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Abstract

In this paper we deal with the existence of at least three weak solutions for a two-point
boundary value problem with Neumann boundary condition. The approach is based on vari-
ational methods and critical point theory.
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1 Introduction

In this work, based on a three critical points theorem due to Ricceri [9], we are interested
in ensuring the existence of at least three solutions for the following Neumann problem

—(Ju'lu') +u = A(z,u) + pg(z,u),
{ W(0) = /(1) = 0 " (1)
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where A\, u > 0, f:[0,1] x R — R is a continuous function and ¢ : [0,1] x R — R is an
L'-Caratéodory function.

Precisely, we deal with the existence of an open interval A C [0, +oo[ and a positive real
number ¢, such that, for each A € A, the problem (1) admits at least three weak solutions
whose norms in W13([0,1]) are less than gq.

We say that u is a weak solution to the problem (1) if u € W3(]0, 1]) and

/01 |u (z)]u (x)v' (x)dx + /01 u(x)v(z)dr — )\/01 f(x,u(z))v(z)de — u/ol g(z,u(x))v(x)dzr =0

for all v € W3([0,1]).

Problem of the above type with Dirichlet and Neumann boundary conditions were widely
in these latest years and we refer to [1-8] and the reference therein for more details.

In [4], using variational methods, the author ensures the existence of at least three weak
solutions in W, ([0, 1]) for the problem

W A f(u) =0,
{ w(0) = u(1) = 0 2)

where A > 0 and f : R — R is a continuous function, while in their interesting paper [3],
R.I. Avery and J. Henderson studied the problem (2) (independent of A, in that case), where
f: R — R is a continuous function and A is a real parameter, by using multiple fixed-point
theorem to obtain three symmetric positive solutions under growth conditions on f.

Also, M. Ramaswamy and R. Shivaji recently in [8] established the existence of three
positive solutions for classes of nondecreasing, p-sublinear functions f belonging to C'*(]0, o))
for a p-Laplacian version of [3], i.e., the problem

—Apu = Af(u) in €,
{ u=>0 on 0f) (3)

where p > 1, A > 0 is a parameter and  is a bounded domain in R™; N > 2 with 9 of
class C? and connected.

In [6] the authors obtained the existence of an open interval A C [0, c0[ such that for
each A € A, problem

—Apu+ a(x)|ulP?u = \f(z,u) in Q, 4
%Z =0 on 01, (4)
where A,u =div(|Vu|P~2Vu) is the p-Laplacian operator, A €]0, +oo[, @ C R is non-empty
bounded open set with a boundary of class C1, a € L>(2), with essinfqa > 0, f: QxR — R
a function, p > 2 and v is the outer unit normal to 02, and in [2] the authors proved the
existence of an open interval |\, N[ for each \ of problem (4) depending on A admit at least
three solutions.

118



Shapour Heidarkhani, Javad Vahidi/ TIMCS Vol .3 No.2 (2011) 117 - 125

In [1], we obtained the existence of an interval A C [0, +o00[ and a positive real number
¢ such that, for each A € A problem

Apu+ M (z,u) = alx)|ulP~?u in €, (5)
u=20 on 0N

admits at least three weak solutions in whose norms in W,? (Q) are less than ¢, where
Q C RY(N > 2) is an non-empty bounded open set with a smooth boundary 92, p > N,
A>0, f:Qx R— Ris a continuous function and positive weight function a(z) € C(9).

In the present paper, our approach is based on a three critical points theorem proved in
9], recalled below for the reader’s convenience (Theorem 2.1), on a technical lemma (Lemma
2.3) that allows us to apply it.

Theorem 2.4 which is our main result, ensures the existence of an open interval A C [0, 00|
and a positive real number ¢ such that, for each A € A, the problem (1) admits at least three
weak solutions whose norms in W13([0, 1]) are less than gq.

As the consequences of Theorem 2.4, we obtain Corollary 2.5 and Theorem 2.6.

Corollary 2.5 ensures the existence of three weak solutions for the problem:

—u" +u = Ahy(x)ho(u) + pg(z,u),
{ W(0) = w/(1) = 0 (6)

where hy : [0,1] = R and hy : R — R are two continuous functions such that hi(xz) > 0 in
[0,4] U [2,1] and ha(t) > 0 in [0, 4] for positive constant d € R which will be taken later.
Finally, Theorem 2.6 ensures the existence of three weak solutions for the problem:

—u" +u=A\f(u) + pg(u),
{ W' (0)=d'(1)=0 (7)

where f,g: R — R are two continuous functions, as Example 2.7 shows.
The aim of the present paper is to extend the main result of [4] in the case Neumann
boundary condition.

2 Main results

First we here recall for the reader’s convenience the three critical points theorem of [9](see
[11] for the related results) and Proposition 3.1 of [10]:

Theorem 2.1. Let X be a reflexive real Banach space, I C R an interval, ® : X — R a
sequentially weakly lower semicontinuous C! functional, bounded on each bounded subset
of X, whose derivative admits a continuous inverse on X* and J : X — R a C" functional
with compact derivative.

Assume that

lim (®(z) + AJ(x)) = +o0

||z||=+o00
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for all A € I, and that there exists p € R such that

sup inf (®(z) + A(J(z) + p)) < inf sup(P(z) + A(J(z) + p)).

rel TEX z€X )\eJ

Then, there exist a non-empty open set interval A C [ and a positive real number g with
the following property: for every A € A and every C*! functional ¥ : X — R with compact
derivative, there exists § > 0 such that, for each p € [0, d], the equation

O (u) + NJ'(u) + p¥'(u) =0

has at least three solutions in X whose norms are less than q.

Proposition 2.2. Let X be a non-empty set and ®, J two real function on X. As-
sume that there are r > 0 and zy,z; € X such that

D(zo) = J(w9) =0, (z1) >,

—J(21)
sup —J(x)) <r .
ot Gy
Then, for each p satisfying
—J (1)

sup —Jx)<p<r ,
x€<I>*1(]—oo,7"])( ( >> (I)<I1)

one has

sup inf (®(z) + A(p + J(2))) < inf sup(®(z) + A(p + J(2))).

A>0 zeX zeX A>0

Here and in the sequel, X will denote the Sobolev space W3([0, 1]) with the norm

1 1 1/3
lull= ([ W@)Pde+ [ u@)pds)
and put t
Flat)= [ fla.)de
for each (z,t) € [0,1] x R.

Our main results fully depend on the following lemma:

Lemma 2.3. Assume that there exist two positive constants ¢ and d with v/113d > v/28 ¢
such that

(i) F(x,t) > 0 for each (z,t) € ([0, Y] U[3,1]) x [0, 9],

) 4 4 ' 4
3
(17) % MAaX (g 1)ef0,1]x[—e] £ (2, 1) < % f; F(z, %l)dx.

120



Shapour Heidarkhani, Javad Vahidi/ TIMCS Vol .3 No.2 (2011) 117 - 125

Then, there exist 7 > 0 and w € X such that ||w||* > 3r and

i P, w(e))de

max F(z,t) < 3r 5
(w.t)E[0,1]x [~ ¥12r, ¥127] [|w!]|
Proof: We put
4dx?, 0<r< i
w(z) =14 1, pSe<]
4d(1 — x)?, 2<z<1

and r = 3¢?. It is easy to see that w € X and, in particular, one has

113
ol = 1"
112

Hence, taking into account that v/113 d > /28 ¢, one has
3r < ||wl?.
Since 0 < w(z) < ¢ for each = € [0,1], condition (i) ensures that
1 1
/0 F(z,w(z))dx qL/?1 F(z,w(z))dx > 0. (8)

Moreover, from (ii) and (8), we have

28 ¢ i d J) F(x, w(x))de
max Fx,t<——3/Fx,—dx<3r0 ’ .
ot e, v D < 1std) Sy T D SI T
Namely,
1
F d
max F(x,t) < 3r=2 (x,ng)) ’
(w.4)€l0,1]x [~ ¥/T2r, ¥/T27] [|w]]

So, the proof is complete. O
Now, we state our main results:

Theorem 2.4. Assume that there exist three positive constants c, d, s with v/113d > v/28 c,
s < 3 and a positive function a € L' such that

(1) F(x,t) > 0 for each (z,t) € ([0, i] Us[%’ 1]) x [0, %],
(’LZ) % max(z,t)e[0,1]x[—c,d F(l‘, t) < % f? F(l‘, il)dl',

(i13) F(x,t) < a(x)(1+ [t|*) almost everywhere in [0, 1] and for each ¢ € R.

121



Shapour Heidarkhani, Javad Vahidi/ TIMCS Vol .3 No.2 (2011) 117 - 125

Then, there exist a non-empty open set A C|0,+oo[ and a real number ¢ > 0 with the
following property: for every A\ € A and for an arbitrary L!-Carathéodory function g :
[0,1] X R — R, there exists § > 0 such that, for each p € [0, d], the problem (1) has at least
three weak solutions in X whose norms are less than q.

Proof: For each u € X, we put
Jlulf?
3 )

J(u) = — /0 ' (o, u(z))da.

Of course, ® is a continuously Gateaux differentiable and sequentially weakly lower semi
continuous functional whose Gateaux derivative admits a continuous inverse on X* and J
is a continuously Gateaux differentiable functional whose Gateaux derivative is compact. In
particular, for all u,v € X one has

O (u)

O (u)(v) = /01 |u/ (z)|u/ (z)v' (z)dx + /01 u(z)v(z)de,

) == [ o ul)o()de

Furthermore, thanks to (7ii), for each A > 0, one has that

lim (®(u) + AJ(u)) = +o0.

[[ul[=+oc

We claim that there exist r > 0 and w € X such that

su —J(u r7<_J(w))
uequ(]lzoo,r])( Jw) < O(w) -

However, taking into account that for every u € X, one has

max [u(z)| < VAllull,

z€[0,1]
it follows that
1
sup —J(u)) = sup F(z,u(x))dxr < max F(z,t).
u€<1>*1(]—oo,r])( (@) |Ju||3<3r /0 ( (=) (z,t)€[0,1]x [~ ¥/12r, ¥12r] (@)

Now, thanks to Lemma 2.3, there exist 7 > 0 and w € X such that ||w||*> > 3r and

1
F d
max F(z,t) < 37’f0 (m’ng)) 337
(e.0)€[0,1] <[~ V12, Y121] ||l
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so, our claim is true. Fix p such that

sup  (=J(u)) < p <
wed—1(]—o0,r]) ®(w)
and with zo = 0 and x; = w, from Proposition 2.2, we obtain the minimax inequality

sup inf (®(u) + AJ(u) + pA) < mf sup(q)(u) + AJ(u) + pA).

A>0 uEX X >0

For any fixed L!'-Carathéodory function g : [0,1] x R — R, set

W= [ ( [ g(t,@dg) dt

It is well known that W is a continuously differentiable functional whose differential ¥'(u) €
X*, at v € X is given by

__/ (t,u(x))v(z)dz for every v € X,

such that ¥’ : X — X* is a compact operator. Now, all the assumptions of Theorem 2.1,
are satisfied. Now, applying Theorem 2.1, taking into account that the critical points of
the functional ® + A\J + pW are exactly the weak solutions of the problem (1), we have the
conclusion. Hence, our conclusion follows from Theorem 2.1. O

Let hy € C([0,1]) and hy € C(R) be two functions. Put

1) = [ ha(€)de

for all t € R. We have the following consequence of Theorem 2.4:

Corollary 2.5. Assume that there exist three positive constants ¢, d, s with v/113d > v/28 ¢,
s < 3 and a positive function b € L' such that

(')hl()>0f0reachx€[0 HU[3,1] and ho(t) > 0 for each t € [0, 4],

/=
(77) 22 maxz pefoix—ed n(2)H(t) < BH(G) Ji i ha(z)dz
(7779) H( ) < b(x)(1+ [t|*) almost everywhere i in [0,1] nd for each t € R.

Then, there exist a non-empty open set A C|0,+oo[ and a real number ¢ > 0 with the
following property: for every A € A and for an arbitrary L!'-Carathéodory function ¢ :
[0,1] X R — R, there exists § > 0 such that, for each p € [0, d], the problem (6) has at least
three weak solutions in X whose norms are less than q.

Proof: Put f(z,t) = hi(z)hs(t) for each (z,t) € [0,1] x R, and note that

max F(x,t) = max hy(x)H (1),
(z,t)EQX [—c,c] ( ) (z,t)€[0,1]x[—c,c] 1( ) <)
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choosing b(z) = ii (9;) for almost every x € [0, 1], it is easy to verify that all the assumptions

of Theorem 2.4 are fulfilled. So, the proof is complete. O
We now want to point out a consequence of Theorem 2.4 when the function f does not
depend on z:

Theorem 2.6. Let f : R — R be a continuous function. Put F(t) = fj f(£)d¢ for each
t € R and assume that there exist four positive constants ¢, d, s and n with v/113d > v/28 ¢
and s < 3 such that

(i) F(t) > 0 for each t € [0, 4],
1

(,”/I> 13maxt5[ c,c] F() < 28 C(ls)’
(13d") F(t) < 77(1 + |t|®) for each t € R.

Then, there exist a non-empty open set A C|0,+oo[ and a real number ¢ > 0 with the
following property: for every A € A and for an arbitrary continuous function g : R — R,
there exists 6 > 0 such that, for each p € [0, 9], the problem (7) has at least three weak
solutions in X whose norms are less than gq.

Finally, we illustrate the results of Theorem 2.6:

Example 2.7. Consider the problem
—(Ju/|u) +u = AM2ue " (10 — u?)) + pug(u), ()
w'(0) =d/'(1) =0.

By choosing, for instance ¢ = 1, d = 8, s = 2 and 7 sufficiently large, all the assumptions
of Theorem 2.6 are satisfied. So , there exist a non-empty open set A C]0, +o00[ and a real
number ¢ > 0 with the following property: for every A € A and for an arbitrary continuous
function g : R — R, there exists ¢ > 0 such that, for each u € [0, ], the problem (9) has at
least three weak solutions in W13([0,1]) whose norms are less than q.
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