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Abstract

Using the technique of Brown and Wu [11], we present a note on the paper [22] by Wu.
Indeed, we extend the multiplicity results for a class of semilinear problems to the quasilinear

elliptic problems with singular weights of the form:

—div(|z| =% |VulP~2Vu) = \ |z|~@+brte f(2) jul2u 2 € Q,
|vu|p72g_:: — |x|—(a+1)p+cg(gj) |u|r72u e 0.

Here 0 < a < %, ¢ is a positive parameter, 1 < ¢ < p <71 < px (px = A’;—J_Vp if N > p,
px = oo if N < p), Q C RY is a bounded domain with smooth boundary, a% is the outer
normal derivative, A € R\ {0}, and f(x), g(z) are continuous functions which change sign

in Q.
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1 Introduction

The aim of this paper is to prove some existence and multiplicity results of nontrivial

nonnegative solutions to the quasilinear elliptic problems:

(1)

—div(|x|~% |Vu[P~2Vu) = A |z|~@rrte f(2) jul|t2u 2z € Q,
|Vu[P=22% = |z|~(@+Dpte g () [u]~2u r € 0N

where 0 < a < %, ¢ is a positive parameter, 1 < g < p < r < p* (px = ﬁ—l_vp it N > p,

px = oo if N < p), Q € RY is a bounded domain with smooth boundary, a_an is the outer

normal derivative, A € R\ {0}, and f(z), g(x) are are satisfying the following assumptions:

(H1) f(z) € C(Q) with [[f[lec = 1;
(H2) g(z) € C(09) with ||g]| = 1.

For the regular case, that is, when a = 0 and ¢ = p this problem arise in some physical
models like the flow of non-Newtonian fluids: pseudo-plastic fluids correspond to p € (1,2)
while dilatant fluids correspond to p > 2. The case p = 2 expresses Newtonian fluids [5]. On
the other hand, quasilinear elliptic problems like (1) appears naturally in several branches of
pure and applied mathematics, such as the study of optimal constants for the Sobolev trace
embedding (see [13,17,18,19]); the theory of quasiregular and quasiconformal mappings in
Riemannian manifolds with boundary (see [16, 20]); non-Newtonian fluids, reaction diffusion

problems, flow through porus media, nonlinear elasticity, glaciology, etc. (see [4,5,6,14]).

The motivation for our investigation is the case a = 0 and ¢ = p = 2( linear operator)
that was studied by Wu [22]. In the recent paper, Brown and Wu [11] studied the multiplicity
results of nontrivial nonnegative solutions for a semilinear elliptic system. Here we focus on
further extending the study in [11] for the quasilinear elliptic problem involving the singular
weights. Due to this singularity in the weights, the extensions are challenging and nontrivial.
Indeed, motivated by [22], and using recent ideas from [11], we shall stablish the existence

and multiplicity results for problem (1). In the case when ¢ = 0 and ¢ = p = 2 similar

263



S.H. Rasouli, K. Fallah/ TIMCS Vol .3 No.2 (2011) 262 - 277

problems (with Dirichlet or Neuman boundary condition ) have been studied by Drabek
et al. [7,8], Ambrosetti-Brezis-Cerami [2] using variational methods and by Amman and
Lopez-Gomez [3] by using global bifurcation theory.

In recent years, several authors use the Nehari manifold to solve semilinear and quasi-
linear problems ( see [1,9,10,11,21,21,23,24] ). Brown and Zhang [12] have studied a
subcritical semilinear elliptic equation with a sign-changing weight function and a bifurca-
tion real parameter in the case a = 0 and ¢ = p = 2 and Dirichlet boundary conditions.
Exploiting the relationship between the Nehari manifold and fibering maps (i.e., maps of
the form ¢ — Jy(tu) where J, is the Euler function associated with the equation), they
gave an interesting explanation of the well-known bifurcation result. In fact, the nature of
the Nehari manifold changes as the parameter A crosses the bifurcation value. In this work,
we give a variational method which is similar to the fibering method ( see [15] or [9,12] )
to prove the existence of at least two nontrivial nonnegative solutions of problem (1). In
particular, by using the method of [11], we do this without the extraction of the Plais-Smale
sequences in the Nehari manifold as in [1, 22].

This paper is divided into three sections, organized as follows. In section 2, we give
some notation, preliminaries, properties of the Nehari manifold and set up the variational

framework of the problem. In section 3, we give our main result.

2 Variational setting

Now, we are setting some spaces and their norms. If @ € R and [ > 1, we define
LY, |x]%) as being the subspace of L!(2), of the Lebesgue measurable functions u : Q — R,

1
T
o = ([ laflaf)” < oc.

If1,p< N and —oc0o <a < %’, we define W = W, (€, |z|~%), the completion of C5°(€),
with respect to the norm

satisfying

Jull = ( / 2| |Vl da).

Throughout this paper, we set C and C be the best Sobolev and the best Sobolev
trace constants for the embedding of Wy (€, |z|~%) in L(Q, |z|=%) and WP (Q, |z|)
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in L7(09, |x|~), respectively. First we give the definition of the weak solution of (1).

Definition 2.1. We say that u € W is a weak solution to (1) if for any v € W with

v > 0 we have
/(|Vu|p2 |z|~" Vu.Vo)de = A\ / ||~ @FIPEe () Ju|? 2w da
Q 0

+ / ||~ @FDPre (1) Ju| 2w v ds.
o0

It is clear that Problem (1) has a variational structure. Let I : W — R be the corresponding
energy functional of problem (1) is defined by

1 A 1
Iy(u)=—-M(u) — —A(u) — — B(u),
() = 5 M(w) — 2 A(w) - 1 B
where
M) = [ (FuP el 7)o, Aw) = [ o] @0 fa) fufds
Q Q
and
Bl = [ ol @0 g(a) ul” ds.
)9)

It is well known the weak solutions of equation (1) are the critical points of the energy
functional I,. Let J be the energy functional associated with an elliptic problem on a
Banach space X. If J is bounded below and J has a minimizer on X, then this minimizer
is a critical point of J. So, it is a solution of the corresponding elliptic problem. However,
the energy functional Iy, is not bounded below on the whole space W, but is bounded on an
appropriate subset, and a minimizer on this set (if it exists) gives rise to solution to (1).
Consider the Nehari minimization problem for A € R\ {0},

ay = inf {I\(u) : ue N},
where N, = {u € W\{0} : (I{(u),u) = 0}. It is easy to see that u € N, if and only if

M(u) — A A(u) = B(u). (2)
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Note that N, contains every nonzero solution of problem (1).
Define

O (u) = (I3(u), u).
Then for u € Ny,

(Ph(u),u) =pM(u) = AgA(u) — r B(u) (3)
=A(p—q)Au) — (r—p) B(u) (4)
= —q)M(u) = (r—q) B(u) (5)
=(—r)M(u)— Ag—r)Au). (6)

Now, we split AV, into three parts:
Ny ={u e Ny : (P} (u),u) > 0},
0= {u € Ny : () (u),u) = 0),
Ny ={u € Ny : (P} (u),u) <0}

To state our main result, we now present some important properties of Ny, N2, and N .

Lemma 2.2. There exists A\ > 0 such that for 0 < A < )\, we have N? = ().

P—g

Proof. Suppose otherwise, thus for \g = [(TE‘;%)T] o [E::zg iq}, there exists A € (0, o)
such that NY # (). Then for u € N we have
0= (@\(u),u) = (p—r) M(u) + A(r — q)A(u) (7)
=@ —q) M(u)+ (¢ —7)B(u). (8)
By the Sobolev imbedding theorem,
Alu) < [ull§ < CJullfy, (9)
and
B(u) < |lull; < C"|ulfy- (10)

By using (9) — (10) in (7) — (8) we get

Julh < (=L o),
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and

1

(p—q) \rs
(T—Q)5r> '

lullw > (

This imoplies A > \g, which is a contradiction. Thus, we can conclude that there exists Ay >
0 such that for 0 < XA < \g, we have N? = ().

By (4) and (6), It is easy to see that the following lemma holds. We omit the straight forward
details.

Lemma 2.3. We have
(i) If uw € Nyf, then A(u) > 0;

(ii) If uw € Ny, then B(u) > 0.

By Lemma 2.2, for 0 < A < A\g we write N} = N UN; and define

ay = inf Iy(u); ay (Q) = inf I (u).

ueN ueNy

Also, as proved in Binding, Drabek and Huang [8] or in Brown and Zhang [12], we have the

following lemma.

Lemma 2.4. Suppose that wug is a local minimizer for Iy on N,. Then, if uy € N, /{), Up

is a critical point of I}.
Then we have the following result.
Lemma 2.5. I, is coercive and bounded below on N,.

Proof. If u € N}, it follows from (2) and the Sobolev embedding theorem

L(u) = (£ ;p>M<u> - A(E%A(u)
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> (=) M(u) = A (L) o fully.

pbr qr
_ (=P P— A T79) ca 1 11
(WHMMM (qT)CHMW‘ (11)
Thus I, is coercive and bounded below on Njy. O
Lemma 2.6. Let \* = ——2) P=4_1v=5 Then if 0 < A < A*, We have

pa(r—q)C" | (r—q)C"
(i) af < 0;

(ii) oy > ko, for some ko = ko(q,7,C, C).

Proof. (i) Let u € N}}. By (5)

r—gq
and so
1 1 1 1
I(u) = (}—) - 5) M (u) + (5 - ;) B(u)
< (D + () [
_ ja-p P-4
N [m - W]Aﬂ)
_ @—@@—ﬂﬂﬂw<0
pqr
Thus o) < 0.

(ii) Let u € Ny, by (5) and the Sobolev trace imbedding theorem we have

r—q r—q
M(u) < Bu) < ullr.
(u) p— (w) p_qHH
r—dq—=r
< C |ullyy-
p— [l
This implies
lullw > (—2—L )75 for all u € N (12)
(r—q)C
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By (3) we have

I > q [T_p P=a _ \ T_q]
) =ty [ - e (=)

- () T ) T e

Thus, if
0 <A<,
then
I\ > ko, forall ue Ny,
for some ko = ko(p, q,,C,C, \) > 0. This completes the proof. O

For each uw € W with B(u) > 0, we write

—q) M 1/(r—p)
_ ((p q) (U)> R
(r—q) B(u)
Then we have the following lemma.
Lemma 2.7 For each v € W with B(u) >0 and 0 < A < \g = [(Tqu;(‘%y} o [E::i; é], we

have

(i) if A(u) <0, then there is unique ¢~ > tyay such that t~u € Ny and

I\(t"u) = sup I, (tw);
t>0

(ii) if A(u) > 0, then there are unique 0 < ¥ = t7(u) < tyax < t~ such that tTu € N},
t—u e N, and
L(tTu) = inf Iy(tu), In(t"u) = sup I)(tu).

0<t<tmax t>0

Proof. Fix v € W with B(u) > 0. Let
E(t)=t"""M(u) —t""B(u) fort>0.
Clearly, £(0) =0, E(t) — —o0 as t — oo. Since

E't)=(p—q)t"" " M(u) — (r — ¢)t" """ B(u),
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we have E'(t) = 0 at t = tyax, E'(t) > 0 for t € [0, tmax) and E'(t) < 0 for t € (tpax, 00).
Then E(t) achieves its maximum at .y, increasing for ¢t € [0, tmax) and decreasing for
t € (tmax, 00). Moreover,

Eltyn) = ((p—q) M(u)>f’5 M(u) - ((p—q) M(U)>1‘Z Blw)

(r=a) Blu) (r—9q) B(w)
= ol [ - =] (L
> Jully (=) (T =, @) »

(i) A(u) < 0: There is a unique t~ > tyax such that E(t~) = MA(u) and E’(t7) < 0. Now,

(p—q) M(t7u) — (r —q) B(t"u)
= () (p— P TIM () — (r = () B(w)
= ()E() <0,

and
(I3 (¢ u), )
— () M{u) = ()" A Aw) — () B(u)
= ()M () = AAw) — () B)
= ()1 B(t) - A Aw)| =0

Thus, t~u € N, . Since for ¢ > ty,,x, we have

(p — @) M(tu) — (r — q)B(tu) <0,

d

and

d
af,\(tu) =t M(u) = At A(u) =t Bu) =0 fort=1¢".

Thus, I)(t"u) = sup;sq Ix(tu).
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(ii)) A(u) > 0. By (13) and

E0)=0< XA(u)

< AC!|lullly
<1y (2 (=t )
< E(tmax)

for 0 < A < Xo(p,q,r,C,C), there are unique ¢ and ¢~ such that 0 < t+ <ty < t7,

E(tT) = AA(u) = E(t7),
FE'(t")>0> E'(t").

We have ttu € Ny, t7u € Ny, and I)\(t u) > I\(tu) > I,(tTu) for each t € [t7,¢7] and
I\(tTu) < I (tu) for each t € [0,¢1]. Thus,

L(tTu) = inf L(tu), I\(t"u) = sup I\(tu).

0<t<tmax t>0
This completes the proof. O
For each u € W with A A(u) > 0, we write
- (r—q) A A(u)\ V/(r—a)
s = (o) >0, 14
(v~ ) M{u) .

Then we have the following lemma.

Lemma 2.8 For each u € W with A A(u) > 0, we have
(i) if B(u) <0, then there is unique ¢ < f,, such that t7u € Ny and

+o) — ;i :
L(tTu) = %ggh(w)’

(ii) if B(u) > 0, then there are unique 0 < t7 = t*(u) < fpax < ¢~ such that tTu € N},
tu e N, and
L(ttu) = inf Iy(tu), In(t"u) = sup I)(tu).

0<t<tmax t>0

Proof. Fix u € W with A A(u) > 0. Let

Et)=t""M(u) — \t"" A(u) fort > 0. (15)
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Clearly, E(t) — —oc as t — 0. Since
() = (p— )"  M(u) = Ag —r)t" " Au),

we have B (t) = 0 at t = fyax, E (£) > 0 for t € [0,7max) and E (£) < 0 for t € (fmax, 00).
Then FE(t) achieves its maximum at fj.y, increasing for ¢ € [0, %uax) and decreasing for

t € (fmax, 00). Similar to argument in Lemma 2.7, we can obtain the result of Lemma 2.8.0]

3 Existence result

Now we can state our main result.

Theorem 3.1 If the parameter A satisfy 0 < A < A*, then problem (1) has at least two
solutions ug and ug such that uf > 0 in Q and ui # 0.

The proof of this Theorem will be a consequence of the next two propositions.

Proposition 3.2 If 0 < A < )\*, then the functional I, has a minimizer uj in Ny and

it satisfies
(i) In(ug) = of;
(ii) ug is a nontrivial nonnegative solution of problem (1), such that u§ > 0 in Q and
ug #0
0 .

Proof. Let {u,} be a minimizing sequence for I, on Ny, i.e., lim,, o0 Iy (u,) = infueN; I(u).
Then by Lemma 2.5 and the Rellich-Kondrachov theorem, there exist a subsequence {u,}

and ug € W such that ud is a solution of problem (1) and

+
Uy, — Uy

weakly in W,
u, — ug  strongly in L"(99) and in LI(2).

This implies
NA(u,) = NA(ug) asn — oo

B(u,) = B(ug) asn — oo.

Since
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and by Theorem 2.6 ()

Ii(u,) = ay <0as n— oo.

Letting n — oo, we see that A(ug) > 0. In particular uj # 0. Now we prove that u, — ug

strongly in W. Suppose otherwise, then
ol < Y i - (16)
Fix u € W with A(u) > 0. Let
K (t) = B(t) - B(u),
where E(t) is as in (15.) Clearly, K, (t) — —oo as t — 0%, and
K,(t) = —B(u) ast— oo.

Since K/ (t) = E/(t), similar argument as in the proof of Lemma 2.8, we have K, (t) achieves
at

its maximum at fp.y, is increasing for ¢ € (0, {.,) and decreasing for ¢ € (fpay, 00), where

- (r= g NA(u)\ V-9
= (i) 7

is as in (14). Since A A(ug) > 0, by Lemma 2.8, there is unique t§ < .y such that tJug €
Ny and

L(tfud) = 0<t<i¥nf ( )I,\(tuaL).
StStmax (U0

Then

Ko () = (877 M) = X ()" Alu) — B
= (1) (Mt ) = A u) - Bltgui)

By (16) and (17) we obtain
K., (ts) >0 for n sufficiently large.
Since u,, € Ny, we have . (u,) > 1. Moreover,

K., (1) = M(u,) — M(uy,) — B(u,) =0,
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and K, (t) is increasing for ¢ € (0, tyax(uy,)). This implies K, (t) < 0 for all ¢ € (0,1] and n
sufficiently large. We obtain 1 < ¢§ < #yax(ug). But tgug € Ny and

L(tfud) = 0<t<i%nf ( )[,\(tuar).
SUSUtmax (U0

This implies

Ltdud) < Li(ud) < lim Iy(u,) = o,

n—o0

which is a contradiction. Hence
u, — ug  strongly in W.
This implies
Li(u,) = I(ud) = af  asn — oco.

Thus ug is a minimizer for I on N, . Since Iy(ugd) = Ix(|ug|) and |ug | € Ny, by Lemma 2.4
we may assume that ug is a nontrivial nonnegative solution of equation (1). U

Next, we establish the existence of a local minimum for I, on Ny .

Proposition 3.3 If 0 < A\ < \*, then the functional I, has a minimizer u; in N; and

it satisfies
(1) In(ug) = ay;
(ii) u, is a nontrivial nonnegative solution of problem (1), such that v, > 0 in Q and
ug # 0.

Proof. Let {u,} be aminimizing sequence for I, on N, i.e., lim, o I\ (u,) = infueN; I(u).
Then by Lemma 2.25 and the Rellich-Kondrachov theorem, there exist a subsequence {u, }

and ug € W such that v, is a solution of problem (1) and
U, — uy  weakly in W,

un, — uy  strongly in L"(0€2) and in LI(€2).

This implies
Au,) = A(ug) asn — o0

B(u,) — B(ug) asn — oo.

Moreover, by (5) we obtain
B(u,) > —— M (uy); (18)
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By (12) and (18) there exists a positive number 7y such that
B(un) > To-

This implies
B(uy) = 1o (19)

Now we prove that w, — u, strongly in W. Suppose otherwise, then
llug [lw < Hminf |Juw,||w.
n—oo

By Lemma 2.7, there is unique ¢, such that t;u, € N, . Since {u,} € Ny, I\(u,) > I\(tu,)
for all t > 0, we have

L(tyug) < lim I(tgu,) < lm Iy(u,) = o,
n—oo

n—o0

and this is a contradiction. Hence
u, — u, strongly in W.

This implies
I(up) = I\(ug) = a, asn— oo.

Since I (ug ) = Iy(Jug |) and |ug | € Ny, by Lemma 2.34 and (19) we may assume that u; is a

nontrivial nonnegative solution of equation (1). O

Proof of Theorem 3.1. By Propositions 3.2, 3.3, we obtain equation (1) has two nontrivial
nonnegative solutions ug and ug such that uj € Ny and uy € Ny . It remain to show that
the solutions found in Propositions 3.2 and 3.3 are distinct. Since Nyf NN, = 0, this implies

that ug and u, are distinct. This concludes the proof.
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