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Abstract 

In this paper, we solve nonlinear system of Fredholm-Volterra integro-differential equations 

by using discrete collocation method. These types of systems of integral equations are 

important and they can be used in engineering and some of the applied sciences such as 

population dynamics, reaction-diffusion in small cells and models of epidemic diffusion. Also 

these equations with convolution kernel can be solved by discrete collocation method. By the 

above mentioned method we approximate solution of equation by no smooth piecewise 

polynomials, for validity and ability the method we solve some examples with high accuracy. 

  

1. Introduction 

At first we introduce some of methods for solving integral equations and integro-differential 

equations. In [1, 6] authors used from numerical methods for solving Fredholm integral 

equations also in [8] Fredholm integro-differential was solved by wavelet Petrov-Galerkin 

method. One application of the above equation is in chemical absorption kinetics, see [5]. Also 

in [3, 7] some of results about solving Volterra integral equations are presented. Semi 

orthogonal spline wavelets and spline are used for solving integro-differential equation 

respectively in [2, 4]. Consider the system of nonlinear Fredholm-Volterra integro-differential 

equations with convolution kernel, 
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where ( ),rp t ( )rq t  for 0,1, , 1,r m   and ( , )ik t   for 1, ,4i    and ( )sf t  for 1,2s   are 

known functions  and 1 2( ), ( )y y   are unknown that must be determined. ( ( ))i iG y   for 

1,... ,4i   are nonlinear respect to )(,)( 21  yy . For approximating of ( ), 1, 2sy t s   we use 

Lagrange polynomial interpolation obtained by no smooth piecewise polynomial space, so we 

introduce mesh hI on [0, ],  
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to simplicity we choose T=1 and we begin to use Lagrange interpolation with                      
  

),( ,, insi yc  points for 0,1,...,n  ( 1),N 1,2s   and 0,1,i m  , to find 
, ( )s nu t  in (2) where insy ,,  

is an approximation )( ,ins ty  and mici ,...,1,   are m -points Gauss as collocation parameters 

that can be obtained by roots of Legendre polynomial on ]1,0[ , we give Gauss’s points in the 

case of 4m ,
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 (4) 

and also, 14 c can be introduced as an end- point of ],1,0[  also mesh points follow that,  

, , 1,..., , 0,1,..., ( 1).n i n it t c h i m n N       

By considering of interpolation we can write 
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, , ,( ) , 1,..., , 0,1,..., ( 1), 1,2.s n i s n iu t y i m n N s      (5) 

and, 

, , ,

1

( ) ( ) , [0,1], 1,2, 0,1, ( 1) ,
m

s n n i s n i
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u t h L y s n N  


                                                (6)   

where ( ), 1,2,...,iL i m   are Legendre polynomials. 

Assume htn   , so ],( 1 nn tt , in this way ( ) , 1,2su s   will be restricted to subintervals 

such as ],( 1nn tt . 

According the above process now, nonlinear system (1) can be converted the following form: 
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Also the discrete form of system )1( , is given by, 
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We use Eqs.(2-7) for obtaining of Eqs.(8-11), so we have 
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where 2,1,)( su s   is given in )3( . We compute 
,1 ,( )n n iF t  and )( ,2, inn tF ; 0,1, ,n    ( 1),N 

and 1,2, ,i m   by )12( such that they can use for obtaining ,
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By substituting )( ,1, inn tF and )( ,2, inn tF for miNn ,...,2,1,)1(,1,0    in (14) we obtain 

,

, ,s n iy S  by the following system: 
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Considering of the above formulations, at first by solving algebraic system (17), we find 
,

,, insy

S, ,,...,2,1 mi  2,1,)1(,...,1,0  sNn , then by )18( , )(, psu , 2,1,)1(,...,1,  sNp  can be 

found and finally 2,1,)( stus  
is give by (2) as an approximation of 2,1,)( stys .  

 

3. Numerical results 

In this section, for validity and ability of proposed method we solve two examples of nonlinear 

system of Fredholm-Volterra integro-differential equations 

 

Example 1. 

Consider nonlinear system of Fredholm-Volterra integro-differential equations system with 

convolution kernel as follows, 
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For 
1

4, , 1,
2

m h T   we use Eqs.(15-18) in the discrete collocation method that the 

interpolation is interdicted the following form, 
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Absolute error in some points is show in table1. 
Table1. Numerical results for example 1. 

it  211 )()( tytu   
222 )()( tytu   

0 2.0×10-10
 3.9×10-11

 
0.1 2.0×10-10

 3.4×10-11
 

0.2 2.1×10-10
 2.9×10-11

 
0.3 2.2×10-10

 2.5×10-11
 

0.4 2.3×10-10
 2.0×10-11

 
0.5 2.5×10-10

 1.6×10-11
 

0.6 2.0×10-11
 9.7×10-11

 
0.7 2.8×10-11

 8.8×10-11
 

0.8 3.6×10-11
 8.0×10-11

 
0.9 4.4×10-11

 7.1×10-11
 

1 5.4×10-11
 6.1×10-11

 
 

From the numerical results are shown in the table 1, we conclude, that the proposed method 

has a high accuracy. 

 

Example 2. 

Consider the following nonlinear system of Fredholm-Volterra integro-differential equations, 
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discrete collocation method and by using )1815(  , the interpolation )(1 tu  and )(2 tu can be 

introduced by,  
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 absolute errors in some points are given in table 2 .  

 
Table 2 . Numerical results for example 2 

it  211 )()( tytu   
222 )()( tytu   

0 1.3×10-11
 7.2×10-11

 
0.1 1.3×10-11

 3.9×10-11
 

0.2 1.3×10-11
 5.4×10-12

 
0.3 1.3×10-11

 2.8×10-11
 

0.4 1.3×10-11
 6.1×10-11

 
0.5 1.3×10-11

 9.3×10-11
 

0.6 1.5×10-11
 1.2×10-10

 
0.7 1.0×10-11

 6.6×10-11
 

0.8 7.6×10-12
 9.2×10-12

 
0.9 5.2×10-12

 4.7×10-11
 

1 3.2×10-12
 1.0×10-10

 
 

By considering numerical results in the table 2, we have concluded that the discrete 

collocation method has a high accuracy and it can be used for other nonlinear problems. 

 

4. Conclusion 

In this paper, we have used discrete collocation method for solving system of non-linear 

Fredholm-Volterra integro-differential equation. By using this method we have reached high 

accuracy that numerical results have shown that our claim is right. 
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