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Abstract

A general fuzzy linear system of equations is investigated using em-
bedding approach. In the literature of fuzzy systems two types of linear
systems are more important: 1) Fuzzy Linear Systems, 2) Fully Fuzzy
Linear Systems. In both class of these systems usually the authors con-
sidered triangular type of fuzzy numbers. In this paper, we introduce a
linear system of equations with trapezoidal fuzzy numbers as an exten-
sion of the fuzzy linear systems which was first introduced by Friedman
et al. [6]. Conditions for the existence of a trapezoidal fuzzy solution to
n×n linear system are derived and a numerical procedure for calculating
the solution is illustrated with some examples.

Keywords: Fuzzy linear system, Embedding approach, Triangular
and trapezoidal fuzzy numbers, Trapezoidal fuzzy linear system.

1 Introduction

A general model for solving a fuzzy linear system whose coefficients matrix
is crisp and the right-hand side column is an arbitrary fuzzy vector, was first
proposed by Friedman et al. [6]. Several algorithms for solving fuzzy linear
systems have been introduced by many authors [1, 2, 3, 4, 5, 7]. Allahviran-
loo [2, 3] considered the iterative Jacobi, Gauss Siedel method, the Adomian
method and the Successive over relaxation method. Dehghan et al. [5] proposed
some new methods for solving fully fuzzy linear systems based on the Cramer’s
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method, Gaussian elimination and LU decomposition method. In this paper,
we introduce a linear system of equations with trapezoidal fuzzy numbers as
an extension of the common fuzzy linear system of equations. Then we shall
describe how can find a fuzzy solution which is including the trapezoidal num-
bers. In particular, we propose a practical approach for solving these systems.
Finally we shall illustrate the process of solving these systems.

2 Preliminaries

We represent an arbitrary fuzzy number by an ordered pair of functions (u(r), u(r)),
0 ≤ r ≤ 1 which satisfy the following requirements (as given in [6]):

1. u(r) is a bounded left continuous nondecreasing function over [0, 1].

2. u(r) is a bounded left continuous nonincreasing function over [0, 1].

3. u(r) ≤ u(r), 0 ≤ r ≤ 1.

For every fuzzy number x = (x(r), x(r)), y = (y(r), y(r)) and real number k,

(a) x = y if and only if x(r) = y(r) and x(r) = y(r).

(b) x + y = (x(r) + y(r), x(r) + y(r)).

(c) kx =
{

(kx, kx), k ≥ 0,
(kx, kx), k < 0.

Definition 1. The linear system

a11x1 + a12x2 + · · ·+ a1nxn = y1

a21x1 + a22x2 + · · ·+ a2nxn = y2

... (1)
an1x1 + an2x2 + · · ·+ annxn = yn

where the coefficient matrix A = (aij), 1 ≤ i, j ≤ n is a n× n crisp matrix and
yi, 1 ≤ i ≤ n are fuzzy numbers, is called a fuzzy linear system (FLS).

Definition 2. A fuzzy number vector x = (x1, x2, · · · , xn)T , where

xi = (xi(r), xi(r)), 1 ≤ i ≤ n, 0 ≤ r ≤ 1,

is called a solution of fuzzy linear system if:
n∑

j=1

aijxj =
n∑

j=1

aijxj = y
i
, (2)

n∑
j=1

aijxj =
n∑

j=1

aijxj = yi.
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Now, let sij , 1 ≤ i ≤ n, 1 ≤ j ≤ n is defined as follows:

aij ≥ 0 ⇒ sij = aij , si+n,j+n = aij

aij < 0 ⇒ si,j+n = −aij , si+n,j = −aij
(3)

and any sij that is not determined by (3) is zero. Then (2) is equivalent to the
system

SX = Y (4)

where S = (sij), sij ≥ 0, 1 ≤ i, j ≤ 2n, and

X =



x1

x2
...

xn

−x1

−x2

...
−xn


=

[
x
−x

]
, Y =



y
1

y
2
...

y
n

−y1

−y2
...

−yn


=

[
y
−y

]
.

In fact, the structure of S implies that

S =
[

B C
C B

]
,

where B contains the positive entries of A, C the absolute values of the negative
entries of A and A = B − C.

In the following we only consider triangular fuzzy numbers, .i.e. y
i
(r), yi(r)

and consequently xi(r), xi(r) are all linear functions of r. Let X satisfies (4),
then the fuzzy solution of (10) is defined in the below.

Theorem 3. The matrix S is nonsingular if and only if the matrices
A = B − C and B + C are both nonsingular.

Proof. The same as the proof of Theorem 1 in [6].
the next result is taken from the theory of block matrices and provides the
structure of S−1.

Theorem 4. if S−1 exists it must have the same structure as S, i.e.

S−1 =
(

D E
E D

)
,

Proof. The same as the proof of Theorem 2 in [6].
by assume that S is nonsingular we obtain

X = S−1Y (5)
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the following result provides necessary and sufficient conditions for the unique
solution vector to be a fuzzy vector, given arbitrary input fuzzy vector Y .

Theorem 5. the unique solution X of Eq.(5) is a fuzzy vector for arbitrary
Y if and only if S−1 is nonnegative, i.e.

(S−1)ij ≥ 0, 1 ≤ i, j ≤ 2n (6)

Proof. The same as the proof of Theorem 3 in [6].

Definition 6. Let X = {(xi(r), xi(r)), 1 ≤ i ≤ n} denotes the unique
solution of (10). The fuzzy number vector u = {(ui(r), ui(r)), 1 ≤ i ≤ n}
defined by

ui(r) = min{xi(r), xi(r), xi(1)}
ui(r) = max{xi(r), xi(r), xi(1)} (7)

is called the fuzzy solution of SX = Y . Moreover if (xi(r), xi(r)), 1 ≤ i ≤ n
are all fuzzy numbers then we have xi(r) = ui(r), xi(r) = ui(r), 1 ≤ i ≤ n,
and u is called a strong fuzzy solution. Otherwise, u is a week fuzzy solution.

3 Linear system of equations with trapezoidal
fuzzy numbers

The following definition is concerning to a new achievement to the fuzzy linear
systems.

Definition 7. The linear system

a11x̃1 + a12x̃2 + · · ·+ a1nx̃n = ỹ1

a21x̃1 + a22x̃2 + · · ·+ a2nx̃n = ỹ2

... (8)
an1x̃1 + an2x̃2 + · · ·+ annx̃n = ỹn

where the coefficient matrix A = (aij), 1 ≤ i, j ≤ n is an n × n crisp matrix
and ỹi = (yL

i , yU
i , yα

i , yβ
i ), 1 ≤ i ≤ n are trapezoidal fuzzy numbers, is called a

linear system of equations with trapezoidal fuzzy numbers (TFLS).

Definition 8. A trapezoidal fuzzy number vector x̃ = (x̃1, x̃2, · · · , x̃n)T ,
where

x̃i = (xL
i , xU

i , xα
i , xβ

i ), 1 ≤ i ≤ n,

is called a solution of TFLS if:
n∑

j=1

aij x̃j = ỹi. (9)
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In the following definition we give an associated triangular fuzzy number
for each trapezoidal fuzzy number which will be used in throughout the paper.

Definition 9. For every trapezoidal fuzzy number ã = (aL, aU , aα, aβ),
we define an associated triangular fuzzy number â = (am, âα, âβ) such that
am = aL+aU

2 , âα = aα + (am − aL) and âβ = aβ + (aU − am).

In fact, the support and the core of the associated triangular fuzzy number
are (am − âα, am + âβ) and the single point (real number) am, respectively.
Note that the support of the trapezoidal fuzzy number ã = (aL, aU , aα, aβ)
and its associated triangular fuzzy number is same.

According to the above definition we may define an associated fuzzy linear
system of equations for every TFLS which is defined in (6) as follows:

a11x̂1 + a12x̂2 + · · ·+ a1nx̂n = ŷ1

a21x̂1 + a22x̂2 + · · ·+ a2nx̂n = ŷ2

... (10)
an1x̂1 + an2x̂2 + · · ·+ annx̂n = ŷn

where ŷi = (ym
i , ŷi

α, ŷi
β) such that ym

i = yL
i +yU

i

2 , ŷi
α = yα

i + (ym
i − yL

i ) and
ŷi

β = yβ
i + (yU

i − ym
i ). We name the above fuzzy linear system as “auxiliary

fuzzy linear system” (AFLS). Also according to Definition 6, it is clear that
there exist a unique auxiliary fuzzy linear system for every TFLS.

Now we are in place that can describe how to solve the linear system of
equations with trapezoidal fuzzy numbers.

For achieving to this objective, we first solve the auxiliary fuzzy linear sys-
tem (8) by one of the various methods which have proposed for solving these
systems (see in [1, 2, 3, 4, 5]). So if we assume that x̂ = (x̂1, ..., x̂j , ..., x̂n)T be
a weak or strong solution for system (8) such that x̂j = (x̂m

j , x̂α
j , x̂β

j ), for all
j = 1, ..., n, then we must obtain a trapezoidal fuzzy solution. This aim is also
complied by the following process.

For the i–th right-hand-side ỹi = (yL
i , yU

i , yα
i , yβ

i ), we first define

Ri =
yU

i − yL
i

(yU
i + yβ

i )− (yL
i − yα

i )
, (11)

and then set
γ = max

1≤i≤n
{Ri}. (12)

Now for all j = 1, ..., n set

γj = γ ∗min{x̂α
j , x̂β

j }. (13)
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Then the j–th component of the approximated trapezoidal fuzzy solution will
be defined as follows:

x̄j = (xL
j , xU

j , xα
j , xβ

j ),

where xL
j = x̂m

j − γj , xU
j = x̂m

j + γj , xα
j = x̂α

j − γj and xβ
j = x̂β

j − γj .

Thus, the support and the core of the mentioned trapezoidal fuzzy numbers
are respectively (xL

j − xα
j , xU

j + xβ
j ) and [xL

j , xU
j ].

Now based on the above discussion we can propose the following algorithm
for solving TFLSs.

Algorithm 3.1 (TFLS Solver):

Assumption The i–th component of the right-hand-side of TFLS is given by
ỹi = (yL

i , yU
i , yα

i , yβ
i ), for all i = 1, .., n.

Step 1: For every i = 1, ..., n, compute the parameters ym
i , ŷi

α, ŷi
β and Ri by

ym
i = yL

i +yU
i

2 , ŷi
α = yα

i + (ym
i − yL

i ), ŷi
β = yβ

i + (yU
i − ym

i ), and also

Ri = yU
i −yL

i

(yU
i +yβ

i )−(yL
i −yα

i )
.

Step 2: Solve the fuzzy linear system (8) by each FLS solver and assume that the
i–th component of the triangular fuzzy solution is x̂i = (x̂m

i , x̂α
i , x̂β

i ).

Step 3: Compute the parameter γi, for all i = 1, ..., n by

γi = γ ∗min{x̂α
i , x̂β

i },

where
γ = max

1≤i≤n
{Ri}.

Step 4: Compute the i–th component of the approximated trapezoidal fuzzy so-
lution by

x̄i = (xL
i , xU

i , xα
i , xβ

i ),

where xL
i = x̂m

i − γi, xU
i = x̂m

i + γi, xα
i = x̂α

i − γi and xβ
i = x̂β

i − γi, and
then stop.

4 Numerical examples

Here, we give some illustrative examples to show how Algorithm 3.1 solves the
TFLSs.
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Example 10. Consider the following TFLS

x̃1 − x̃2 = ỹ1 = (−1, 3, 30, 27)
x̃1 + 5x̃2 = ỹ2 = (1, 13, 66, 87)

The associated fuzzy linear system of equations for the above TFLS is as follows:

x̂1 − x̂2 = ŷ1 = (y
1
(r), ȳ1(r)) = (−31 + 32r, 30− 29r),

x̂1 + 5x̂2 = ŷ2 = (y
2
(r), ȳ2(r)) = (−65 + 72r, 100− 93r).

The strong fuzzy solution of the current fuzzy linear system is as following:

x̂1 = (x1(r), x̄1(r)) = (−15 + 17r, 20− 18r),
x̂2 = (x2(r), x̄2(r)) = (−10 + 11r, 16− 15r).

Thus the approximated trapezoidal fuzzy solution is as follows:

x̄1 = (0.82, 3.18, 15.82, 16.82), x̄2 = (0.02, 1.98, 10.02, 14.02).

Note that the trapezoidal fuzzy solution of the mentioned TFLS is as follows:

x̃1 = (1, 3, 16, 17), x̃2 = (0, 2, 10, 14).

Example 11. Consider the following TFLS

2x̃1 + x̃2 + 3x̃3 = ỹ1 = (7, 13, 6, 6)
4x̃1 + x̃2 − x̃3 = ỹ2 = (6, 12, 6, 6)
−x̃1 + x̃2 + 3x̃3 = ỹ3 = (0, 5, 5, 5)

The associated fuzzy linear system of equations for the above TFLS is as follows:

2x̂1 + x̂2 + 3x̂3 = ŷ1 = (y
1
(r), ȳ1(r)) = (1 + 9r, 19− 9r),

4x̂1 + x̂2 − x̂3 = ŷ2 = (y
2
(r), ȳ2(r)) = (9r, 18− 9r),

−x̂1 + x̂2 + 3x̂3 = ŷ3 = (y
3
(r), ȳ3(r)) = (−5 +

15
2

r, 10− 15
2

r).

The strong fuzzy solution of the current fuzzy linear system is as following:

x̂1 = (x1(r), x̄1(r)) = (1 +
3
2
r, 4− 3

2
r) = (

5
2
,
3
2
,
3
2
),

x̂2 = (x2(r), x̄2(r)) = (−1 +
3
2
r, 2− 3

2
r) = (

1
2
,
3
2
,
3
2
),

x̂3 = (x3(r), x̄3(r)) = (
3
2
r, 3− 3

2
r) = (

3
2
,
3
2
, 3).
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Thus the approximated trapezoidal fuzzy solution by the 4-th step of Algorithm
3.1 is as follows:

x̄1 = x̂1 = (2, 3, 1, 1) = (x1(r), x̄1(r)) = (1 + r, 4− r),
x̄2 = x̂2 = (0, 1, 1, 1) = (x2(r), x̄2(r)) = (−1 + r, 2− r),

x̄3 = x̂3 = (1, 2, 1, 1) = (x3(r), x̄3(r)) = (r, 3− r).

Note that the exact trapezoidal fuzzy solution of the mentioned TFLS is as
follows:

x̃1 = (2, 3, 1, 1), x̃2 = (0, 1, 1, 1), x̃3 = (1, 2, 1, 1).

Example 12. Consider the following TFLS

x̃1 + x̃2 − x̃3 = ỹ1 = (6, 11, 4, 4)

x̃1 − 2x̃2 + x̃3 = ỹ2 = (−11,−5, 4, 7)

2x̃1 + x̃2 + 3x̃3 = ỹ3 = (−7, 4, 7, 8)

The associated fuzzy linear system of equations for the above TFLS is as follows:

x̂1 + x̂2 − x̂3 = ŷ1 = (y
1
(r), ȳ1(r)) = (2 +

13
2

r, 15− 13
2

r) = (
17
2

,
13
2

,
13
2

),

x̂1 − 2x̂2 + x̂3 = ŷ2 = (y
2
(r), ȳ2(r)) = (−15 + 7r, 2− 10r) = (−8, 7, 10),

2x̂1 + x̂2 + 3x̂3 = ŷ3 = (y
3
(r), ȳ3(r)) = (−14 +

25
2

r, 12− 27
2

r) = (−3
2
,
25
2

,
27
2

).

The strong fuzzy solution of the current fuzzy linear system is as following:

x̂1 = (x1(r), x̄1(r)) = (2r, 5− 3r) = (2, 2, 3),

x̂2 = (x2(r), x̄2(r)) = (1 +
5
2
r, 5− 3

2
r) = (

7
2
,
5
2
,
3
2
),

x̂3 = (x3(r), x̄3(r)) = (−5 + 2r,−1− 2r) = (−3, 2, 2).

Thus the approximated trapezoidal fuzzy solution is as follows:

x̄1 = (x1(r), x̄1(r)) = (0.94, 3.06, 0.94, 1.94),

x̄2 = (x2(r), x̄2(r)) = (2.62, 4.38, 1.62, 0.62),

x̄3 = (x3(r), x̄3(r)) = (−3.71,−2.29, 1.29, 1.29).

Note that the exact trapezoidal fuzzy solution of the mentioned TFLS is as
follows:

x̃1 = (1, 3, 1, 2), x̃2 = (3, 4, 2, 1), x̃3 = (−4,−2, 1, 1).
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5 Conclusion

In this paper, we introduced the trapezoidal fuzzy linear system of equations.
For solving these systems we proposed a new algorithm based on solving the
associated fuzzy linear system (the auxiliary fuzzy linear system). We also
emphasized that there exist a unique associated auxiliary fuzzy linear system
of equations for every TFLS. Here according to our suggestion we may obtain
a unique trapezoidal fuzzy solution for the given TFLS. We examined some
numerical examples to show how solve these systems by Algorithm 3.1.
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