH)
Xiog RS X RS, YRSy Y RS S, 3.4
Bl( 2 3.4)
i) B{(w)
1 ~ M) 0 0 o omilw 1
U1 =S uy, ViR ST Vig-

Let F; = FloF): S | — Sl Then F; is the Poincaré map induced by system (1.1) in some tubular
neighborhood of the heteroclinic loop T
By (3.2), (3.3), and (3.4), we get the expression of the map F; as follows:

nit = Wit les™ - Mlp+ho.t,

1

1m

n}"g :u?—éul—w%?’(wl )~ 165“1 —i—MSp—i—hot (3-5)
B2(n)
nit = (wih - 15{“[ vi  +Mip+hot.
Let Gi(qi ;) = (G}, G}, G}) =Fi(ql ;) —ql, g} = q3. Owing to (3.1) and (3.5), we have
M 7\%4—1(”)
G = 8[wi?) 7 (5) M0 — (sp41) "™ + Mip+heott,
ol B () 3.6
Gy =) — 8y, — W W) T8(s) " — (W) T (si) ) + Mip+hoot, (3.6)
?\%H(u) B%(u]
Gi = —vi + 8y, +Wits(si1) 1™ + (Wit) T (si) "W vl + Mip+ho.t..

Thus, there is a one to one correspondence between the two point heteroclinic loop, 1-homoclinic or
1-periodic orbit of (1.1), and the solution Q = (sl,u(l),v%, sz,ug,vi) of the following bifurcation equation
withs; >0,1=1,2:

(G1,GJ,G1, Gy, G3,G3) = 0. (3.7)

4. Bifurcation problems of 1-heteroclinic and 1-homoclinic orbits

In this section, we study the existence and the uniqueness of 1-heteroclinic and 1-homoclinic orbit.
Consider the solution of the bifurcation equation (3.7) at Q = 0 and p = 0, we have

d(Gy, G}, GY, G5, G5, Gy)

G=
8(51152/u(1)/ug,\)%,v%)
10} (1) A 220
5(wi2) 1 BL s )t =832y (s2) ™0 00 0 O
wi® pi (1) 1” -1
6w1 iy (s2) 09 0 10 0 0
1423 (1) 201) B
= 0 )\1( | 6W1 ni(u) (Sz)nz(“l)( ) 0 O 1 0
Al Lt 1ol ol 4
S (s ST ()R 0 0 0 0
W p( ) Pz(u)
’ 1 6w2 ni(u)(s et 01 0 0
1 Alw)
6w14}‘1(“)(sl)n%(u> 1 0 00 0 _1
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Since n; (p)=min{p} (1), A} (w)}, ;‘%8 —1and fﬁgt% — 1 have only one zero, so, the rank of G is at least
5assy =sp=u=0. ' '

Moreover, if (p1 —A{)(p3 —A}) > 0, then, by the continuity and |u| < 1, we have (pf (1) — Al (p)) (p3 (1) —
?\%(u)) > 0 is always true, that is

10w e M), 20
S(wy™) ™ iy (s1) ™ =032y (s2) mat) 00 0 O
Allw) M71 1241 0L (1) P%(u)il
S (s1)m™ d(wy) i g(s2)m™ T 0 0 0 0
13 51 ol(u)_l
62 2L (57) O 0 10 0 0
— wiZ ()
| det(G)| Wi ol(n) A
0 Seb A )BT 01 0 o
Al Mw
0 | 6W%4H§EB(52)”2(”) 00 -1 0
swld M) (¢ il 0 00 0
2 (w1
pI(WP3 (W) (2 gy 200y MWA () Ay e
= &2 (w%zw%Z)—li(sl) n1() (52)(112(») )_A(sl) BRI (Sz)(“Z[“) ) £ 0.
N1 (wn2(p) N1 (w2 (1)

From the implicit function theorem, we have

Theorem 4.1. Suppose that (H1)-(H3) are valid, and for |u| small enough, (3.7) has a unique solution about sy,

sp=s1(s2, 1), u) =ud(sy, 1), vi =vi(sa,p), i=1,2,

or about s1, 1
s =sp(s1, 1), u =ul(sy, 1), vi =vi(s;, ), i=1,2.
Specifically, if (p} —AD)(p} —A}) > 0, then, (3.7) has a unique solution

S{ = Si(H)/ u? :ug(u)/ V% :\)}(IJ.), i= 1/2/

satisfying s;i(0) =0, u?(O) =0, v%(O) =0,i=1,2.

By Theorem 4.1, (3.6), and (3.7), it is easy to see that the equation (Gf, G‘f, Gg, G%) = 0 always has a
0 1

unique solution u; = u?(s1, So, W), v% =v;(s1,82,1),1=1,2, for 5, |u|, and sy, s2 small enough. Substituting

it into (G%, G%) =0, we get

A el(n)

(s2)0 = (Wi2)"(s))m™ + 5 "Mlp+ho.t,
1 1 (4.1)
Al pd (1)

(s1)™m0 = (wh?) " (s) ™0 + 5 "Mip+ ho.t..
Theorem 4.2. Suppose that (H1)-(H3) are valid, M} # 0, i = 1,2, then the following are true:
(i) Near w =0, there exists a unique surface Ly with codimension 1 and normal vector M% at uw = 0, such that
system (1.1) has a heteroclinic orbit joining py and py near Ty if and only if p € Ly and [u| < 1.
(i) When rank(M%, M%) =2, L1 and 1L, are transversal at w = 0. Let L1, = L1 N Ly, which is codimension 2,
the system (1.1) has a heteroclinic loop near T' for @ € Lyp and |u| < 1, that is, T is persistent.
Proof. 1f s; = s, =0, then (4.1) becomes

{M%u—i—h.o.t. =0, 42)

Mip+ho.t. = 0.
Thus, the necessary and sufficient condition for the persistence of T; is that (4.2) has solution.

If M% # 0, then M%u +h.o.t. =0, 1= 1,2 has solution which defines a surface L; in the neighborhood
of = 0. It is easy to see that L; has codimension 1 and a normal vector M! at u = 0.
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L; and L, are transversal (resp. tangent) at u = 0 if and only if M and M] are linearly independent
(resp. dependent). In the transversal case, i.e., rank(M%, M%) =2, L1 = L1 N L, has a manifold structure
near p = 0 (see [2]). In fact, L, is a surface with codimension 2 such that (1.1) has heteroclinic loop near

I for n € L1y and |p| < 1, that is, T is persistent.

Denote Ry ={u: Min >0, AHMIn<0,|uf < 1}, Ry ={p: Mip >0, A4:Mip <0, |pl < 1}

O

Theorem 4.3. Suppose that the hypotheses (H1)-(H3) are valid. If the region Ry is not empty, then, there exists
a unique (1 — 1)-dimensional surface Ly C Ry, such that, for u e L, system (1.1) has a 1-homoclinic orbit I

connecting pi, where, 1 =1,2, Ll, and Lz are defined by

p%(u)

(5 "MIw MM = (=5~ 'wi?Mip) + ho.t,,

and
o1 (1)

(6 IMIWM® = (=5 'wi*Mlp) + hoo.t,,

1 1
Mii1 pi+1 > Ay
Ml

1 at
i Pit1 < Aiy1

respectively. Moreover, L has a normal vector Vi = {

Proof. 1f s; =0, si41 > 0, then (4.1) becomes

al
1+1( j

(siyq)mrtw) =8~ 1Mlu+ho t.,

pL](uJ
(sit1) ™™ = —57wl2 MI p+ho.t.
So, we have
p}H(u)

(M MNa® = (=57 'wi2 M}, W) + heo.

which defines a surface L; with codimension 1 in regions R;.

It is easy to see that, if erl( )> }‘Ll

(M%), which means ti is tangent to Li11 (Li) at p=0.
About the bifurcation diagrams, see Figures 3, 4, 5, 6.

n=0.

t.,

A =2N7y=1,p1 > AL pl > AL A =—1,00=—1,p} > AL, pl >\

Figure 3

Figure 4

1
2

(4.3)

(4.4)

(n) (p}H( )< }‘wl( }), then ti has a normal vector V; :M}H
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A =1,Ay=—1,p} > AL pl > Al A =—1,Ay=1,p} > AL pl > Al

Figure 5 Figure 6

5. Bifurcation problems of 1-period orbits

In this section, we discuss 1-period orbit bifurcation problems of I as hyperbolic ratio B; = p}/Al > 1,
i=1,2, and locate the corresponding bifurcation surfaces. In other words, we study the solutions of (4.1)
satisfying s; > 0, s > 0.

(H4) Assume p% > ?\%, i=1,2.

Denote Bi(y1) = p%(p)/?\%(u) >1, Bi = Bi(0), i =1,2. In this case, the equation (4.1) turns to

{sz(wl) —lg B] )45 Mip+ho.t,

s1= (W) 1s 62 'y 5 Mip+hot. &)
From (5.1), we get
s8100 L5 2MIL 4 huoot. = wi2 (wi2(s; — 5 "Ml + ho.t.)) B2l (5.2)
BZ V15 WM+ hoo.t. = wi? (wi?(s 2—6_1M%u—|—h.o.t.))ﬁ. (5.3)
Let
Vl(sl)—s{51 + 5 WiPMip+ hoo.t., Ni(s1) =wi? (w %z(sl—éflM%u—i—h.o.t.))%,
and

1

Va(sy) = s820) 4 5 IwMip+ heo.t., Na(sy) = wh? (Wi (s; — 8 "Ml +hoo.t)) i

Case 1. (A1) A = A, = 1.
Obviously, if (A1) holds, we have

Ry ={u:Mlp>0Min<0,lu <1}, Rp={u: Min>0Mlu<0,u <1}
Theorem 5.1. Suppose that the hypotheses (H1)-(H4) and (A1) are valid.

(i) The system (1.1) does not have any 1-period orbit, but has exactly one 1-homoclinic orbit Fl near ' as n €
L1 C Ry. And in Ry, Vi(s1) is not tangent to N1(sq) at arbitrary sq for 0 < s1, |u| < 1.

(ii) The system (1.1) does not have any 1-period orbit, but has exactly one 1-homoclinic orbit T near T as ne
Ly C Ry. And in Ry, Va(sy) is not tangent to No(sz) at arbitrary sy for 0 < sy, |y < 1.
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Proof. (i) By (5.2), we have

Vi(s1) = Bl(u)sfl(u)fl,
. 1 1 1
Ni(s1) = ——wi2(wl2) 500 (5 — 5 'Mlp+ h.ot.) B0
Ba(m)
I o 12 1 g1 ST
= ——WiW,” (W (s1 — 8 M,ou+ h.o.t.)) B2t
Bo(w) ' 7 S 2 )

1

. S .
By Bi(p) > 1> m, we have Nq(s1) > Bl(u)sfz(“) >Vi(s1) >0for0<s; < 1.

So, by Theorem 4.3 and the above inequality, we get V;(0) = N1(0) and Ni(s1) > Vi(s1) for p € Ly,
0 < 51 < 1. Therefore, Vi(s1) < Ni(s1) is always right for s; > 0, u € L;. That is, the system (1.1) does

not have any 1-period orbit for p € L.

At the same time, Ni(s1) # Vi(s1),0 < s; < 1, which means V;(s1) is not tangent to Ny (s;) at arbitrary
s1 for 0 < s1,|ul < 1in Ry.

(ii) The proof is similar. O

Due to the definitions of L;, R;, L; and above lemma, we define some open regions. In Ry, open set
(R1)o is bounded by L; and L, and open set (Rq); is bounded by L, and tl. In Ry, open set (Ry)o is
bounded by L, and tz, and open set (Ry); is bounded by L; and tz.

Denote D; is the open region whose boundaries are L; and L;, such that D ({u : M%p > 0, M%p >
0, |n| < 1} # (. Dy is the open region whose boundaries are L, and L;, such that Do [ {p: M%u <0, M%u <
0, < 1} # 0.

We obtain the following theorem and the corresponding bifurcation figure.

Theorem 5.2. Suppose that hypotheses (H1)-(H4) and (A1) are valid, then the following conclusions are true.
(i) The system (1.1) has exactly one simple 1-period orbit near " as u € (Rq);.
(ii) The system (1.1) has exactly one 1-homoclinic loop homoclinic to p1 near T as p € L.
(iii) The system (1.1) does not have any 1-period orbit and 1-homoclinic loop near T as p € (Ry)o.
(iv) The system (1.1) has exactly one simple 1-period orbit near T as u € (Rp)1.
(v) The system (1.1) has exactly one 1-homoclinic loop homoclinic to p; near T' as . € L.
(vi) The system (1.1) does not have any 1-period orbit and 1-homoclinic loop near T as p € (R)o.
(vii) The system (1.1) has exactly one simple 1-periodic orbits near T as p € Dj.
(viii) The system (1.1) does not have any 1-periodic orbits near ' as p € Dy.

Proof. By (4.3) and (5.2), we know that for p € L1, Vi(s1) = Ni(s1) has a unique solution s; = 0, that is,
~ 1
V1(0) = N¢(0) (L : 6*1M%u+ h.o.t. = (—6*1w%2M%u+h.o.t.) f201)). Thus, the system (1.1) has exactly
one 1-homoclinic loop homoclinic to p; near I' as u € L; (see Figure 7).
1
For u € (Ry)o, Vi(0) = 8 'wi?Mip + hoo.t. < N1(0) = wi? (=8~ "whi2Mlp+ h.o.t.) B209, so, Vi(s1) =
N1(s1) does not have any small solution satisfying s; > 0. That is, the system (1.1) does not have any
1-period orbit and 1-homoclinic loop near I' as 1 € (R1)o (see Figure 8).
1
For u € (R)1, Vi(0) = 8 'wi?Mip + hoo.t. > Ni(0) = wi? (=5 "wi2Mlp + h.o.t.) B2, so, Vi(s1) =
N1 (s1) has exactly one small solution satisfying s; > 0. That is, the system (1.1) has exactly one simple
1-period orbit near I' as p € (Ry); (see Figure 9).
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Similarly, By (4.4) and (5.3), we know that for p € [5, Va(s2) = Nj(sp) has a unique solution s, = 0,
— 1
that is V»(0) = N»(0) (L, : 6*1M%u+ h.o.t. = (—Sflw%zM%u—i— h.o.t.) #101). Thus, the system (1.1) has
exactly one 1-homoclinic loop homoclinic to p near I' as p € L.

1

For pu € (Ra)o, V2(0) = 8 'whi2Mip + hoo.t. < Na(0) = wi? (=5 "w?Mip + h.o.t.) FiW, so, Vo(sy) =

N(s2) does not have any small solution satisfying s, > 0. That is, the system (1.1) does not have any
1-period orbit and 1-homoclinic loop near I' as p € (Rz)o.

For u € (Ro)1, V2(0) = 8~ 'whi2Mip+ ho.t. > Np(0) = wi? (=5 wi*Mjp + h.o.t.)%, 50, Va(sy) =
Ny (s2) has exactly one small solution satisfying s, > 0. That is, the system (1.1) has exactly one simple
1-period orbit near I as p € (Rp);.

For p € Dy, (5.1) does not have any small solution satisfying s; > 0, s, > 0. That is, the system (1.1)
does not have any 1-period orbit and 1-homoclinic loop near I" as pu € Dy.

For p € Dy, (5.1) has exactly one small solution satisfying s; > 0, s, > 0. That is, the system (1.1) has
exactly one simple 1-period orbit near I' as p € Dj.

About the bifurcation diagram, see Figure 10. O
Y Yy Y
N

N1 1 N,

Vi V1
51 s1 51

wely 1€ (Rio n e (R
Figure 7 Figure 8 Figure 9

A=Ay =1. A =—-1,A, =—1.

Figure 10 Figure 11

Case 2. (A2) Ay =—1, Ay =—1.
In this case, we have
R =Ry =Ry ={u: Mjp>0,Myp>0,lul < 1}.

Obviously, if Min < 0 or Mip < 0, (5.1) does not have any non-negative solution except s; = s, = 0.
Similarly, we have
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Theorem 5.3. Suppose that the hypotheses (H1)-(H4) and (A2) are valid.

(i) The system (1.1) does not have any 1-period orbit, but has exactly one 1-homoclinic orbit T near T as ne
L; C R In R, Vi(s1) is not tangent to N1(s1) at arbitrary sq for 0 < sq,|pu| < 1.

(ii) The system (1.1) does not have any 1-period orbit, but has exactly one 1-homoclinic orbit T near T as p €
Ly C R. In R, Va(sy2) is not tangent to Na(sp) at arbitrary sy for 0 < sp, [u| < 1.

Proof. (i) By (5.2), we get

. _ . 1 B 1
Vi(s1) = Br(w)sP 7 Ny(sy) = mw?w? (Wh(s1 — 6 M+ huo.t.)) P2

By Bi(p) > 1> m, A1 = A, = —1 and M%u >0, Méu > 0, [u| < 1, it is easy to have

Nl(sl) > V1(S1) >0for0<s1 < 1.

So, by Theorem 4.3 and the above inequality, we get V;(0) = N;(0) and Ni(s1) > Vi(sy) for pn € tl,
0 < s; < 1. Therefore, Vi(s1) < Nj(s1) is always right for s; > 0, p € il. That is, the system (1.1) does
not have any 1-period orbit for u € L.

At the same time, Nq(s1) # Vi(s1),0 < s; < 1, which means V(s1) is not tangent to N1 (sq) at arbitrary
s1 for 0 < sq, |/ < 1in R.

(ii) The proof is similar. O]

In R, if (5.1) has solution 0 < s; < 1, 0 < s < 1, then by (5.1), we know

-5~ w12M1u>s£2( W) = ((w 1) Ig ﬁl )5 1M1p+hot)62( W)
> (5~ 1M%u+h.o.t.)f32( W= (=T WMl
and
—5 1wl M1u>sl]( ):(( wi?) s [32 45 1M2u+hot)51( K
> (5*1M2u+ hoo.t.)P1W) = (5 Iwi2Mliy

g,

Set (R1)o is bounded by L, and tl, D; is bounded by tl and tz, set (Ry)o is bounded by tz and L, and
they have nonempty intersection with R.
So, we have the following theorem and corresponding bifurcation diagram (see Figure 11).

Theorem 5.4. Suppose that the hypotheses (H1)-(H4) and (A2) are valid, then the following conclusions are true.
(i) The system (1.1) has exactly one simple 1-period orbit near T as p € Dy.
(ii) The system (1.1) has exactly one 1-homoclinic loop homoclinic to p1 near T as p € L.
(iii) The system (1.1) does not have any 1-period orbit and 1-homoclinic loop near T as n € (Ry)o.
(iv) The system (1.1) has exactly one 1-homoclinic loop homoclinic to py near I' as p € L.
(v) The system (1.1) does not have any 1-period orbit and 1-homoclinic loop near T as n € (Ry)o.

(vi) The system (1.1) does not have any l—period orbit and 1-homoclinic loop near T as w ¢ R which means that
peDy={n:Mip<0,u < BU{p: Mjp<0,u < 1}
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Case 3. (A3) A1 =1, A, = —1.
If (A3) holds, we have

Ry ={u: M%p >0,Miu>0,|ul <1}, Rp ={u: Mip> O,M%p <0,y < 1}
Theorem 5.5. Suppose that the hypotheses (H1)-(H4) and (A3) are valid.

(i) The system (1.1) does not have any 1-period orbit, but has exactly one 1-homoclinic orbit Ty near T as p €
L1 C Ry. And in Ry, Vi(s1) is not tangent to Ny (sq) at arbitrary sq for 0 < sq,|u| < 1.

(ii) The system (1.1) does not have any 1-period orbit, but has exactly one 1-homoclinic orbit T near T as TS
Ly C Ry. And in Ry, Va(sy) is not tangent to Na(s2) at arbitrary s; for 0 < sp, |y < 1.

Proof. (i) By (5.1), we have

B2(n)

<(W1) 1Pl 5 1M1u+hot) o W2(s; — 5 Ml + heo.t), (5.4)
B1(n)

<( wi2)—1 Bz ) L5 1M2p+hot> ' =wi%(s — & Mip+ho.t.). (5.5)

Denote Vi(s1) and Ny (sq) are the left and right hand sides of (5.4), respectively, we have

. Ba(pw)—1 .
Vals1) = B2(w)Ba (1) (wi) 1P () s s Mt o) T Nafs) = wi

By B1(p) >1 > ﬁu)’Al =1,A, =—1and M%u>0 Ml >n >0, Jul < 1, it is easy to have
N1 (s1) < 0 < Vi(s1).

So, by Theorem 4.3 and the above inequality, we get Vi(0) = N;(0) and Ni(s;) < Vi(s1) for p € L1,
0 < 51 < 1. Therefore, Ny(s1) < Vi(s1) is always right for s; > 0, u € tl. That is, the system (1.1) does
not have any 1-period orbit for p € L;.

At the same time, Nq(s1) # Vi(s1), 0 < s; < 1, which means V;(s) is not tangent to Ny (sq) at arbitrary
s1 for 0 < s1,|ul < 1in Ry.

(ii) Denote V2(sy) and Nj(sp) are the left and right hand sides of (5.5), respectively, the proof is similar
to that of (i). O]

In Ry, if (5.1) has solutions 0 < 51 < 1, 0 < sy < 1, then by (5.1), we know

5 W12M1u>5£32( ©) (( 1) 1 f51 +6 1M1 —i—hOt)BZ( )

> (5~ 1M%u+h.o.t.)f52( W= (=T WMl -

Set (Ry); is bounded by L; and tl, set (R1)o is bounded by il and L, and they have nonempty
intersection with Rj.
In Ry, if (5.1) has solutions 0 < s;1 < 1, 0 < sp < 1, then by (5.1), we know

W= (i) 1P 4 57 IMIp + huo.t.) i)

< (67 1M2u+h.o.t.)f31() (=5~ wi2Miw)

—6 W12M1H< Sll
wlg,-

Set (Ry)p is bounded by L, and tz, set (R2); is bounded by iZ and L;, and they have nonempty
intersection with R,.
So, we have the following theorem and corresponding bifurcation diagram (see Figure 12).
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Theorem 5.6. Suppose that the hypotheses (H1)-(H4) and (A3) are valid, then the following conclusions are true.
(i) The system (1.1) has exactly one simple 1-period orbit near I' as p € (Ry);.

(ii) The system (1.1) has exactly one 1-homoclinic loop homoclinic to py near I' as p € L.
(iii) The system (1.1) does not have any 1-period orbit and 1-homoclinic loop near T as n € (Ry)o.
(iv) The system (1.1) has exactly one simple 1-period orbit near T as p € (Rp)y.

)

)

)
(v) The system (1.1) has exactly one 1-homoclinic loop homoclinic to p near T as p € L.
(vi) The system (1.1) does not have any 1-period orbit and 1-homoclinic loop near " as i € (Ry)o.
)

(vii) The system (1.1) does not have any 1-period orbit and 1-homoclinic loop near T as w ¢ Ry U Ry which means
peDg={p: Map<0,lu <1

A =1,A=-1 A =-1,A=1

Figure 12 Figure 13

Case4. (A4) Ay =—1,Ar =1.
If (A4) holds, we have

Ri={u:Mip>0,Mu<0,u <1}, Ry={p:Miu>0Mip>0,[ul <1}

Denote open set (R1); is bounded by L, and I_1, set (R1)o is bounded by L1 and L;, and they have
nonempty intersection with Ry; open set (Rz)o is bounded by L; and tz, set (R2)1 is bounded by f2 and
L,, and they have nonempty intersection with R;.

Similarly, we have the following theorem and corresponding bifurcation diagram (see Figure 13)

Theorem 5.7. Suppose that hypotheses (H1)-(H4) and (A4) are valid, then the following conclusions are true.
(i) The system (1.1) has exactly one simple 1-period orbit near I' as pu € (Ry)1.
(ii) The system (1.1) has exactly one 1-homoclinic loop homoclinic to py near I' as p € L.
(iii) The system (1.1) does not have any 1-period orbit and 1-homoclinic loop near T as p € (Ry)o.
(iv) The system (1.1) has exactly one simple 1-period orbit near T as p € (Rp)y.

)

)

)
(v) The system (1.1) has exactly one 1-homoclinic loop homoclinic to p; near T as . € L.
(vi) The system (1.1) does not have any 1-period orbit and 1-homoclinic loop near " as i € (Rp)o.
)

(vii) The system (1.1) does not have any 1-period orbit and 1-homoclinic loop near T as w ¢ Ry U Ry which means
peDy={u:Mjn<0,ul <1}
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6. Bifurcation problems of 2-period orbits

In this section, we discuss 2-period orbit bifurcation problems of I as hyperbolic ratio Bi = pl/Al > 1,
i=1,2 (Figure 14). Let 13, T4 be the flying times from qz(XZ,yz, (uz) (v ) )€ Sito ql(xl,yl, (u%) (v%) ) €
S, @303, y3, (u)*, (v)*) € S to q5(x3,u3, (ud)*, (v3)*) € SY, and s3 = e () , 54 = e (W™ regpec-

tively. We have have the bifurcation equation as following.

(Wi2) Y (s)P1W) — 55 4+ 5 "MIn+hot. =0,

(Wi2) Y (s2)P2(W) — s34 57 "MIu+hot. =0, 6.1)
(Wi2)(sz)Pr W) — sy + 57 TMlp+hot. =0, '
(Wi2) " (s4)P2 W) — 1 + 5 "M+ heot. =0

Figure 14

Due to p% > Al p% > A}, we know that (6.1) has a unique solution s; = s1(p), s2 = sa(p), s3 = s3(p),
s4 = s4(p), satisfying s1(0) =0, s2(0) =0, s3(0) =0, s4(0) = 0.

Theorem 6.1. Suppose that hypotheses (H1)-(H4) are valid, then, system (1.1) does not have any 2-heteroclinic
loop which are heteroclinic to p1 and py near T for |u| < 1.

Proof. If (6.1) has a solution s; > 0, s > 0, s3 = s4 =0, then (6.1) becomes

szz(w%z)*l(sﬂﬁl + 6 Ml in+ho.t.,
(s2)P2W) 4 s IWIPMin+ hot. =0,
§"Mip+hot. =0,
sp =06 '"Miu+ho.t.
So,
Min>0, 5~ 1M u+hot =0, w2 <0, wi2 >0,
(wi2) = B2 (g7 IM ) Br(wIB2(k) 51 2M Iy + hoo.t. = 0.

By B1(w)B2(n) > 1, we have
Mlp+ho.t. =0, Mip+ho.t. =0.

Thus, we have s; =0, s, =0, so, (1.1) does not have any 2-heteroclinic loop near T O
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Theorem 6.2. Suppose that hypotheses (H1)-(H4), (A3) (or (A4)) are valid, then, in (Ry);, there exist an (1—1)-
dimensional surface L which is tangent to Ly at point w = 0, such that system (1.1) has one 2-homoclinic loop
homoclinic to py near T for w € L3, |ul < 1 (see Figures 15 and 16). But in the cases (A1) and (A2), system (1.1)
does not have any 2-homoclinic loop homoclinic to py near T for |u| < 1.

A =1,A=-1 A =-1,A=1

Figure 15 Figure 16

Proof. 1f (6.1) has a solution s; > 0,s2 > 0,s3 =0,s4 > 0, then (6.1) becomes

s1= (W) (s P2 157 IMip+ hot,,
sp= (Wi s P W L5 MIn+ hoot,
(s2)P2(W) 4 5 1wI2Mlp + hoot. = 0,

s¢ =0 'Mip+ho.t.

So, we have

5 IMin >0, A;Miu<0,
s1= W MR L 5 IMin+ hot. > 0,

so= W) ()P L s IMIn+hoot. (6.2)

B1(w)
= (w?) ! (w%z)*l(éflm%p)ﬁz(“)+5*1M§p} ' +8 "Mlu+hot. >0,
and
B1(w) B2(w)
{(W%Z)l [(W%z)*l(éflM%u)M“)+6*1M§u] ' +61M%u} +5 wWiMlp+ hot. =0.  (6.3)

Denote [ is the (1 —1)-dimensional surface defined by (6.3), then, by (6.2) and (6.3), we know [;
located in (R1); and tangent to L, at point p = 0.

(i) If Ay =1, Ay = —1, then, by (6.3), we have
=5 wiMaullr, > (5 "M P2 4 hoot. = =5 twMaul| ¢,

this means that L3 is located in the region (Rq);.
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(ii) If Ay = —1, Ay =1, then, by (6.3), we have
—6*1W%2M%uHE3 < (6*11\/[% p)ﬁZ(“) +h.o.t. = —Sflw%ZM%p.Hf_l,
this means that I3 is located in the region (Ry);.

(iii) For the case A1 =1, A, =1, we know, if (s1, s2) is a solution of (5.1), then, the duplication of it, (s,
S, 83, S4)=(S1, S2, S1, s2) must be the solutions of (6.1) near (s1, sy, s3, s4) = (0,0,0,0). Therefore, if
s3 =0, s4 > 0 satisfy (6.1), then (6.1) must have a solution s; = s3 =0, s, = s4 > 0. By the uniqueness
of the solution of (6.1), we get, system (1.1) has no 2-homoclinic loop homoclinic to p; near I' for
lu < 1.

(iv) For the case A; = —1, Ay = —1, the reason is similar to that of A; =1, Ay = 1.
Thus, we get the theorem. O

Theorem 6.3. Suppose that hypotheses (H1)-(H4), (A3) (or (A4)) are valid, then, in (Rp)1, there exist an (1—1)-
dimensional surface Ly which is tangent to Ly at point w = 0, such that system (1.1) has exactly one 2-homoclinic
loop homoclinic to py near T for u € Ly, |u| < 1 (see Figures 17 and 18). But in the cases (A1) and (A2), system
(1.1) has no 2-homoclinic loop homoclinic to py near T for |u| < 1.

A =170 =1 A =—1,Ay =1

Figure 17 Figure 18

Proof. 1f (6.1) has a solution s; > 0, sp >0, s3 > 0, s4 =0, then (6.1) becomes

s; =05 Miu+hot,

(s3)P1 W) = s~ TWI2Mlu+ho.t.,

sp= W) (sP1 W L s IMIn+hoot,,
s3 = (W) (s2)P2W 4 5 "M+ hoo.t..

So
Min>0, A/Miu <0,

sy = (W) e IMIw) P11 5 IMI + heo.t. > 0,

s3 = (Wi Hso)P2W L 5 IMIp+ hoo.t. (6.4)

B2(n)
= (W) [wl) 16 IMB P 4 5 M 5 TMb ot > 0,
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and

12y-1 12 T T SN TS BRE B I | 2100 R Bl(u]
(W) [l 16T IME) P ) s I 5 M 5 wPMlp+hot.  (65)

Denote [4 is the (1 — 1)-dimensional surface defined by (6.5), then, by (6.4) and (6.5), we know [is
located in (Rz); and tangent to L; at point u = 0. Thus, we get the theorem. O
Denote D, is a open region which is bounded by [ and L4, M% points into D, from L4, and M% also

points into D5 from L3.

Theorem 6.4. Suppose that hypotheses (H1)-(H4), (A3) (or (A4)) are valid, then, for p € Dy and [u| < 1, system
(1.1) has exactly one 2-periodic loop near T'. But in the cases (Al) and (A2), system (1.1) has no 2-periodic loop
near T for |u| < 1.

Proof. 1f (6.1) has a solution s; > 0,s2 > 0,s3 > 0,54 > 0, then (6.1) becomes

(W) 122 L s M+ hot,,
szz(w%z)*l 51 45 "Mip+ho.t,
(W) LsP2 L s TMu 4+ heoot.,
(i) L1 5 M+ ot

Differentiating both sides of the equations, we get

(s3)p =8 "ML +0 ((wgz)—lsfz(“)fl) +hot,

(s4)y =6 Mi+0 ((w%z)*lsfl(“)q) +h.o.t..

Thus, the directional derivatives of s3 along M% at [3 and s4 along M% at 4 are positive.

Notice that s3 = 0 for p € I3, and s, = 0 for p € I, by the monotonicity, we have s3 > 0, s4 > 0 for
u e Da.

So we get the results. O

Combining Theorems 6.1, 6.2, 6.3, and 6.4, we get the following bifurcation figures (Figures 19 and
20).

Figure 19 Figure 20
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