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1. Introduction 

During the last 15 years, numerical analysis of one-dimensional Volterra Integral 

equations has been discussed in [2] (and in the references cited there). The numer-

ical methods for two-dimensional Volterra Integral equation seem to have been 

studied in some places. Ref. [1] proposed a class of explicit Runge-Kutta type me-
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thods of order 3 (without analyzing their convergence). Brunner and Kauthen [3] 

introduced collocation and iterated collocation methods for two-dimensional linear 

Volterra integral equation. Guo-qiang and Hayami [4] introduced extrapolation 

method of iterated collocation solution for two-dimensional nonlinear Volterra 

integral equation. Recently in [5] P. Darnia and A. Ebadian introduced the numeri-

cal solution of non-linear Volterra integral equations. 

The subject of the presented paper is to apply three-dimensional (DTM) for solving 

nonlinear three-dimensional Volterra equations. For this purpose we will consider-

nonlinear three-dimensional Volterra equation of the second kind. 

 

,ݔ)ݑ 1.1 ,ݕ (ݖ = ,ݔ)݃ ,ݕ (ݖ + ∫ ∫ ∫ ,ݕ,ݔ)∅ ,ݖ ,ݎ ,ݏ ௭ݎ݀ݏ݀ݐ݀(ݑ,ݐ
଴

௬
଴

௫
଴  

where 

,ݕ,ݔ) (ݖ ∈ ܦ = [0,ܺ] × [0,ܻ] × ,ݔ)ݑ,[ܼ,0] ,ݕ  (ݖ

 is an unknown function, ݃(ݔ, ,ݕ ,ݕ,ݔ)∅ and (ݖ ,ݖ ,ݎ ,ݏ -are given analytical func (ݑ,ݐ

tions defined, respectively on D and 

ܨ = ,ݕ,ݔ)} ,ݖ ,ݎ ,ݏ (ݑ,ݐ ∶ 0 ≤ ݎ ≤ ݔ ≤ ܺ , 0 ≤ ݎ ≤ ݕ ≤ ܻ , 0 ≤ ݐ ≤ ݖ ≤ ܼ , 0 < ݑ < ∞}. 

Order to solve three-dimensional non-linear Volterra equation by differential trans-

form, its basic theory is stated in next section. 

2. Main Result 

Definition 2.1. Consider the analytical function of three variables ݕ,ݔ)ݑ,  which is (ݖ

defined on ܦ ⊂  ℛଷ and (ݔ଴,ݕ଴, (଴ݖ ∈  Three dimensional Differential Transform .ܦ

method of ݔ)ݑ, ,ݕ ,is denoted by ܷ(݇,ℎ (ݖ ݈) is defined on ℕଷ⋃(0,0,0), as following 

2.1 ܷ(݇, ℎ, ݈) = ଵ
௞!௛!௟!

ቂడ
ೖశ೓శ೗௨(௫,௬,௭)
డ௫ೖడ௬೓డ௭೗

ቃ
(௫బ,௬బ,௭బ)

 , 

where ,ݔ)ݑ  ,ݕ (ݖ  is original function and ܷ(݇, ℎ, ݈)  is called transformed function. 

Inverse differential transform ܷ(݇, ℎ, ݈) in Eq(2.1) is defined as following 

,ݕ,ݔ)ݑ 2.2 (ݖ = ∑ ∑ ∑ ܷ(݇, ℎ, ݔ)(݈ − ݕ)଴)௞ݔ − ݖ)଴)௛ݕ − ଴)௟ஶݖ
௟ୀ଴

ஶ
௛ୀ଴

ஶ
௞ୀ଴ . 
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By combining Eqs(2.1) and (2.2) with (ݔ଴,ݕ଴, (଴ݖ = (0,0,0), the function ݔ)ݑ, ,ݕ  (ݖ

can be written as 

,ݕ,ݔ)ݑ 2.3 (ݖ = ∑ ∑ ∑ ଵ
௞!௛!௟!

ቂడ
ೖశ೓శ೗௨(௫,௬,௭)
డ௫ೖడ௬೓డ௭೗

ቃ ௟ஶݖ௛ݕ௞ݔ
௟ୀ଴

ஶ
௛ୀ଴

ஶ
௞ୀ଴ . 

In real applications, the function ݕ,ݔ)ݑ,  is expressed by finite series and Eq(2.3) (ݖ

can bewritten as following 

,ݕ,ݔ)ݑ 2.4 (ݖ = ∑ ∑ ∑ ଵ
௞!௛!௟!

ቂడ
ೖశ೓శ೗௨(௫,௬,௭)
డ௫ೖడ௬೓డ௭೗

ቃ ௟௡ݖ௛ݕ௞ݔ
௟ୀ଴

௤
௛ୀ଴

௣
௞ୀ଴ . 

This equation implies that 

,ݕ,ݔ)ݑ 2.5 (ݖ = ∑ ∑ ∑ ଵ
௞!௛!௟!

ቂడ
ೖశ೓శ೗௨(௫,௬,௭)
డ௫ೖడ௬೓డ௭೗

ቃ ௟ஶݖ௛ݕ௞ݔ
௟ୀ௡ାଵ

ஶ
௛ୀ௤ାଵ

ஶ
௞ୀ௣ାଵ , 

is negligibly small. The fundamental mathematical properties of three-dimensional 

differential transform are pressed in the following theorem. 

 

Theorem 2.2. If ܷ(݇, ℎ, ,݇)ܨ,(݈ ℎ, ݈) and ܩ(݇,ℎ, ݈) are three-dimensional differential 

transform of the functions ݔ)ݑ, ,ݕ ,ݔ)݂,(ݖ ,ݕ ,ݔ)݃,(ݖ ,ݕ  respectively, then (ݖ

1. If ݕ,ݔ)ݑ, (ݖ = ,ݔ)݂ ,ݕ (ݖ + ,ݔ)݃ ,ݕ   then ,(ݖ

ܷ(݇, ℎ, ݈) = ,ݕ,ݔ)ܨ (ݖ + ,ݕ,ݔ)ܩ  .(ݖ

2. If ݕ,ݔ)ݑ, (ݖ = ,௥, then ܷ(݇,ℎݖ௤ݕ௣ݔ ݈) = ݇)ߜ − ℎ)ߜ(݌ − ݈)ߜ(ݍ −  .(ݎ

3. If ݕ,ݔ)ݑ, (ݖ = డ೛శ೜శೝ௙(௫,௬,௭)
డ௫೛డ௬೜డ௭ೝ

, then  

ܷ(݇,ℎ, ݈) = (݇ + 1) … (݇ + +ℎ)(݌ 1) … (ℎ + ݈)(ݍ + 1) … (݈ + ݇)ܨ(ݎ + ,݌ ,ݍ+ ݈ +  .(ݎ

4. If ݕ,ݔ)ݑ, (ݖ = sin(ܽݔ + ݕܾ +  then ,(ݖܿ

ܷ(݇, ℎ, ݈) = ௔ೖ௕೓௖೗

௞!௛!௟!
sin(௞ା௛ା௟

ଶ
 .(ߨ

5. If ݕ,ݔ)ݑ, (ݖ = ݁௔௫ା௕௬ା௖௭then ܷ(݇, ℎ, ݈) = ௔ೖ௕೓௖೗

௞!௛!௟!
. 

 

Theorem 2.3. If ݔ)ݑ, ,ݕ (ݖ = ,ݕ,ݔ)݂ ,ݕ,ݔ)݃(ݖ ,݇)ܷ and (ݖ ℎ, ,ℎ,݇)ܨ,(݈ ݈) and 

,݇)ܩ ℎ, ݈) are as Theorem 2.2, then 

ܷ(݇, ℎ, ݈) = ∑ ∑ ∑ ,ݎ)ܨ ,ݏ ݇)ܩ(ݐ − ℎ,ݎ − ,ݏ ݈ − ௟(ݐ
௧ୀ଴

௛
௦ୀ଴

௞
௥ୀ଴ . 

Proof. It is easy to verify that for every ݇, ℎ and ݈ ∈ ℕ⋃{0}, we have 
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2.6 
డೖశ೓శ೗(௙௚)(௫,௬,௭)

డ௫ೖడ௬೓డ௭೗
=

∑ ∑ ∑ ൫௞௥൯൫
௛
௦൯൫

௟
௧൯

డೝశೞశ೟௙(௫,௬,௭)
డ௫ೝడ௬ೞడ௭೟

௟
௧ୀ଴

௛
௦ୀ଴

௞
௥ୀ଴

డೖషೝశ೓షೞశ೗ష೟௚(௫,௬,௭)
డ௫ೖషೝడ௬೓షೞడ௭೗ష೟

 

Now by using relation (2.4) and Definition 2.1, with (ݔ଴,ݕ଴, (଴ݖ = (0,0,0), we have 

ܷ(݇, ℎ, ݈) = ଵ
௞!௛!௟!

ቂడ
ೖశ೓శ೗௨(௫,௬,௭)
డ௫ೖడ௬೓డ௭೗

ቃ =

ଵ
௞!௛!௟!

∑ ∑ ∑ ൫௞௥൯൫
௛
௦൯൫

௟
௧൯

௟
௧ୀ଴

௛
௦ୀ଴

௞
௥ୀ଴

డೝశೞశ೟௙(௫,௬,௭)
డ௫ೝడ௬ೞడ௭೟

డೖషೝశ೓షೞశ೗ష೟௚(௫,௬,௭)
డ௫ೖషೝడ௬೓షೞడ௭೗ష೟

=

∑ ∑ ∑ ଵ
௥!௦!௧!

௟
௧ୀ଴

௛
௦ୀ଴

௞
௥ୀ଴

డೝశೞశ೟௙(௫,௬,௭)
డ௫ೝడ௬ೞడ௭೟

ଵ
(௞ି௥)!(௛ି௦)!(௟ି௧)!

డೖషೝశ೓షೞశ೗ష೟௚(௫,௬,௭)
డ௫ೖషೝడ௬೓షೞడ௭೗ష೟

, 

and finally, we obtain 

ܷ(݇, ℎ, ݈) = ∑ ∑ ∑ ,ݎ)ܨ ,ݏ ݇)ܩ(ݐ − ℎ,ݎ − ,ݏ ݈ − ௟(ݐ
௧ୀ଴

௛
௦ୀ଴

௞
௥ୀ଴ . 

 

Theorem 2.4. If ݔ)ݑ, ,ݕ (ݖ = ଵ݂(ݔ, ,ݕ (ݖ ଶ݂(ݕ,ݔ, (ݖ … ௡݂(ݔ, ,ݕ  then ,(ݖ

ܷ(݇, ℎ, ݈) =

∑ ∑ …∑ ∑ ∑ …௦೙షభ
௦೙షమୀ଴

∑ ∑ ∑ …∑ ,ଵݎ)ଵܨ] ,ଵݏ (ଵݐ ×௧మ
௧భୀ଴

௧೙షభ
௧೙షమୀ଴

௟
௧೙షభୀ଴

௦మ
௦భୀ଴

௛
௦೙షభୀ଴

௥మ
௥భୀ଴

௥೙షభ
௥೙షమୀ଴

௞
௥೙షభୀ଴

ଶݎ)ଶܨ − ,ଵݎ ଶݏ − ,ଵݏ ଶݐ − (ଵݐ × … × ௡ିଵݎ)௡ିଵܨ − ,௡ିଶݎ ௡ିଵݏ − ,௡ିଶݏ ௡ିଵݐ −

݇)௡ܨ(௡ିଶݐ − ௡ିଵ,ℎݎ − ,௡ିଵݏ ݈ −  .(௡ିଵݐ

Proof. We will proof the Theorem by induction on ݊. According to the Theorem 2.3, 

for ݊ = 2, the theorem is clear. Suppose the theorem is correct for ݊ ≥ 3. We set 

,ݔ)݃ ,ݕ (ݖ = ଵ݂(ݔ, ,ݕ (ݖ ଶ݂(ݔ, ,ݕ (ݖ … ௡݂ିଵ(ݕ,ݔ,  .(ݖ

By using Theorem 2.3 and hypothesis, we have 

2.7 ܷ(݇, ℎ, ݈) = ∑ ∑ ∑ ,௡ିଵݎ)ܩ ,௡ିଵݏ ݇)௡ܨ(௡ିଵݐ −௟
௧೙షభୀ଴

௛
௦೙షభୀ଴

௞
௥೙షభୀ଴

,௡ିଵݎ ℎ − ,௡ିଵݏ ݈ −  ,(௡ିଵݐ

and 

,݇)ܩ 2.8 ℎ, ݈) =

∑ …∑ ∑ …∑ ∑ …∑ [௧మ
௧భୀ଴

௟
௧೙షమୀ଴

௦మ
௦భୀ଴

௛
௦೙షమୀ଴

௥మ
௥భୀ଴

௞
௥೙షమୀ଴ ,ଵݎ)ଵܨ ,ଵݏ (ଵݐ ×

ଷݎ)ଷܨ − ,ଶݎ ଷݏ − ,ଶݏ ଷݐ − (ଶݐ × … × ݇)௡ିଵܨ − ,௡ିଶݎ ℎ − ,௡ିଶݏ ݈ −

 .[(௡ିଶݐ

The assertion is obtained by substituting Eq (2.8) in Eq (2.7). 

 

Theorem 2.5. If (ݔ, ,ݕ (ݖ = ∫ ∫ ∫ ,ݎ)݂ ,ݏ ௭ݎ݀ݏ݀ݐ݀(ݐ
଴

௬
଴

௫
଴ , then 
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ܷ(݇, ℎ, ݈) = ൝
0              ݂݅ ݇ = ℎ  ݎ݋  0 = ݈  ݎ݋  0 = 0

1
݇ℎ݈ ܨ

(݇ − 1,ℎ − 1, ݈ − 1) ݂݅ ݇, ℎ, ݈ = 1,2,3
 

Proof. By using Leibniz formula and mathematical induction on ݇, ℎ and ݈, we have 

2.9 డ೗௨(௫,௬,௭)
డ௭೗

= ∫ ∫ డ೗షభ௙(௥,௦,௭)
డ௭೗షభ

௬
௬బ

௫
௫బ

 ,ݎ݀ݏ݀

2.10 డ೓௨(௫,௬,௭)
డ௬೓

= ∫ ∫ డ೓షభ௙(௥,௬,௧)
డ௬೓షభ

௭
௭బ

௫
௫బ

 ,ݎ݀ݐ݀

2.11 డೖ௨(௫,௬,௭)
డ௫ೖ

= ∫ ∫ డೖషభ௙(௫,௦,௧)
డ௫ೖషభ

௭
௭బ

௬
௬బ

 .ݐ݀ݏ݀

 

Hence, by applying Eqs (2.9), (2.10) and (2.11) in Definition 2.1 with (ݔ଴,ݕ଴, (଴ݖ =

(0,0,0), we have ܷ(݇, ℎ, ݈) = 0 if ݇ = 0 or ℎ = 0 or ݈ = 0, and for ݇ ≥ 1,ℎ ≥ 1 and 

݈ ≥ 1, we get 

ܷ(݇, ℎ, ݈) = ଵ
௞!௛!௟!

ቂడ
ೖశ೓శ೗௨(௫,௬,௭)
డ௫ೖడ௬೓డ௭೗

ቃ = ଵ
௞!௛!௟!

డೖశ೓

డ௫ೖడ௬೓
ቂ∫ ∫ డ೗షభ௙(௥,௦,௭)

డ௭೗షభ
௬
௬బ

௫
௫బ

ቃݎ݀ݏ݀ =

ଵ
௞!௛!௟!

డೖ

డ௫ೖ
ቂ∫ డ೓శ೗షమ௙(௥,௬,௭)

డ௬೓షభడ௭೗షభ
௫
௫బ

ቃݎ݀ = ଵ
௞!௛!௟!

ቂడ
ೖషభశ೓షభశ೗షభ௙(௫,௬,௭)
డ௫ೖషభడ௬೓షభడ௭೗షభ

ቃ. 

Therefore by Definition 2.1 with (ݔ଴, ,଴ݕ (଴ݖ = (0,0,0), we will have 

ܷ(݇, ℎ, ݈) = ଵ
௞௛௟

݇)ܨ − 1,ℎ − 1, ݈ − 1). 

 

Theorem 2.6. If (ݕ,ݔ, (ݖ = ∫ ∫ ∫ ଵ݂(ݎ, ,ݏ (ݐ ଶ݂(ݎ, ,ݏ (ݐ … . ௡݂(ݎ, ,ݏ ௭ݎ݀ݏ݀ݐ݀(ݐ
଴

௬
଴

௫
଴ , then  

ܷ(݇, ℎ, ݈)

=
1
݇ℎ݈ ෍ ෍ … ෍ ෍ ෍ …

௦೙షభ

௦೙షమୀ଴

෍ ෍ ෍ … ෍ ,ଵݎ)ଵܨ] ,ଵݏ (ଵݐ
௧మ

௧భୀ଴

௧೙షభ

௧೙షమୀ଴

௟ିଵ

௧೙షభୀ଴

௦మ

௦భୀ଴

௛ିଵ

௦೙షభୀ଴

௥మ

௥భୀ଴

௥೙షభ

௥೙షమୀ଴

௞ିଵ

௥೙షభୀ଴

× ଶݎ)ଶܨ − ,ଵݎ ଶݏ − ,ଵݏ ଶݐ − (ଵݐ × … × ݇)௡ܨ − 1 − ,௡ିଵݎ ℎ − 1 − ,௡ିଵݏ ݈ − 1−  [(௡ିଵݐ

where ݇ = 1,2, … , , ݌ ℎ = 1,2, … ݍ,  and ݈ = 1,2, … , ݊  and ܷ(݇, ℎ, ݈) = 0  if ݇ = 0  or 

ℎ = 0 or ݈ = 0. 

Proof. We set ݃(ݎ, ,ݏ (ݐ = ଵ݂(ݎ, ,ݏ (ݐ ଶ݂(ݎ, ,ݏ (ݐ … ௡݂(ݎ, ,ݏ  then ,(ݐ

,ݕ,ݔ)ݑ (ݖ = ∫ ∫ ∫ ,ݎ)݃ ,ݏ ௭ݎ݀ݏ݀ݐ݀(ݐ
଴

௬
଴

௫
଴ . 

 

The assertion is obtained by applying Theorem 2.5 and Theorem 2.4. 

 

Theorem 2.7. If ݔ)ݑ, ,ݕ (ݖ = ଵ݂(ݔ, ,ݕ ∫(ݖ ∫ ∫ ଶ݂(ݎ, ,ݏ ௭ݎ݀ݏ݀ݐ݀(ݐ
଴

௬
଴

௫
଴ , then  
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ܷ(݇,ℎ, ݈) = ෍෍෍൤
1

(݇ − ℎ)(ݎ − ݈)(ݏ − ,ݎ)ଵܨ(ݐ ,ݏ ݇)ଶܨ(ݐ − ݎ − 1,ℎ − ݏ − 1, ݈
௟

௧ୀଵ

௛

௦ୀଵ

௞

௥ୀଵ

− ݐ − 1)൨ 

where ݇ = 1,2, … , , ݌ ℎ = 1,2, … ݍ,  and ݈ = 1,2, … , ݊  and ܷ(݇, ℎ, ݈) = 0  if ݇ = 0  or 

ℎ = 0or ݈ = 0. 

Proof. We set ݃(ݔ, ,ݕ (ݖ = ∫ ∫ ∫ ଶ݂(ݎ, ,ݏ ௭ݎ݀ݏ݀ݐ݀(ݐ
଴

௬
଴

௫
଴ , then we have  

,ݕ,ݔ)ݑ (ݖ = ଵ݂(ݕ,ݔ, ,ݕ,ݔ)݃(ݖ  .(ݖ

By using Theorem 2.3 and Theorem 2.5, we get 

2.12 ܷ(݇, ℎ, ݈) = ∑ ∑ ∑ ,ݎ)ଵܨ ,ݏ ݇)ܩ(ݐ − ℎ,ݎ − ,ݏ ݈ − ௟(ݐ
௧ୀ଴

௛
௦ୀ଴

௞
௥ୀ଴ , 

and we also get 

,݇)ܩ 2.13 ℎ, ݈) = ଵ
௞௛௟

݇)ଶܨ − 1,ℎ − 1, ݈ − 1), 

where ݇ = 1,2, … , , ݌ ℎ = 1,2, … ݈ and ݍ, = 1,2, … , ݊ and ܩ(݇, ℎ, ݈) = 0 if ݇ = 0 or 

ℎ = 0 or ݈ = 0. Now the assertion is obtained by substituting relation (2.13), in rela-

tion 2.12.  

 

3. Error Analysis 

 
In this section, we perform the estimating error for the integral equations. Since the 

truncated Taylor series or the corresponding polynomial expansion is an approximate 

solution of equation(1.1), if we define ݁௣,௤,௡(ݔ, ,ݕ -as an error function in the fol(ݖ

lowing form 

݁௣,௤,௡(ݔ, ,ݕ (ݖ = หݔ)ݑ, ,ݕ (ݖ − ,ݔ)௣,௤,௡ݑ ,ݕ  .ห(ݖ

Where 

,ݕ,ݔ)௣,௤,௡ݑ (ݖ = ∑ ∑ ∑ ܷ(݇, ℎ, ݔ)(݈ − ݕ)଴)௞ݔ − ݖ)଴)௛ݕ − ଴)௟௡ݖ
௟ୀ଴

௤
௛ୀ଴

௣
௞ୀ଴ , 

is approximation function, then we can prescribe ݁௣,௤,௡(ݔ, ,ݕ (ݖ ≤ 10௠, where ݉ is 

any positiveinteger, then we increase p and q as far as the following inequality holds 

at each points (ݔ, ,ݕ  (ݖ

݁௣,௤,௡(ݔ, ,ݕ (ݖ ≤ 10௠. 
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In other words, by increasing ݌, ,ݕ,ݔ)and ݊, the error function ݁௣,௤,௡ ݍ  approaches (ݖ

to zero. 

 

Example 3.1. Consider the nonlinear Volterra Integral equation 

,ݕ,ݔ)ݑ (ݖ = ,ݔ)݃ ,ݕ (ݖ − ∫ ∫ ∫ ,ݎ)ݑ ,ݏ ௭ݎ݀ݏ݀ݐ݀(ݐ
଴

௬
଴

௫
଴ , 

where (ݕ,ݔ, (ݖ ∈ [0,1] × [0,1] × [0,1] and  

,ݔ)݃ ,ݕ (ݖ = ௫మ௬௭ା௫௬మ௭ା௫௬௭మ

ଶ
+ ݔ + ݕ +  .ݖ

Its exact solution can be expressed as ݔ)ݑ, ,ݕ (ݖ = ݔ + ݕ +  .ݖ

We set݂(ݔ, ,ݕ (ݖ = ∫ ∫ ∫ ,ݎ)ݑ ,ݏ ௭ݎ݀ݏ݀ݐ݀(ݐ
଴

௬
଴

௫
଴ , then we have  

,ݕ,ݔ)ݑ (ݖ = ,ݔ)݃ ,ݕ (ݖ − ,ݔ)݂ ,ݕ  .(ݖ

Taking the transformation of this equation , we obtain 

ܷ(݇, ℎ, ݈) = ,ℎ,݇)ܩ ݈)− ,ℎ,݇)ܨ ݈), 

where 

,݇)ܩ ℎ, ݈) = ଵ
ଶ

݇)ߜ) − ℎ)ߜ(2 − ݈)ߜ(1 − 1) + ݇)ߜ − ℎ)ߜ(1 − ݈)ߜ(2 − 1) + ݇)ߜ −

ℎ)ߜ(1 − ݈)ߜ(1 − 2)) + ݇)ߜ − (݈)ߜ(ℎ)ߜ(1 + ℎ)ߜ(݇)ߜ − (݈)ߜ(1 + −݈)ߜ(ℎ)ߜ(݇)ߜ 1), 

for ݇ = 0,1, … , ,݌ ℎ = 0, 1, … , ݈ and ݍ = 0,1, … ,݊, and  

,݇)ܨ ℎ, ݈) = ଵ
௞௛௟

 ܷ(݇ − 1,ℎ − 1, ݈ − 1) ,݇ ≥ 1,ℎ ≥ 1, ݈ ≥ 1. 

For ݌ = ݍ,1 = 2, l= 3, and recursive method, we obtain 

⎣
⎢
⎢
⎢
⎢
⎡ܷ(0,0,0) ܷ(0,01) ܷ(0,0,2) ܷ(0,0,3)
ܷ(0,1,0)
ܷ(0,2,0)
ܷ(1,0,0)
ܷ(1,1,0)
ܷ(1,2,0)

ܷ(0,1,1) ܷ(0,1,2) ܷ(0,1,3)
ܷ(0,2,1)
ܷ(1,01)
ܷ(1,1,1)
ܷ(1,2,1)

ܷ(0,2,2)
ܷ(1,0,2)
ܷ(1,1,2)
ܷ(1,2,2)

ܷ(0,2,3)
ܷ(1,0,3)
ܷ(1,1,3)
ܷ(1,2,3)⎦

⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎡
0 1 0 0
1
0
1
0
0

0 0 0
0 0 0
0 0 0
0 0 0
0 0 0⎦

⎥
⎥
⎥
⎥
⎤

 

Now by substituting this relation in equation (2.4), we get 

,ݕ,ݔ)ݑ (ݖ = ݔ + ݕ +  .ݖ

 

Example 3.2. Consider nonlinear Volterra Integral equation 

,ݕ,ݔ)ݑ (ݖ = ,ݔ)݃ ,ݕ (ݖ − ݕଶݔ24 ∫ ∫ ∫ ,ݎ)ݑ ,ݏ ௭ݎ݀ݏ݀ݐ݀(ݐ
଴

௬
଴

௫
଴ , 

where (ݕ,ݔ, (ݖ ∈ [0,1] × [0,1] × [0,1] and  

,ݔ)݃ ,ݕ (ݖ = ݖଷݕହݔ4 + ଷݖଷݕଷݔ4 + ଶݖଷݕସݔ4 + ݕଶݔ + ଶݖݕ +  .ݖݕݔ

Its exact solution can be expressed as ݔ)ݑ, ,ݕ (ݖ = ݕଶݔ + ଶݖݕ +  .ݖݕݔ
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We set݂(ݔ, ,ݕ (ݖ = ݕଶݔ24− ∫ ∫ ∫ ,ݎ)ݑ ,ݏ ௭ݎ݀ݏ݀ݐ݀(ݐ
଴

௬
଴

௫
଴ , then we have 

,ݕ,ݔ)ݑ (ݖ = ,ݔ)݃ ,ݕ (ݖ + ,ݔ)݂ ,ݕ  .(ݖ

If we take the transformation ofthis equation, we obtain 

ܷ(݇, ℎ, ݈) = ,ℎ,݇)ܩ ݈) + ,ℎ,݇)ܨ ݈), 

where 

,݇)ܩ ℎ, ݈) = ݇)ߜ4 − ℎ)ߜ(5 − ݈)ߜ(3 − 1) + ݇)ߜ4 − ℎ)ߜ(3 − ݈)ߜ(3 − 3) +

݇)ߜ4 − ℎ)ߜ(4 − ݈)ߜ(3 − 2) + ݇)ߜ − ℎ)ߜ(2 − (݈)ߜ(1 + ℎ)ߜ(݇)ߜ − ݈)ߜ(1 − 2) +

݇)ߜ − ℎ)ߜ(1 − ݈)ߜ(1 − 1), 

for ݇ = 0,1, … , ,݌ ℎ = 0,1, … and݈ݍ, = 0,1, … ,݊, and  

,݇)ܨ ℎ, ݈) = −24෍෍෍
1

(݇ − ℎ)(ݎ − ݈)(ݏ − (ݐ ߜ
(݇ − ℎ)ߜ(2 − (݈)ߜ(1

௡

௧ୀ଴

௤

௦ୀ଴

௣

௥ୀ଴

 

× ܷ(݇ − ݎ − 1,ℎ − ݏ − 1, ݈ − ݐ − 1), 

for ݇ = 1, … , ,݌ ℎ = 1, … ݈ and ݍ, = 1, … ,݊. 

By solving the above recursive equations for ݌ = 3, ݍ = 1 and ݊ = 3, the result are 

listed as follows  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ܷ(0,0,0) ܷ(0,01) ܷ(0,0,2) ܷ(0,0,3)
ܷ(0,1,0)
ܷ(1,0,0)
ܷ(1,1,0)
ܷ(2,0,0)
ܷ(2,1,0)
ܷ(3,0,0)

ܷ(0,1,1) ܷ(0,1,2) ܷ(0,1,3)
ܷ(1,0,1)
ܷ(1,1,1)
ܷ(2,0,1)
ܷ(2,1,1)
ܷ(3,0,1)

ܷ(1,0,2)
ܷ(1,1,2)
ܷ(2,0,2)
ܷ(2,1,2)
ܷ(3,0,2)

ܷ(1,0,3)
ܷ(1,1,3)
ܷ(2,0,03)
ܷ(2,1,3)
ܷ(3,0,3) ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎢
⎡
0 0 0 0
0
0
0
0
1
0

0 1 0
0 0 0
1 0 0
0 0 0
0
0

0
0

0
0⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

Now by substituting this relation in equation (2.4), we get 

,ݕ,ݔ)ݑ (ݖ = ݕଶݔ + ଶݖݕ +  ,ݖݕݔ

whichis the exact solution. 

 

Example 3.3. Consider nonlinear Volterra Integral 

,ݕ,ݔ)ݑ (ݖ = ,ݔ)݃ ,ݕ (ݖ + ∫ ∫ ∫ ,ݎ)ݑ ,ݏ ௭ݎ݀ݏ݀ݐ݀(ݐ
଴

௬
଴

௫
଴ , 

where (ݕ,ݔ, (ݖ ∈ [0,1] × [0,1] × [0,1] and  

,ݔ)݃ ,ݕ (ݖ = ݁௫ା௬ + ݁௫ା௭ + ݁௬ା௭ − ݁௫ − ݁௬ − ݁௭ + 1. 

Its exact solution can be expressed as ݔ)ݑ, ,ݕ (ݖ = ݁௫ା௬ା௭. 

In the same manner in the previous example, we set 

,ݕ,ݔ)݂ (ݖ = ∫ ∫ ∫ ,ݎ)ݑ ,ݏ ௭ݎ݀ݏ݀ݐ݀(ݐ
଴

௬
଴

௫
଴ , 
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then we have  

,ݕ,ݔ)ݑ (ݖ = ,ݔ)݃ ,ݕ (ݖ + ,ݔ)݂ ,ݕ  .(ݖ

Taking the differential transformation of this equation, we obtain 

ܷ(݇, ℎ, ݈) = ,ℎ,݇)ܩ ݈) + ,ℎ,݇)ܨ ݈), 

where 

,݇)ܩ ℎ, 0) =
1

݇!ℎ! , ݇ = 0,1, … , , ݌ ℎ = 0,1, … ,  ݍ

,ℎ,0)ܩ ݈) =
1
ℎ! ݈!  , ݈ = 0,1, … , ݊ , ℎ = 0,1, … ,  ݍ

,݇)ܩ 0, ݈) =
1
݇! ݈! , ݇ = 0,1, … , , ݌ ݈ = 0,1, … ,݊ 

,݇)ܩ ℎ, ݈) = 0 ,݇,ℎ, ݈ ≠ 0 , 

and we also have 

,݇)ܨ ℎ, ݈) = ଵ
௞௛௟

ܷ(݇ − 1,ℎ − 1, ݈ − 1), 

where ,݇)ܨ ℎ, 0) = ,݇)ܨ 0, ݈) = ,ℎ,0)ܨ ݈) = 0 , ݇ = 0,1, … ℎ, ݌, = 0,1, … ,  and ݍ

݈ = 0,1, … ,݊ . By solving the above recursive equations for ݌ = ݍ = ݊ = 2  and 

݌ = ݍ = ݊ = 3, we obtain 

,ݕ,ݔ)ଶ,ଶ,ଶݑ (ݖ = 1 + ݔ) + ݕ + (ݖ + ଵ
ଶ

ݔ) + ݕ + ଶ(ݖ + ଵ
ଶ

ݕଶݔ) + ଶݕݔ + ݖଶݔ + ଶݖݔ +

ݖଶݕ + (ଶݖݕ + ଵ
ସ

ଶݕଶݔ) + ଶݖଶݔ + (ଶݖଶݕ + ଵ
ଶ

ଶݖݕݔ) + ݖଶݕݔ + (ݖݕଶݔ + ଵ
ସ

ଶݖଶݕݔ) +

ଶݖݕଶݔ + (ݖଶݕଶݔ + ଵ
଼
 ,ଶݖଶݕଶݔ

,ݕ,ݔ)ଷ,ଷ,ଷݑ (ݖ = 1 + ݔ) + ݕ + (ݖ + ଵ
ଶ

ݔ) + ݕ + ଶ(ݖ + ଵ
଺

ݔ) + ݕ + ଷ(ݖ + ଵ
ସ

ଶݕଶݔ) +

ଶݖଶݔ + (ଶݖଶݕ + ଵ
଺

ݕଷݔ) + ଷݕݔ + ݖଷݔ + ଷݖݔ + ݖଷݕ + (ଷݖݕ + ଵ
ଵଶ

ଷݕଶݔ) + ଶݕଷݔ +

ଷݖଶݔ + ଶݖଷݔ + ଷݖଶݕ + (ଶݖଷݕ + ଵ
ଷ଺

ଷݕଷݔ) + ଷݖଷݔ + (ଷݖଷݕ + ଵ
ଶ

ଶݖݕݔ) + ݖଶݕݔ +

(ݖݕଶݔ + ଵ
ସ

ଶݖଶݕݔ) + ଶݖݕଶݔ + (ݖଶݕଶݔ + ଵ
଺

ଷݖݕݔ) + ݖଷݕݔ + (ݖݕଷݔ + ଵ
ଵଶ

ଷݖଶݕݔ) +

ଶݖଷݕݔ + ଷݖݕଶݔ + ଶݖݕଷݔ + ݖଷݕଶݔ + (ݖଶݕଷݔ + ଵ
ଷ଺

ଷݖଷݕݔ) + ଷݖݕଷݔ + (ݖଷݕଷݔ +

ଵ
ଶସ

ଷݖଶݕଶݔ) + ଶݖଷݕଶݔ + (ଶݖଶݕଷݔ + ଵ
଻ଶ

ଷݖଷݕଶݔ) + ଷݖଶݕଷݔ + (ଶݖଷݕଷݔ + ଵ
଼
ଶݖଶݕଶݔ +

ଵ
ଶଵ଺

 ,ଷݖଷݕଷݔ

which are truncated Taylor series of exact solution. Table 1 shows the absolute errors 

at some particular points. 
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Table 1 

,ݕ,ݔ)ଶ,ଶ,ଶ݁ ݊݋݅ݐݑ݈݋ܵ ݐܿܽݔܧ ݖ ݕ ݔ  ଷ,ଷ,ଷ(௫,௬,௭)݁ (ݖ

0.1 0.1 0.1 1.3498588076 1.6261825× 10ିଷ 1.557798× 10ିହ 

0.01 0.1 0.1 1.2336780600 4.8175870× 10ିସ 9.492003× 10ି଺ 

0.01 0.01 0.1 1.1274968516 1.8474381× 10ିସ 4.338226× 10ି଺ 

0.01 0.01 0.01 1.0304545340 1.5113801× 10ି଺ 1.280568× 10ିଽ 

0.001 0.01 0.01 1.0212220516 4.3803265× 10ି଻ 8.421920× 10ିଵ଴ 

0.001 0.001 0.01 1.0120722889 1.7775346× 10ି଻ 4.165485× 10ିଵ଴ 

0.001 0.001 0.001 1.0030045045 1.5043042× 10ିଽ 3.637978× 10ିଵଶ 

According to Table 1, these results indicate that the use of time steps smaller than 

about 0.1, the error function approaches to zero. 

 

4. Conclusion 
 

In this study, we introduced the definition and operation of three-dimensional diffe-

rential transform. Integral equations can be transformed to algebraic equations by 

using the differential transform and the resulting algebraic equations are called itera-

tive equations. The overall spectra can be calculated through the initial condition in 

association with the iterative equations. Finally, by using this algebraic equations, we 

find the approximate solution of the integral equations. 
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