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Abstract 

In this paper, we want to improve Monte Carlo approximation in fuzzy Riemann integral   

it means that calculate exact amount of fuzzy Riemann integral based on   level sets  

with partition of  generating function of random numbers' RAND' in commercial 

software MATLAB. 

Keywords: fuzzy Riemann integral,    level sets. 

1. Introduction 

      The fuzzy Riemann integral was introduced by Wu [2]. In Section 2, we give some 
basic properties of fuzzy sets and operations of fuzzy calculus [1], which will be used in 
the rest of this paper. In Section 3, we study on two kinds of fuzzy Riemann integrals. 
One is based on the crisp compact interval and the other one is considered on the fuzzy 
interval, where call them as fuzzy Riemann integral of type-I and type-II, respectively. 
Since the Riemann integral and Lebesgue integral are identical for a bounded function 
on a compact interval [2], we can apply the Lebesgue's monotone convergence theorem 
and dominated convergence Theorem to prove  that the α-level set of the fuzzy Riemann 
integral is a closed interval whose end points are the classical Riemann integrals. In 
Section 4, Wu provided the computational methods and a number of examples to 
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evaluate the fuzzy Riemann integrals numerically using the commercial software 
MATLAB. 
In section 5, after using Monte Carlo approach to simulate of fuzzy Riemann integral, we 

express an example to use  partition of  generating function of random numbers' RAND' 
in MATLAB to reach exact amount of fuzzy Riemann integral. 
 

2. Basic definitions  
Let (X, M) be a measurable space and(R,  ) be a Borel measurable space. Let f: X → P(R) 

(power set of R) be a set-valued function. f is called measurable if and only if{(x,y): y ∈ 

f(x)}is M ×   -measurable. If f  is a fuzzy-valued function then f   is a set-valued 

function for all α ∈ [0, 1]. f is called (fuzzy-valued) measurable if and only if f   is (set-

valued) measurable for all [0,1] . 

Let  , ,A P  be a probability space (a complete σ-finite measure space).We know that 

X: → R is a random variable if X is an  ,A  -measurable function. Thus, we propose 

the following definition. 
 

Definition 1. Let X  be a closed fuzzy-valued function. X  is called a fuzzy random 

variable if X  is measurable (or equivalently, strongly measurable). 
 

Definition 2. Let X be a closed fuzzy-valued function. X  is a fuzzy random variable if 

and only if lX   and uX   α are random variables for all [0,1] . 

 

Definition 3. Let X and  Y  be two fuzzy random variables. We say that X  and Y  are 

independent if each random variable in the set{ lX  , uX  : 0 ≤ α ≤ 1 }is independent of 

each random variable in the set{ lY  , uY  :0 ≤ α ≤ 1}. We say that X  and Y  are identically   

distributed if and only if lX   and lY  are identically distributed and uX   and uY   are 

identically distributed for all [0,1] . 

 

Definition 4. Let X  be a fuzzy random variable. The (fuzzy) expectation of X  is defined 
by 

      ,E X Xdx E X Xdx
 

       , ,l u l uX dp X dp E X E X   
    

    . 

 

Definition 5. Let 
nX  and X  be fuzzy random variables defined on the same probability 

space  , ,A P  . We say that 
nX  converges to X  with probability one if ( )l

nX    

converges to lX   α with probability one and ( )u

nX  converges to uX  with probability one 

for all [0,1] . 

 
Definition 6. We say that a  is a crisp number with value m if its membership function 
is 

1
( )

0
a

r m
r

else



 


 

is denoted by { }1 m .  a 
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Theorem 1. (The Strong Law of Large Numbers for Fuzzy RandomVariables). Let be
nX  

independent and identically distributed fuzzy random variables and ˜μ be the (fuzzy) 

expectation of
nX . Let 

nY  =
1

{ }
1

n

1 2( ... )nX X X    . Then 
nY  converges to ˜μ with 

probability one [5]. 
 

Definition 7.  Let X is a universal set. Then a fuzzy subset A of X is defined by its 

membership function 
A
  : X   [0, 1]. We can also write the fuzzy set A  as {(x,  

A
x ): 

x  X }.We denote A
={x :  

A
x  } as the    level set A  of where 

0A  is the closure 

of the set{x:  
A

x  } In this paper, we use A(x) as membership function of A instead 

of  
A

x  ,  just be comfortable . 

 
Definition  8.  A fuzzy set,N from real numbers is called a real fuzzy number, if 
(i) N is normal, it means that one and just one x∈ R exsistes such that N(x) =1. 
(ii)    level sets of N are closed intervals for (0,1] . 

 
Extension Principle of fuzzy numbers: 

We let M  and N  are two fuzzy numbers [5]. If    denotes fuzzy addition, subtraction, 

multiplication, or division, then M N C  , membership function of C  is defined

      ,sup { , }x yC z Min M x N y x y z   . 

 
Interval Arithmetic: 
We let [a,b] and [c,d] be two  bounded, closed intervals of real numbers. If    denotes 
addition, subtraction, multiplication, or division, then 

[a,b]+[c,d]=[a+c,b+d] , [a,b]-[c,d]=[a-d,c-b], 

If   is divison, we must assume that zero does∈ not belong to[c,d]. [a,b]/[c,d]=[a,b].[
1

𝑑
,

1

𝑐
] 

[a,b].[c,d]=[g,h] where g=min{ac,ad,bd,bc} and h=max{ ac,ad,bd,bc }. 
 
Definition 9.  Let f(x) be a real-valued function on a topological space. If {x: f(x)   }is 
closed for every , f(x) is said to be upper semicontinuous [2]. 
 
Definition 10. (i) a  is called fuzzy number if a  is a normal convex fuzzy set and for all 

  the   level set, a , is bounded. The set of all fuzzy numbers is denoted as . 

(ii) a  is called closed fuzzy number if  a  is a fuzzy number and its membership function 

a is upper semicontinuous. The set of all closed fuzzy numbers is denoted as cl . 

(iii) a  is called bounded fuzzy number if  a  is a fuzzy number and its membership 

function   a has compact support. The set of all bounded fuzzy numbers is denoted as 

b . 

 
Proposition 1. If  a  is a closed fuzzy number then the    level set of  a   is a closed 

interval, which is denoted by  a  = ,L Ua a 
    [2]. 
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Proposition 2. (i) Let A  be a fuzzy set with membership function 
A
  and

 

 { : }
A

A x x    .Then 

  0 1 ( )sup 1A xA
x

    

 

Where ( )1A x
, is membership function of A [8]. 

(ii) [9]Let A be a set and { : [0,1]}A   be a family of subsets of A such that 

(a) 0A = A , 

(b) A A  for   , 

(c) A = 1 nn A



 for 
n   

Then the function : [0,1]A   defined by 

  0 1 ( )sup 1A xx
    

has the property that 

 { : }A x x    for all [0,1] . 

Let  { , : 0 1}A l u      be a family of closed intervals. Then we can induce a fuzzy 

set A  with membership function 

  0 1 ( )sup 1A xA
x

    

 
We say that{ }A  is decreasing with respect to α if A A   for   [10]. 

 
Definition 11. Let  be a set of all fuzzy numbers, cl  be a set of all closed fuzzy 

numbers and b be a set of all bounded fuzzy numbers. We say that 

(i)   f x is a fuzzy-valued function if :f X  . 

(ii)   f x  is a closed-fuzzy-valued function if : clf X   

(iii)   f x is a bounded-fuzzy-valued function if : bf X   

We denote  lf x =   
l

f x


and  Uf x =   
u

f x


 [2]. 

 
3 . The Fuzzy Riemann Integral [2] 

Definition 12. Let  f x be a closed- and bounded-fuzzy-valued function on [a, b]. 

Suppose that for all 𝛼,  Lf x and  Uf x  are Riemann integrable on [a, b]. Let 

   ,
b b

l U

a a
A f x dx f x dx  

 
     

Then we say that  f x  is fuzzy Riemann-integrable on [a, b] with type-I, denoted as 

 
IRf x  on [a,b], and the membership function of  

b

a
f x dx  is defined by, for 0r A , 

 
   0 1sup 1b

a

A x
f x dx

x
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Given a real number x, we can induce a fuzzy number x  with membership function

 x r   such that   1x r   and   1x r  for r ≠x (i.e. r =x is the unique global maximum 

of the membership function). We call x  as fuzzy real number induced by the real 
number x. 
Let R   be a set of all fuzzy real numbers induced by the real number system R. We 

define the relation ~on R  as 1x  ~ 2x  if and only if 1x and 2x are induced by the same 

real number x. Then ~ is an equivalence relation inducing the equivalence classes

  { ~ }x a a x . The quotient set / ~R  is the set of all equivalence classes. Then the 

cardinality of  / ~R  is equal to the cardinality of the real number system R, since the 

map / ~RR   by  x x  is a bijection. We call / ~R as fuzzy real number system. In 

practice (for convenience), we take only one element x from each equivalence class  x  

to form the fuzzy real number system  / ~
RR  (roughly speaking), i.e.  / ~

RR = {x  |

 x x  is the only element from  x }.If the fuzzy real number system  / ~
RR  consists 

of closed(bounded) fuzzy real numbers then we call  / ~
RR as closed (bounded) fuzzy 

real number system. Let  / ~:
RRf  be a fuzzy-valued function defined on the 

fuzzy real number system  / ~
RR Suppose that 𝑥  is a fuzzy real number induced by a 

real number x. Then we can induce a new fuzzy-valued function :f R   by 

   f x f x . Now, suppose that b a , we shall discuss the fuzzy Riemann integrals on 

the fuzzy interval formed by 𝑎  and 𝑏  (denoted as [ , ]a b ), where 𝑎  and 𝑏  are two closed 

fuzzy real numbers induced by two real numbers a and b, respectively. In order to 
define the fuzzy Riemann integral of type-II, we need to consider the "length" between 

a and b  for b a  (b a ) now    
l u

l u u lb a b a and b a b a   
 

      .We shall consider 

the interval [ , ]u la b  for the lower bound case and the interval [ , ]l ua b  for the upper 

bound case. Then we have the following definition. 
 

Definition 13.  Let  f x be a bounded- and closed-fuzzy-valued function defined on 

the closed fuzzy real number system  / ~
RR , and f (x) be induced by  f x .Suppose 

that b a . 

(i)  If  f x is nonnegative and  Lf x   and  Uf x  are Riemann-integrable on

[ , ]u la b  and [ , ]l ua b  , respectively, for all  then we let 

 
   

 

, ,

0, ,

l u

u l

u

l

b b
l u l u

a ab

a b
u l u

a

f x dx f x dx ifb a

f x dx

f x dx ifb a

 

 





   



  

 
      

    
   

 




 

 

(ii) If  f x  is nonpositive and  Lf x  and  Uf x  are Riemann-integrable on 

[ , ]l ua b  and [ , ]u la b  ,respectively, for all α then we let 
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, ,

,0

u

l u

u

l

b bl
l u l u

a ab

a b
u l u

a

f x dx f x dx ifb a

f x dx

f x dx ifb a



 





   



  

 
      

    
   

 




 

 

Under the above conditions, we say that  f x is fuzzy Riemann-integrable on the fuzzy 

interval ,a b 
 with type-II, denoted as  

IIRf x   on ,a b 
  , and the membership 

function of  
b

a
f x dx   is defined by, for 0r A , 

 
   0 1sup 1

b

a

A x
f x dx

x
  


. 

 
4. Computational methods 
Let f be a non fuzzy function from X to Y and x  be a fuzzy number. By the extension 

principle [5, 12], we can induce a fuzzy-valued function  f x  defined on the set of all 

fuzzy numbers. The membership function of  f x   is 
 

( )

( ) sup ( )xf x
r f y

r y 


 . 

Proposition 3. Let f(x) be a real-valued function and  f x  be a fuzzy-valued function 

induced by f(x) via the extension principle. Suppose that a  is a closed fuzzy number. If 

{x: r =f(x)} is a compact set for all r then  ( ) { ( ) : }f a f x x a    

Let {x: r =f(x)}is compact set for all r.by the extension principle, we have 

( ) inf ( ) min ( )
y x

l

y xf x f y f y
 

    

( ) sup ( ) max ( )
y x

u

y xf x f y f y
 

    

Then 

( ) max ( ) ( )
y x

b b
u

a a
f x dx f y dx g


 


    

( ) min ( ) ( )
y x

b b
l

a a
f x dx f y dx h


 


    

Let [ ( ), ( )]A g h   , membership function of ( )
b

a
f x dx is 

0 10 1( ) sup 1 ( ) max 1 ( ) max{ :0 1, }A Ar r r r A
     

         

( ) maxr   

( ) ( )g r h    

0 1   

Now, we solve nonlinear programming[7]. 
 
5. Monte Carlo approach to simulate of fuzzy Riemann integral 

Let U be a U(0, 1) random variable. We set ( )X f U . Then ( )l lX f U  and 

( )u uX f U   
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are random variables for all [0,1] since uf   and lf  are measurable functions for all α 

∈[0, 1], we conclude that ( )X f U  is a fuzzy random variable .Let {Un}be a sequence 

of independent U(0, 1)  random variables. From [6],we see that   nf U are independent 

and identically distributed fuzzy random variables. From the strong law of large 
numbers for 
random variables, we have 

1 1

1 2
0 0

1
( ( ) ( ) ... ( )) ( ( )) ( ) ( ( ) )l l l l l l

nf U f U f U E f U f x dx f x dx
n

             

1 1

1 2
0 0

1
( ( ) ( ) ... ( )) ( ( )) ( ) ( ( ) )u u u u u u

nf U f U f U E f U f x dx f x dx
n

             

with probability one. Therefore, from Theorem 1, we have 
1

1 1 2
0{ }

1 ( ( ) ( ) ... ( )) ( ( )) ( )n

n

f U f U f U E f U f x dx       . 

with probability one. Hence we can generate a large number of random numbers { iU } 

and take 1 1 2
{ }

1 ( ( ) ( ) ... ( ))n

n

f U f U f U     as the approximation of the fuzzy Riemann 

integral 
1

0
( )f x dx .This approach to approximating the fuzzy Riemann integrals is called 

the Monte Carlo approach.(MC) 
Let f˜ be a closed fuzzy-valued measurable function defined on[a, b],and let f˜ be fuzzy 
Riemann-integrable on [a, b]. We consider to simulate with MC the fuzzy Riemann 

integral ( )
b

a
f x dx ,we have  ( ) [ ( ) , ( ) ]

b b b
l u

a a a
f x dx f x dx f x dx 



    

 
1

0
( ) ( )

b
l l

a
f x dx g x dx   and 

1

0
( ) ( )

b
u u

a
f x dx g x dx    

That ( ) ( ) ( ( ) )l lg x b a f a b a x     and ( ) ( ) ( ( ) )u ug x b a f a b a x      From the strong 

law of large numbers for random variables, we have  

 1( ( ( ) ) ... ( ( ) )) ( )
u

b
u u

n
a

b a
f a b a U f a b a U f x dx

n
 




         

 1( ( ( ) ) ... ( ( ) )) ( )
l

b
l l

n
a

b a
f a b a U f a b a U f x dx

n
 




         

1
{ }

1 ( ( ( ) ) ... ( ( ) ) ( )
b

b a n
a

n

f a b a U f a b a U f x dx          . 

Let f˜ be a closed fuzzy-valued measurable function defined on[a, b], and let f˜ be fuzzy 
Riemann-integrable on [a,  ]. We consider to simulate with MC the fuzzy Riemann 
integral 

1

0
( ) ( )u u

a
f x dx g x dx 



  and 
1

0
( ) ( )l l

a
f x dx g x dx 



  then 

2

1
( ( 1))

( )

l

l

f a
xg x

x





 

  and 
2

1
( ( 1))

( )

u

u

f a
xg x

x





 

  

 1

2 2
1

1 1
( ( 1)) ( ( 1))

1
( ... ) ( )

u u

u
n

a
n

f a f a
U U

f x dx
n U U
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 1

2 2
1

1 1
( ( 1)) ( ( 1))

1
( ... ) ( )

l l

l
n

a
n

f a f a
U U

f x dx
n U U

 




   

     with probability one. 

2 2
1

1 1 1
{ } { } { }

1

1 1
1 ( 1 ( ( 1)) ... 1 ( ( 1)) ( )

n

a
nn U U

f a f a f x dx
U U

      
                        

  with 

probability one. Hence we can generate a large number of random numbers{ iU }  and 

take 

2 2
1

1 1 1
{ } { } { }

1

1 1
1 ( 1 ( ( 1)) ... 1 ( ( 1))

n
nn U U

f a f a
U U

      
                       

as the approximation of 

the improper fuzzy Riemann integral ( )
a

f x dx


 . 

The improper fuzzy Riemann integrals ( )
b

f x dx
 and ( )f x dx



  can also be evaluated 

similarly using the Monte Carlo method. 

Let ( )f x  be a closed and bounded fuzzy-valued function on[a, b]. Suppose that lf  and
uf   

are continuous on [a, b] for all [0,1] ; then, we have generated a sequence of random 

numbers{ iU }.Let 

1 1[ ( ( ( ) ) ... ( ( ) ), ( ( ( ) ) ... ( ( ) )] [ ( ), ( )]l l u u

n n

b a b a
A f a b a U f a b a U f a b a U f a b a U g h

n n
      

 
               

( , )ny a b 
1

{ }
1 ( ( ( ) ) ... ( ( ) ))b a n

n

f a b a U f a b a U         

( , ) 0 1sup .1 max
ny a b A      

                                                                                                    ( ) ( )g r h    

                                                                                        0 1   

Example 

Let ( ) ( ) (2 ) 1f x x x x      be a closed fuzzy-valued function, where x  = ( x –1, x, x + 

1) 
Is positive triangular fuzzy numbers [1] and x ≥ 1 . Then we want to evaluate the fuzzy 

Riemann integral
3

1
( )f x dx . First of all, according to fuzzy arithmetic, we have 

2 2( ) 2 (3 1) ( )lf x x x x                          (1) 

And 
2 2( ) 2 (3 7) ( 5 6)uf x x x x                    (2) 

with MC approach[6], 

2 14
( ) 4 10

3
g       and 

2( ) 4 26h     ,we have 

3
2

1

56
(1) (1) ( 2 1)

3
h g x x dx      

By  solving methods of system [6],we have down table. 
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μ r  r 

0.786131 15.000 

0.846624 16.000 

0.905419 17.000 

0.962653 18.000 

1.000000 18.666 

0.981557 19.000 

0.927106 20.000 

0.873903 21.000 

 

Then, the fuzzy Riemann integral is about 
56

3
. 

Instead of using of up computing, in (1-2),we applied partition of  generating function of 

random numbers' RAND' in MATLAB we take exactly(
56

3
 ) amount of this integral. 
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