Available online at www.isr-publications.com/jmcs
J. Math. Computer Sci., 17 (2017), 41-52

Research Article

Online: ISSN 2008-949x

Journal of Mathematics and Computer Science

afics ang
QO"\“ C,

&>
&
)\Qb

%,

yourna/ or
RElTETRIN

Pusiicanoss
Journal Homepage: www.tjmcs.com - www.isr-publications.com/jmcs

Oscillation of third-order quasilinear neutral dynamic equations on time
scales with distributed deviating arguments

M. Tamer Senel®*, Nadide Utku®

4Department of Mathematics, Faculty of Sciences, Erciyes University, 38039, Kayseri, Turkey.
binstitute of Sciences, Erciyes University, 38039, Kayseri, Turkey.

Abstract
The aim of this paper is to give oscillation criteria for the third-order quasilinear neutral delay dynamic equation
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on a time scale T, where 0 < « <y < . By using a generalized Riccati transformation and integral averaging technique, we
establish some new sufficient conditions which ensure that every solution of this equation oscillates or converges to zero. (©2017
all rights reserved.
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1. Introduction

In this paper, we deal with the oscillatory behavior of all solutions of the third-order quasilinear
neutral dynamic equation with distributed deviating arguments

d d
qltt)x“m(t,a)muj (0P (ra(t, £))AE =0,  (L1)

C C

A
r() (Be(t) + p(t)x(To(t))]AA)y} N J

on a time scale T. In the sequel we will assume that the following conditions are satisfied:
(hl) v, «, 3 are the ratio of positive odd integers such that 0 < o <y < f3;

(h2) r: T — (0, 00) is a real-valued rd-continuous function on T and

o1\ 2
LO <T(t)> At =00, ty € T; (1.2)
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(h3) g1, q2 are rd-continuous positive functions on T and p(t) is real-valued rd-continuous positive func-
tiononT, 0 <p(t) < P<1;

(h4) 0<c<d, T9:T — T, is rd-continuous function such that to(t) < t and lim¢_.o, To(t) = oo;

(h5) Ti(t, &) : T x [c, d] — T are rd-continuous functions such that decreasing with respect to &, Ti(t, &) <
t, Lele,dlf ={teT:c<t<d},and lim¢_oo ming¢c q) Ti(t, &) = oo for i=1, 2 and there exists a
function T: T — T which satisfies that t(t) < 171(t, &), T(t) < 1o(t, &).

Define the function by
z(t) = x(t) + p(t)x(To(t)). (1.3)
Furthermore, the equation (1.1) can be written as

A d d
[r(t)([z(tnM)V] [ atmto1se s [ o oae=o

C C

Since we are interested in the oscillatory and asymptotic behavior of solutions near infinity, we assume
that sup T = oo and define the time scale interval [tg, co)T by [tg, 0o)T := [tg, o00) (| T.

By a solution of equation (1.1), we mean a function x € C,4([Tx, 00)1,R), Tx € [tg, o0)1, which has the
properties z € Cfd([TX,oo)qr,]R), T(z22)Y € C}d([TX,oo)T,IR), and satisfies (1.1) on [Ty, c0)r. We consider
only those solutions x of (1.1) which satisfy sup{|x(t)|: t € [T,o00)r} > 0 for all T € [Ty, co)T and assume
that (1.1) possesses such solutions. It is easy to see that all solutions of Eq. (1.1) can be extended to
oo allt € T or T is a discrete time scale. However, Eq. (1.1) may have both extendable solutions and
nonextendable solutions in general. For the asymptotic and oscillation purposes, we are only interested
in the solutions that are extendable to oco.

A solution x(t) of (1.1) is said to be oscillatory if it is neither eventually positive nor eventually
negative, otherwise it is non-oscillatory. The theory of time scales, which has recently received a lot
of attention, was introduced by Hilger [9], in order to unify continuous and discrete analysis. Since
then, several authors have expounded on various aspects of this new theory; see the survey paper by
Agarwal et al. [1]. A book on the subject of time scales by Bohner and Peterson [3] also summarizes
and organizes much of the time scale calculus. In the recent years, there has been increasing interest in
obtaining sufficient conditions for the oscillation and non-oscillation of solutions of various equations on
time-scales; we refer the reader to the papers [2-5].

To the best of our knowledge, it seems to have few oscillation results for the oscillation of third-
order dynamic equations. Candan [5] studied asymptotic properties of solutions of third-order nonlinear
neutral dynamic equations

A
(rat0 (a0 fyte) +plery(een) )] )+ et yiste) o, (14)
Li et al. [11] considered third-order nonlinear delay dynamic equation

XA p(0)xY (x(t) =0,

on a time scale T, where y > 0 is quotient of odd positive integers.
Li et al. [10] considered third-order nonlinear delay dynamic equation

(a(t)(Ir(t)x® (£)]4))A + f(t, x((t))) =0,

on a time scale T, where vy > 0 is quotient of odd positive integers.
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Saker and Graef [12] and Zhang [15] considered a third order half-linear neutral dynamic equation

A
(Tl(t)((fz(t)(X(t) + a(t)X(T(t)))A)A)V)> +p(t)xY(5(t)) = 0.

Han et al. [7] and Grace et al. [6] considered third-order neutral delay dynamic equation
(r(1) (x(t) — a(t)x(t(1)))24)2 +p(t)xY (5(t)) = 0.

Senel and Utku [13]- [14] considered a third order dynamic equations

A d
[r(t)([x(t)+p(t)x(1(th)V] + [Tt sto enag=o,
A

[T(t) (x(t) +P(t)X(To(t))]AA)V] +qi(tx*(11(t) + q2()xP (12 (1)) = 0.

on a time scale T.

In this paper, we consider third-order quasilinear neutral delay dynamic equation on time scales
which is not in literature. We obtain some conclusions which contribute to oscillation theory of third
order quasilinear neutral dynamic equations with distributed deviating arguments.

2. Several lemmas

Before stating our main results, we begin with the following lemmas which play an important role in
the proof of the main results. Throughout this paper, we let

N4 (t) == max{0,n(t)}, n_(t) :== max{0, m(t)},
B—oa B—o

¢ =minf =% =%,
K := min{k*, kP},
D) = @(qu(t)(1—P)¥) PV (B (gy1)(1 P)W—“V(ﬁ—“)(fygw,

t t
B(t) = o) 0<y <1, Bt):= (%)yz y>1,

)%As,

for sufficiently large t. € [to, co)T.

Lemma 2.1. Let x(t) be a positive solution of (1.1), and z(t) is defined as in (1.3). Then z(t) has only one of the
following two properties:

(1) z(t) >0, z2(t) > 0, z2%(t) > 0;
() z(t) >0, z2(t) < 0, z2%(t) > 0,

where t > t1, t1 sufficiently large.

Proof. Let x(t) be a positive solution of (1.1) on [tg, o0), so that z(t) > x(t) > 0, and

d d
[r(6) (222 (1)7] 8= —J qr(t)x*(Ti(t, E))Ai—J d2(t)xP (ta(t, £))AE < 0.

(& C
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Then 7(t)([z(t)]*4)Y is a decreasing function and therefore eventually of one sign, so z24(t) is either
eventually positive or eventually negative on t > t; > to. We assert that Z2 () >0ont > t; > to.
Otherwise, assume that z22(t) < 0, then there exists a constant M > 0, such that

(1) (222 ()Y < —M < 0.
By integrating the last inequality from t; to t, we obtain

A1) < 22 () — MY J (r(ls)

)%As.

Let t — oo. Then from (1.4) , we have (z(t))® — —oo, and therefore eventually z*(t) < 0.
Since z22(t) < 0 and z*(t) < 0, we have z(t) < 0, which contradicts our assumption z(t) > 0.
Therefore, z(t) has only one of the two properties (1) and (2). This completes the proof. O

Lemma 2.2. Let x(t) be a positive solution of (1.1), correspondingly z(t) has the property (2). If

7 [1 [T tar(s)+ aatsmas| " auav = oo, 1)

t0 v T(LL) u

then lim¢ o0 x(t) = limy_ o z(t) = 0.

Proof. Let x(t) be a positive solution of (1.1). Since z(t) has the property (2), then there exists finite
lim¢_, o z(t) = €. We shall prove that { = 0. Assume that { > 0, then for any € > 0, we have { + € > z(t) > (,

eventually. Choosing 0 < € < E(l?%p)’ we obtain from (1.3)

x(t) = z(t) = p(t)x(To(t)) > € —p(t)z(To(t)) > L—p(t)(€+ €) = k(£ + €) > kz(t),

where k = % > 0. Using (1.4), (h1), and (h5), we obtain

d d
(1) (8 ()18 = — J G Ox (i, a))Aa—J a2 (0P (T2t £)) AL

C C

d d

(11 (t, £)) AL — qa(£)kP J 2B (13t £)) AL,

C

< —ql(t)k“J

C

Since z(t) < 0, we have
[r(1) (224 (1)"]1% < —qi(Ok*2% (11 (t, d)) — q2(t)kP 2P (1a(t, d)) < —qu(t)xz*(t) — qa(t)kzP (1).
Then
(1) (224 ()14 < —kz*(1)(q1(t) + q2(t)). (2.2)

Integrating inequality (2.2) from t to oo, we obtain
(o¢]

r(6)(z84 (1) = KJ z%(s)(q1(s) + qz(s))As.

t

Using z*(s) > {%, we obtain

<=

z (q1(s) +qa(s))As| . (2.3)

1

v/ [
AA(4) > K [
0> |

t
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Integrating inequality (2.3) from t to oo, we have

() > KUY/ Eo[r(lu) J:o(ql(s) + qa(s))As]Y A,

Integrating the last inequality from t; to co, we obtain

(o0}
z(ty) > Kl/vgoc/vj
ty

Jjo[r(lu) J:o(ql(s) + qz(s))As]%AuAv.

The last inequality contradict (2.1), we have { = 0. And since 0 < x(t) < z(t), then lim¢_,, x(t) = 0. This
completes the proof. O

Lemma 2.3. Assume that x(t) is a positive solution of equation (1.1), and z(t) is defined as in (1.3) such that
Z28(1) > 0,z2(t) > 0, on [ty, 00), ts > 0. Then

Z2(1) = R(t, )1y (1)224 (1), (2.4)

Proof. Since 7(t)(z*4(t))Y is strictly decreasing on [t., co), we get for t € [t., co)T

= >ZA(t)_2A(t*):r rE2OMY 4 (r(t)(zM(t))mJt (1>VAS
S )

and, hence )
z%(t) > R(t, t,)717 ()22 (t) on [t., 00)T.

Lemma 2.4. Assume that x(t) is a positive solution of equation (1.1), correspondingly z(t) has the property (1),
such that z2(t) > 0, z22(t) > 0, on [t,, 00)T, ts > to. Furthermore,

|| @)+ qals)1e (518 = oo, 25)

to
Then there exists a T € [t,, 0o)T, sufficiently large, so that
z(t) > tz2(t),
z(t)/t is strictly decreasing, t € [T, c0)T.

Proof. Let U(t) = z(t) — tz?(t). Hence UA(t) = —o(t)z*2(t) < 0. We claim there exists a t; € [t.,00)T
such that U(t) >0, z(t(t)) > 0 on [t,, 00)T. Assume not. Then U(t) < 0 on [t,, co)r. Therefore,

Z(t)\® At —z(t) Ut 0
( t > T ) te(t)

which implies that z(t)/t is strictly increasing. Pick t; € [t1, o)t so that T(t) > T(t.), for t > t;. Then

z(t(t)) _ z(t(ts))

=d>0,
(t,) ”

WV

so that z(t(t)) > dt(t) for t > t. By (1.3) and (h3), we obtain

x(t) = z(t) = p(t)x(To(t)) > z(t) —p(t)z(To(t)) = (1 —p(t))z(t) = (1 —P)z(t). (2.6)
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Using (1.4) and (2.6), we have

d d
[T(t)([Z(t)]AA)V]Az—J q1(t)X°‘(T1(t,£))AE—J qa2(t)xP (ta(t, £))AE,

d d

(11 (¢, £)) A — qa(t)(1 — P)P J 2B (ta(t, )AL,

Cc

< —ql(t)(l—P)“j

Cc

Using (h1) and (h5), we have

[r(8) (Z(1)]2)Y]A < —q1(t) (1 — P)*2z%(T1(t, ¢)) — qa(t) (1 — P)PzP (1a(t, c))
< —q1(t)(1—=P)Pz¥(T(t)) — qa(t) (1 — P)Pz¥(x(t))
< —(1=P)Pz*(1(t))(q1(t) + q2(t)).

Now by integrating both sides of last equation from t; to t, we have

t

T(t) (222 (1)Y —1(t2) (222 (t2))Y + L (1—P)P(q1(t) + qa(t))z™(T(t))As < 0.

This implies that

t t

(1—P)P(qi(s) + ga(s))z™(t(s))As = d*(1—P)P J (q1(s) + q2(s))T%(s)As,

F(t) (2% (1)) > j
1%

1%

which contradicts to (2.5). So U(t) > 0 on t € [t;, 00)r and consequently,

(z(t))A _ A1) —z(t) u(t)

t - - < 0/ t S [tl,OO)j[‘,

to(t) to(t)

and we have that z(t)/t is strictly decreasing on t € [t;, co)t. The proof is now complete. O

3. Main results
In this section we give some new oscillation criteria for (1.1).

Theorem 3.1. Assume that (1.2), (2.1), and (2.5) hold and that, for all sufficiently large Ty € [to, 0o)T, there is a
T > Ty such that

t A +1
. ((p2(s))+)Y
11msuj [USCDS As = o0, 3.1

P L [P T R B s)pe (sTRTs, L)Y e
where the function p € Cl 4([to, 00)T, R) is a nonnegative function. Then every solution of equation (1.1) is either
oscillatory or tends to zero.

Proof. Assume (1.1) has a nonoscillatory solution x(t) on [tg, co)y. Then, without loss of generality we
assume that x(t) > 0, x(7tp(t)) > 0 for t > t; and x(11(t,&)) > 0, x(12(t, &) > 0 for (t,&) € [t1,00) X [c, d]
for all t; € [tp, 00)T. z(t) is defined as in (1.3). We shall consider only z(t) > 0, since the proof when z(t)
is eventually negative is similar. Therefore by Lemmas 2.1 and 2.2, we have

() (0142)Y]% <0, z2%) >0, te [ty 00,

and either z2(t) > 0 for t > ty > t1 or lim¢_,e0 z(t) = lim¢_,00 x(t) = 0. Let z2(t) > 0 on [tp, co)t. Define
the function w(t) by Riccati substitution
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Then
() (D122 ) ([z(1)]A%)Y A
wA(t) :pA(t) 1) +p (t)[ (1) ]
B ) (0122 FO)(O1AA)A () (20122 (2 (1)A

d d

r(t) (2(1)]244)7]A <—q1(t)(1—P)“J z“m(t,a)ma—qz(t)(l—P)BJ 2B (ta(t, )AL

< —qi(t)(1=P)*z%(mi(t,¢) — q2(t) (1 = P)PzP (1a(t, ¢))
< —q1(t)(1=P)Pz%(7(t)) — q2(t) (1 — PP 2P (x(1)).
From the definition of w(t) and the last inequality, we have,

o 2% (T(t))
zY(o(t))

5 28 (t(1)
2 (o(t))

w(t) —p(t)qi(t)(1—P)

() ([z(1)]A2)Y (27 (1)2
zZY(1)zYo (1) '

—p?(t)q2(t)(1—P)

(3.2)

By Young’s inequality
1 1 1 1
|ab|< 7|a‘p+7|b|q/ a/beR/ p>1/ q>]—/ 7+*:1/
P q P Aq

we have

B—v w2l
5 (00—

Z |1 —-P)*

zY(o(t))

z(t(t
z(o(t))
Hence, by (3.2) and (3.3) and using the fact that z(t)/t is decreasing, we obtain
P2 (t)
p(t)

—p?(t)

> (qq(t)(1=P)*)(B=Y)/(B=) (g, (1) (1 — P)B)(y—)/(B—a)(

wh(t) <

w(t) = @p° (1)(q1(t) (1 — P)*) Py IIP= (gy (1) (1 — P)B) Y=o/ IP =) (£

(1) ((0)]44)Y (2Y (1)*
zY (t)zvo(t)
In the first case 0 < y < 1. Using the Keller’s chain rule (see [3]), we have

1

(2Y (1) = YJ (hz? + (1-h)zY 128 (t)dh > v(27(1)Y 128 (t). (3.4)
0

In view of (3.4), Lemmas 2.2 and 2.3, (2.4), and using the fact that z(t)/t is decreasing, we have
(1) (224 (1) Y22 (1)z(t)
v t(t)zo(t)
. (1) (224 (1) ()
o(1) w(t) —yp® (H)R(t, t.) 1 ([1)z(0(0))
( t wh (1)

o) W(t)—YPG(t)R(tIt*)% Lﬂ(t)'
p Y

————w(t) —yp(t)

(3.5)
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Let v > 1. Applying the Keller’s chain rule, we have
1
(@) = [ 2+ (1 - Wz 128 (00dn > y(a() 12 ), 36)
0

in the view of (3.6), Lemmas 2.2 and 2.3, and (2.4), we have

o (P2 (t)+ o T R]A4) 28 (127 (1)
W) < —p () + T mwlt) — v () = e
N . (A0 R T () G2

By (3.5), (3.7), and the definition of 3(t), we have, for y > 0,

(3.8)

where A ;= Y

Define A = 0 and B > 0 by

Then using the inequality [8]
MBMT— AN < (A—1)B,
which yields

o), WA) (pA(1))4)7H1
o) W T YPTUBIRE L) K S v B e (DR, €))7

From this last inequality and (3.8), we find

N ((pA (1)) )Y ™!
(v + )Y+ (B(t)po (t)R(t, t.))Y "

Integrating both sides from T to t, we get

e ) ((pA(s)) ¥+
L“’ (S)O) = v 1 (B s)p° (5IR(s, 1]

for all large t, which contradicts to assumption (3.1). If (2) holds, from Lemma 2.2, then lim_,, x(t) = 0.
The proof is complete. O

1As <w(T) —w(t) <w(T),

Theorem 3.2. Assume that (1.2), (2.1), and (2.5) hold. Furthermore, suppose that there exist functions H,h €
Crqa(ID,R), where D = (t,s) : t > s > to such that

H(t,t) =0, t >0,
H(t,s) >0, t >s > 1,
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and H has a nonpositive continuous A-partial derivative H2(t, s) with respect to the second variable and satisfies

A
HAS (o(t), s) + H(o(®), o(s) 2t = “MES) o o)) 741, (3.9)
p(s) p(s)

and for all sufficiently large Ty € [to, co)T, there isa T > Ty such that

1 o(t)
li _ t,s)As = oo, 3.10
MU i, Xl eas= oo (310

where p is a positive A-differentiable function and

(h—(t,8))*!
(v + 1Y H(B(s)p(s)R(s, Ta))Y"

Then every solution of equation (1.1) is either oscillatory or tends to zero.

x(t,s) = H(a(t), o(s))p(s)D(s) —

Proof. Suppose that x(t) is a nonoscillatory solution of (1.1) and z(t) is defined as in (1.2). Without loss
of generality, we may assume that there is a t; € [tg, co)r sufficiently large so that the conclusions of
Lemma 2.1 hold and (3.9) holds for t, > t;. If case (1) of Lemma 2.1 holds, then proceeding as in the
proof of Theorem 3.1, we see that (3.8) holds for t > t,. Multiplying both sides of (3.8) by H(o(t), o(s))
and integrating from T to o(t), we get

o(t) o(t) o(t) p2(s)
J H(o(t), o(s))p%(s)®(s)As < —J H(o(t), o(s))w?(s)As +J H(o(t), o(s)) w(s)As
T T T p(s) (3.11)
o(t) A '
= [ Rt ol et (0B sIRGs, T B S s, (3= Y,
T pA(s) Y
Integrating by parts and using H(t,t) = 0, we obtain
o(t) o(t)
J ’ H(o(t), o(s))w?(s)As = —H(o(t), T)w(T) —J ’ H2%(o(t), s)w(s)As
T T
It then follows from (3.11) that
o(t) o(t)
J ‘ H(o(t), o(s))p%(s)®(s)As < H(cr(t),T)w(TH—J ' H23(0(t), s)w(s)As
T T
o(t)
+J Y Hio(0), 0(5) P o s)As
T p(s)
o(t) A
- | Rt ot e (1B s R(s, T B .
T p™(s)
Then, we have
o(t) o(t) A pA(S)
L H(o(t), o(s))p®(s)@(s)As < H(o(t), T)w(T) + “T H>%(o(t),s) + H(o(t), o(s)) o05) :|W(S)AS
o(t) A
[ o), ot et (0B RGs, T S .
T p*(s)
It then follows from (3.9) that
o(t) o(t) v
J H(o(t), o(s))p®(s)@(s)As < H(o(t), T)w(T) +J [— h(t’s)H(c(t),cr(s))wl]w(s)As
T T p(s)
o(t) A
| Rt ot e 9B RGs, T B s
T p*(s)
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Then

then using the inequality [8]

we have

T p(s) T P (s)
ot (h-(t,s))"!
gL (v+1)V+1(B(s)p"(s)R(t,Tl))VAS'

o(t) Y o(t) ’
J [h(t’s)H(G(t),G(s))y“]w(sms_J H(o(t), G(S))YPU(S)B(S)R(&Tl)wxi(S)AS

From this last inequality and (3.12), we find

) (h(t,5)*1 AC
v DBl (SR T

Then for T > T; we have

(h—(t,s))Y*!
(v + 1)y +1(B(s)p(s)R(s, T1))Y

o(t)
| [H(o(t),o(s))p“(s)m(s)—

} As < H(o(t), T)w(T),
T

and this implies that

(h—(t,8))*!
(v + DY HH(B(s)p(s)R(s, T1))Y

for all large t, which contradicts (3.10). This completes the proof of Theorem 3.2. O

o(t)
L j [H(o(t),c(s))p“(s)o(s)—

Alo(0),T) Jr ]AS <w(l),

Remark 3.3. From Theorem 3.1, we can obtain different conditions for oscillation of equation (1.1) with
different choices of p(t).

Remark 3.4. The conclusion of Theorem 3.1 remains intact if assumption (3.1) is replaced by the two
conditions

t
limsupj p%(s)D(s)As = oo,

t— o0 T
. t (p2(s)) )Y+
fim sup L v+ 1YL (B(s)po (IR (s, 1)) 7 5 <
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Remark 3.5. The conclusion of Theorem 3.2 remains intact if assumption (3.10) is replaced by the two
conditions

o(t)
“ﬁii‘ipmo(lt),T)L " Ho(t), o(s))p° (50 (s)As = oo,
lim inf 1 Ja(t) (h(t,s))""

t—oo H(o(t),T) J;x  (y+ 1)+ (B(s)p(s)R(s, T1))Y

Example 3.6. Consider the third order quasilinear neutral dynamic equations on time scales with dis-
tributed deviating arguments

AAA d
(x+ 3xnten)) o+

As < 0.

wlul

)At+J Libat—o, (3.13)

ct2
where r(t) =1, o = %, y=1, p= %, qi(t) = qo(t) = %, and p is a positive constant.
The conditions (1.2), (2.1), and (2.5) hold. By Theorem 3.1, pick p(t) = t, we have

o[ ((p2(s)). )71 e [ e 1 T
imaup 071699061~ et grpeteye e & = imewe [ [ s s =

Hence, every solution of Eq. (3.13) is oscillatory or tends to zero if p > 0.

Example 3.7. Consider the third order quasilinear neutral dynamic equations on time scales with dis-
tributed deviating arguments

. . AMDd gy 4 5(t)
<t2(x(t) + 3x(10(t)))> —i—L T(t)xa(’rﬂt))At—l—L :(t)x

qQ

Wy

(T2(t))At =0, (3.14)

where 1(t) = é, o= %, y=1B8= g, qi(t) = qa2(t) = %, and p is a positive constant.

The conditions (1.2), (2.1), and (2.5) hold. By Theorem 3.1, pick p(t) =1, we have

e [ Lo (9 (5)),)7 I
imsup [ 0761000 - et e | ~imsue [ s = oo

Hence, every solution of Eq. (3.14) is oscillatory or tends to zero if p > 0.
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