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Abstract

In this work, by employing the Guo-Krasnoselskii fixed point theorem, we study the existence
of positive solutions to the third-order two-point non-homogeneous boundary value problem

u"(t) = a(t) f(t,v(t)),
=" (t) = b(t)h(t, u(t)),
u(0) = u'(0) = 0,au’(1) + Bu” (1) = 0,
v(0) = v'(0) = 0,0’ (1) + A" (1) = 0,

where a > 0 and 8 > 0 with « + 8 > 0 are constant.

Keywords: Positive solution, Two-point boundary value problem, Fixed point theorem.

1 Introduction

Third-order differential equations arise in a variety of different areas of applied mathematics and
physics. Recently, the boundary value problems of third-order differential equations have received
much attention. One may see Anderson [1], Anderson and Davis [2], Bai [3], Boucherif and Al-Malki
[4], Graef and Yang [5], Grossinho and Minhos [6], Sun [13], Yao [14] and Yu et al. [15], and the
references therein for related results. For example, in [1], Anderson obtained some existence results
for positive solutions for the following BVP

) = fhalt) b <t<ty 1)
z(t;) = 2'(t2) =0, ya(t3) + oz (t3) = 0, (2)
by using the well-know Guo-Krasnoselshkii and Leggett-Willilams fixed point theorems [7, 10, 11].
In [13], Sun by the Guo-Krasnoselshkii fixed point theorem [7, 10] established various results on the

existence of single and multiple positive solutions to some third-order differential equation satisfying
the following three-point boundary conditions:

z(0) = 2'(n) = 2"(1) =0,
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where 1) € [$,1). In [8], Guo et al. obtained some existence results for at least one positive solution
for the following BVP

W)+ a(t)f(ult) =0 0<t<l1 (3)
u(0) = '(0)=0, u'(1) = au”(n), (4)

where 0 < 7 < land 1 < a < 1 . In [9], Ling Hu et al. established result on the existence and
multiplicity of positive solution for the following BVP:

—u”(t) = f(z,v),

—v"'(t) = gz, u),
cu(0) — B (0) = 0,yu(1) + ou'(1) = 0,
aw(0) — v’ (0) = 0,yv(1) + o0’ (1) =0

In [12], Li Yunhong et al. considered the existence of positive solutions for the following BVP:

Motivated greatly by the above-mentioned excellent works, in this paper we will consider the exis-

tence of positive solutions for the following nonlinear third- order two-point boundary value problem

—u"(t) = a(t) f(t,v(t))
—v"'(t) = b(t)h(t, u(t)), (5)

u(0) = '(0) = 0,00/(1) + Bu”(1) = 0,

(0) = v'(0) = 0,a0’(1) + Bv" (1) = 0,

where o > 0 and 8 > 0 with a + 8 > 0 are constant.

Here, by a positive solution v* of BVP (5) we mean a solution u* of BVP (5) which satisfies u* > 0,

0 <t < 1. We give the following assumptions:

(H1) a,b:[0,1] — [0, 00) is continuous and

0 < /15(1—afﬁ>a(s)ds<oo,
0

0 < /ls(l — ao_fﬁ)b(s)ds < 00.
0

(H2) f,h:[0,1] x [0,00) — [0, 00) is continuous.
Also, throughout this paper, C[0, 1] be the Banach space with norm ||u|| = maxo<¢<1 |u| and

<

at?(1—s) Bt*
+ t<s
o 2(a+pB 2(a+p)”’ -
G(t,s) = { atg(l §> (Btz ) _ (=9 <t ©
2(afB) T 2(ath) 2 0 %=

Inspired and motivated by the works mentioned above, in this work we will consider the existence
or nonexistence of positive solutions to BVP (5). We shall first give a new form of the solution,
and then determine the properties of the Green’s function for associated linear boundary value
problems; finally, by employing the Guo-Krasnoselskii fixed point theorem, some sufficient conditions
guaranteeing the existence of a positive solution. The rest of the article is organized as follows: in
Section 2, we present some preliminaries and the Guo-Krasnoselskii fixed point theorem that will be
used in Section 3. The main results and proofs will be given in Section 3. Finally, in Section 4, an
example is given to demonstrate the application of our main result.
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2 Preliminaries

In this section, we present some notation and preliminary lemmas that will be used in the proofs of
the main results.

Definition 1. Let X be a real Banach space. A non-empty closed set P C X is called a cone of X
if it satisfies the following conditions:

(1) x € P,y > 0 implies px € P,

(2) x € P,—x € P implies x = 0.

Lemma 1. Let u,v € CT[0,1] := {u € C[0,1],u(t) > 0,t € [0,1]}, then the unique solution of the
BVP (5) is given by

1
ut) = [ Gltal)f(s 05 7)
0
1
o)) = [ Gltspsnts,uls)ds, s)
0
where
at?(1—s) B>
Glt,s) = oD T 2agp) b=s
’ at®(1—s) Bt (t—s)? <t
2(at+B) | 2(ath) z 5%

Proof. In fact, if u(t) is a solution of the BVP (5), then we may suppose that

u(t) = —%/0 (t — $)2a(s)f (£, v(s))ds + AL + Bt + C.

By the boundary conditions (5), we get B = C = 0 and

(67

= 5/ 1A 1 —s)a(s)f(s,v(s))ds L 1as s v(s))ds
A‘g(a+5)/0(1 )()f(v())d+2(a+5)/0 (5)f (s, v(s))ds.

Therefore, BVP (5) has a unique solution

I at? !
u(t) = —5/0 (t —s)2a(s)f(s,v(s))ds + m/o (1 =9)a(s)f(s,v(s))ds
BtQ 1
g | e
Similarly, we also obtain (8). The proof is complete. O

We need some properties of the function G in order to discuss the existence of positive solutions.
For convenience, we define

g(s):s(l— acfﬁ) s € [0,1]. (9)

Lemma 2. For any (t,s) € [0,1] x [0, 1], we have

0 < G(t,s) <g(s).

10
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Proof. First, we will show that G(¢,s) > 0 for any (¢,s) € [0,1] x [0,1]. Since it is obvious in case
0 <t<s<1, weonly need to prove the case 0 < s <t < 1. Now we suppose that 0 < s <t < 1.
Then
201 2 a2
Glts) — at?(1 —s) Ot _(t=s)
20@+p8)  2a+pP) 2
1 2 2 2
= - 1— — _
e L A CR G
= m[at% —ats + a(s® — ts) — fts + B(s* — ts)]
= m[ats(l —t)+as(t—s)+ Bts+ Bs(t —s)] > 0. (10)
Next, we will prove that G(¢,s) < g(s) for any (¢, s) € [0,1] x [0, 1].
In fact, for any fixed s € [0,1], it easy to see that
at(l—s) Bt
Git.s) = (@B T @t t=s
t(t,s) at(l—s) Bt <
@rp T arp (=9, sst
If t < s, then
at(l —s) Bt as as
Gy(t,s) = —t(1- 2 ) <s(1-
=g tarp (U are) <0 avs) <o
If s < t, then
at(l —s) Ot
Gi(t,s) = + —(t—s
B BT
1
= a+ﬁ[as(1 —t)+ 3]
at
o 8( a + B)
as
< 1-—
- S( o+ B)
= 9(s)
Therefore,
Gy(t,s) < g(s) (t,s) € [0,1] x [0,1].
Then, for any (¢,s) € [0, 1] x [0, 1] we have
t t
G(t,s) = / G, (1,s)dr < / g(s)dr =tg(s) < g(s).
0 0
So, we have the conclusion. O

Lemma 3. For any (t,s) € [1,1] x [0, 1], we have

v9(s) < G(t, s),

where v = 72, and T satisfies f: g(s)a

B
2(a+p)

11

(s)ds > 0.
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Proof. If s = 0, then by Lemma 2, the result follows. Now suppose (t,s) € [r,1] x (0,1]. Then for
T<t<s<1,by (3), we have

at?(1—s) Bt? at?(1—s) Bt?
Glt,s) _ ) R ) S e R e RO U ) S i Y
2905)  Ls(1-2) T (1-2y) 0 @+ (@kf) T (e+h)
On the other hand, for 0 < s <¢ <1, by (10) we have
[Bts Bt3s
G(t,s) > > . 11
) 2 3 B) 2 Aat B) ()
Also by (6) and (11), we have
Bts Bt’s
Gt,s) _ _ Hatm o _ Tath) B
1 T - as + ’
29(s) 1 ( a+5) (1 m) (a+B)
Thus
LI ) <Gl Vts) € (1) x (0.1
= s , 8 , S T, ,1].
2 (a+ ﬁ)g -
Therefore,
1 Br?
— < 1 1].
S <G (ks €[] (0.1]
Hence, we have the result. O]

Lemma 4. IFu € CT|0,1], then the unique solution u(t) of the BVP (5) is nonnegative and satisfies
mingepr,y u(t) = ylul.

Proof. Tt is obvious that u(t) is nonnegative. For ¢ € [0, 1], by Lemma 2, it follows that

u(t) /0 G(t,s)a(s)f(s,v(s))ds

IN

1
/ g(s)a(s) f(s,v(s))ds,

0

and therefore,

Jull < / a(s)a(s)f (s, v(s))ds.

On the other hand, for any ¢ € [, 1], from (7) and Lemma we obtain that

u(t) = / G(t,s)a ,v(s))ds
> [ o(5)a(s) s, o).
0
Hence,
i t) > .
in u( ) = llull
Then, we achieve the desired result. 0

12
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Denote

P = {ue CH0, 1 minu(t)erry > 7lull}-

It is obvious that P is cone.
Define the operator T} and T5 as follows

Tyu(t) = /OG(t,s)a(s)f(&v(s))ds7 (12)

Tyo(t) = /0 G(t, 5)b()h(s, u(s))ds (13)

for ¢t € [0, 1], it can be shown that T; : P — X := C[0,1] and T : P — X are continuous.
Lemma 5. The operator defined in (12) is completely continuous and satisfies Ty (P) C P.

Proof. The operator defined in (12) by an application of the Ascoli-Arzela theorem, is completely
continuous and by Lemma 4, we know that T3 (P) C P. O

Our approach is based on the following Guo-Krasnoselskii fixed point theorem of cone expansion-
compression type [10].

Theorem 1. Let X be a Banach space and P C X a cone in E. Assume Q1 and Qo are open subsets
of X with 0 € Q and Q; C Qy. Let T : P((Q2\Q1) — P be a completely continuous operator. In
addition suppose either

(A) |Tu| < ||u|l, Yu e PNOQ and ||Tul| > |jull, Yu € PN Oy or

(B) |Tu|l > ||ull, Yu € PN and | Tu|| < ||lull, Vu € PN Qs

holds. Then T has a fized point in P ((Q2\).

3 Main results

In this section, we discuss the existence of a positive solution of BVP (5). We give the following
assumptions:

t h(t
(A7) lim sup 1(t,v) =0, lim sup (t,w) =0,
v—ot t€[0,1] v u—so™t te[0,1] u
(A2) lim inf 1) =00, lim inf ht, u) = 00,
v—00 te[0,1] v u—o0 t€[0,1] U
t
(A3) lim inf 1) = 00, lim inf At w) = o0,
v—o™t t€[0,1] v u—ot t€[0,1] u
t h(t
(A4) lim sup 1(t,v) =0, lim sup hit, w) =0.
V7 ¢efo,1] Y U=0¢ec0,1] U

We will show BVP (5) has at least one positive solution when (A1) and (A2) or (A3) and (A4) are
satisfied.

Theorem 2. Assume (A1) and (A2) or (A3) and (A4) are satisfied, then BVP (5) has at least one
positive solution.

Proof. We divide the proof into two steps.
Step 1. Assume that (Al) and (A2) hold. Since (A1) holds, for € > 0, there exists 1 > R; > 0 such

13
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that f(t,v) < ev, h(t,u) < eu, for each (t,v) € [0,1] x [0, R1] and (¢,u) € [0,1] x [0, Rq].
Set Oy = {u € C[0,1] : ||u|]| < R1} and let € satisfies

max { /01 g(s)a(s)ds, /01 g(s)b(s)ds} ce< 1. (14)

Then, for any v € P N 9JQy, from Lemma 2 and Lemma 5 and using (14) we have

Tyu(t) = /OG(t,s)a(s)f(s,v(s))ds

IN

[ seratsrentsas

IA

1 1
e/ g(s)a(s)/ G(s,7)b(r)h(r, u(r))drds
0 0

IN

el | as)als)as: / g(r)b(r)dr

IA
=

which implies that
IThw| < |lul for ue PNowQy. (15)
On the other hand, since (A2) holds, for p > 0, there exists Re > Ry such that f(t,v) > pv, h(t,u) >

pu, for (t,v) € [0,1] X [yRa,00), (t,u) € [0,1] X [YR2,00). Set Qs = {u € C[0,1] : ||ul]| < R} and let
p satisfies

2 [ galds- [ glspis)ds > 1. (19)

For any u € PN dQy, by Lemma 4 one has miny¢[, 1) u(t) > v[Jul| = yR2. Thus, from (12) and (16)
we can conclude that

Tou(t) = /O G(t, 5)a(s) f (£, v(s))ds

Y

o / o(s)a(s)v(s)ds

Y

1 1
o1 [ as)as) [ Glorbirhiru(r)drds

Y

()2 / g(s)a(s)ds / o(r)b(ru(r)dr

v

(P7)27||U||/ g(S)G(S)dS-/ g(r)b(r)dr

[[ull,

v

and thus
| Tyul| > [|ull for uw € PN oQ,. (17)

Therefore, by (15), (17) and the first part of Theorem 1 we know that the operator 77 has a fixed
point in P((Q2\Q). Similarity, it can be proven that T5 has a fixed point in P()(Q22\Q1).

14
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Step 2. Assume that (A3) and (A4) hold. Since (A3) holds, for A > 0, there exists Rz > 0 such
that f(t,v) > Av, h(t,u) > Au, for (t,v) € [0,1] x [0, R3], (t,u) € [0, 1] x [0, R3], where A satisfies
1 1
(49 [ as)a)ds- [ glsipls)s > 1 (18)

T

So, for any u € P with ||u|| = R3, we have

Thu(t) = /OG(t,s)a(s)f(s,v(s))ds

Y

A’y/ g(s)a(s)v(s)ds

Y

1 1
A’y/ g(s)a(s)/ G(s,m)b(r)h(r, u(r))drds

Y

mﬁ/mm@w/mmmww

1 1

g(s)a(s)ds'/ g(r)b(r)dr

T T

%
=
2

no
=2
=

> ull;
and consequently, ||Thul|| > |jul|. So, if we set Q3 = {u € P : ||u|]| < Rs}, then

1Ty ul|l > Jjull for u e PNoNs. (19)
Now consider the assumption (A4) and consider four cases:

Case(i). Suppose f,h are bounded, say f(¢t,v) < M, h(t,u) < M for all u,v € [0,00). In this case
we choose

1 1
Ry = max{2R3,M . max{/ g(s)a(s)ds,/ g(s)b(s)ds}},
0 0
so that for any u € P with ||u|| = R4, we have

Tyu(t) = /0 G(t,s)a(s)f(s,v(s))ds < M/o g(s)a(s)ds < Ry.

So, [|[Thul| < ||ul|. Similarly, we also obtain ||Txv|| < ||v|| for any v € P with ||v|| = R4.
Case(ii). Suppose f is bounded and & is unbounded, say f(t,v) < M for all v € [0, 00). Now, since

limy, oo SUPyefo,1) h(’;’u) = 0, there exists Ry > 0 such that
h(t,u) < pu for u € [Ry, 00),

where p > 0 satisfies

1
u-/ g(s)b(s)ds < 1.
0
If define
a(r) = max{h(t,u) : £ € [0,1],0 < w < 1},
we have that

Jim a(7) = oo

15
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Let R4y = max {2R3, Ry, M - fol g(s)a(s)ds} and be such that
q(r) < q(Ry) < pRy for r € [0, R4].
(We are able to do this since ¢ is unbounded.) For v € P with |ju| = R4, we have

1
Tyu(t) = /OG(t,s)a(s)f(t,v(s))ds

1

0
Thus, |[T1u| < ||u||. for any v € P with ||v|| = R4

1
Tov(t) = /()G(t,s)b(s)h(t,u(s))ds
< [ aouearos

1
< ,uR4/ g(s)b(s)ds < Ry.
0

So, [|Tzv[| < lv]l.
Case(iil). Suppose f is unbounded and h is bounded. This case similar to be case (ii).
Case(iv). Suppose f and h are unbounded, by assumption (Ay), there exists Ry > 0 such that

f(tv) < po bt u) < pu for u,v € [Ry, 00),

where p > 0 satisfies

e maux{/o1 g(s)a(s)ds,/o1 g(s)b(s)ds} <1.

We can therefore choose

R4 = max {2R3, Ry, M - max { /01 g(s)a(s)ds, /01 g(s)b(s)ds}}

So, or any u,v € P and |ju| = Ra,||v|]| = R4,t € [0,1], we can obtain ||Tiul| < |jull, |T2v]| < ||v]-
Therefore, in either case we may put Q4 = {u € P : |Ju|]| < R4}; then

1T wll < |lu|l, [|Tov] < |v] for u,v € PN 0oQy.

Thus, by the second part of Theorem 1 we know that the operator T; has a fixed point in P N(Q24\Q3).
Similarity, it can be proven that T, has a fixed point in P ()(Q24\3). Therefore the BVP (5) has at
least one positive solution. Hence, we have the conclusion. O

4 Application

Example 3. Consider the following boundary value problem system:

—u"(t) = = (*(1)),

—"(t) = t\/ift (u(t)\/u(t)| 1nu(t)|), (20)
w(0) = w/(0) = 0,4/(1) + u"(1) = 0,

v(0) ='(0) = 0,v'(1) +v"(1) =0,

16
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where

a(t) = bt)= : a=p=1,

fltu(t) = (), h(t, u(t)) = u(t)v/u(t)] Inu(t)].

It is not difficult to verify that

0 </0 g(s)a(s)ds = /0 g(8)b(s)ds = 4 < o0,

t h(t
hm Sup M — 07 hm Sup ( ,'LL) — 0’
v—ot te[0,1] v u—ot te[0,1] U

t h(t
lim inf f(t,v) = o9, lim inf () = 00.
v—o0tel0,1] v u—oote0,1] U

Then by Theorem 2, system (20) has at least one positive solution.
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