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Abstract

In this paper solution of mixed complex boundary value problem of first order is consid-
ered. The basic term in the problem with respect to space variables, has Cauchy-Riemann
operator. We first use Laplace transformation to introduce spectral problem. Then we in-
vestigate corresponding for Fredholm’s type.

The spectral problem here is different from classical boundary value problems. Here
boundary conditions are nonlocal and global and dependent functionals to boundary condi-
tions are in general linear.

At the end for the solution of spectral problem which depends on unknown complex
parameter, we find asymptotic expansion. With the help of this asymptotic expansion we

prove existance and uniqueness of mixed problem.

Kevwords: Mixed problem, Nonlocal and global boundary conditions, Singularity, Dependent
boundary value conditions to general complex functionals, Regularization, Fredholm’s type,

Asymptotic expansion.
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1 Intr oduction

Lettimet € (0,00), = = (z1,79) € IR* spacevariablesand D C IR? to be a bounded
connectedegion. I' = D \ D considerechsa boundaryof D, whereevery vertical line to z;
axis, at mostcanintersectthe boundaryin two points. Herewe assumehatI" is a Lyapunw
curve[3]. Leteachverticalline to z; axisdivideI" in two curvesI'y, I'; respectrely. Equations

for I'; andI'; aregivenby
T € [al,bl], l’gz'}/k(iﬂl) ) k: 1,2

Considerthefollowing comple, linearpartial differentialequation

du(z, du(z,t) O,
uf;; t) _ ua(;t) + 1 “(9(;1 t) + a(z)u(z,t) + f(z,t)

reDCIR*, t>0 (1)

with boundarycondition

&1($1)U($1b> 1(z1),t) + ag(z)u(zy, 12(71), 1)
+/ (K (1, §)u(rmi(6), ) + Ka(w1, §)u(ér, 12(&), 1)]dé

+ [ K(x1,§u(, t)dé = afxy,t) x1 €la,b)| CIR, t>0 (2)
D

andinitial value

u(z,0) = (), r €D, (3)

wherea(x), f(z,t), oj(x1), j = 1,2, ¢(z) anda(x,,t) are given condtinuousfunctions.
K;(z1,&) for j = 1,2 and K (z, £) aregivencontinuouskernelsor they containweaksingu-
larity. T theboundaryof D is Lyapuna curve or picewiseLyapuna. Letzy = yi(z1); k= 1,2
asacune [';, to bedifferentiableandits differentialis of Holderclass.

Mix ed partial differentialequationsasicalyconsideredor parabolic(Heatequation)and

hyperbolic (wave equation)kinds of problems([4, 5, 6]). In thesecasesnumberof boundary
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conditions(for local conditions)is the half of highestorderof deriative of unknavn function
with respecto spacevariables(for evenorders)([4, 5, 6]).

Theproblemof investigationin this paperis thebasicalpartof elliptic equation.e. Caucly-
Riemanrequation.Notethatin classicaimathematicgbhysicsproblemsthesimplestcanonical
elliptic equationsare Laplaceequationwhich is of secondorder Hereour problemis of first
orderwith mixedboundaryconditions.

Here, if the boundaryconditionis Dirichlet (with any unknavn equationin all over the
boundaryl’) thentheproblemhasno solution.i.e. problemis notwell defined.In this problem,
boundaryconditionis nonlocalandthe numberof boundaryconditionsis equalto highestorder
of derivative with respecto spacevariableq[7, 8, 9]). This phenomenois similarto ordinary

differentialequations.

2 Spectral Problem

Applying Laplacetransformatior([4, 9]) to mixedproblem(1-3) gives:

o, 0u(z,t) o o0u(x,t) [\ Ou(x,t)
At At = At ) / At ) t
/0 o /0 T om TN Tom O

+ /OOO e Ma(z)u(z, t)dt + /oo e f(x,t)dt

0

where\ = ¢ + it is acomple parameterc > 0 ande, 7 € IR. Now, considering(3) and

integratingby partsfrom left handsideof above equationandby accepting

/0 h e Mu(z, t)dt =u (z,)), x€D (4)
/0 T e M o t)dt =F (2.)), w€D (5)

we canwrite
Eﬂzaa(x’/\)Jriaa(I’)\)—/\ﬂ(x,)\):F(x,)\), x€D (6)

8x2 8951
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where

~

F(z,\) :—f(x,)\)—go(:c)—a(x)ﬂ(:c,)\), xeD (7)

Similarly we mayfind from boundarycondition(2):

~

041(95;) u (z1,71(21),t) + ag(zr)u(zr, v2(21), 1)

+/ [K1(21,&1) u (&,7m(60), t) + Ko(a1, &)t (&,72(6),1)]dé

" /D Ko, €) ¥ (6,0de =4 (11,8), a1 € [an, b @)

where

~

a (xy,\) = /OO e Ma(z,t) 9)
0

The problemfound from (6) and (8) is called spectralproblemdependento mixed problem
(1-3). Sincein this problemwe do not have ary derivative with respectto A\ we call A asa
spectraparameter

Remark 1: In thespectraproblem(6) and(8) continuityof kernelsk (z1, ) andK;(z1,&1), j =
1,2 is of greatimportancelf they arenot continuousthey aredependento linearcombination
of Dirac deltafunction. Thenit is possibleto determineminimal andmaximaloperatordor (6)
inregion D [9]. In thiscaseve mayfind arbitraryoperatoibetweerminimalandmaximaloper
atorfrom (6) and(8). In theotherwordsarbitraryoperatormay be givenwith helpof boundary
condition(8) by squeezinglovn the domainof maximaloperator Thisis in contraditionwith
whatever we assumen functionalanalysiswhenwe areworking with theoryof operatorsie-
pendento differentialequationsi.e. we assimethatit is not possibleto find ordinaryoperator

betweemmaximalandminimal operatorg][9, 10, 16]).
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3 Finding NecessaryConditions

It is obviousthatequationfor adjointproblemof spectraproblem(6) and(8) is in theform

pv= V&N V@A v\ ZGwN) . weD (10)
8902 8[E1

where( is anarbitraryfunction ([3, 4]).
In orderto find fundamentabkolutionfor equation(10), we useFouriertransformation[3,
11]), thenwe have

1 efic(x1*§1)+i7($2*£2)

%'$1_£1+i(x2_§2)

Vie—=¢A) = (11)

where

V(r—£EN  OV(e—EN ~ -
T am T MWE-&) =g (12)

while §(z — &) is atwo dimensionaDirac deltafunction.
Following thetechniquen [7, 8] we try to find arbitrarysolutionfor (6) in a givenregion
D. We arelooking for thosenecessaryonditionswhich the solution itself satisfyin them.
Multiplying bothsidesof (6) into V (z — £, \) andintegratingover region D we maywrite
Ou (2,\)— 00U (20—
——V(z =&, N\)d ——V(x =&, N)d
/D V- )x—H/D RGN

—)\/ u (z, \\V(x — & N)dx = / F(x, )V (z — & N dx

D D
Applying Astrogradesik-Gaussormulato thefirst two termsof above equation or integrating

by parts([3], [4]) gives
/F u (2, )V (z — & N)[cos(n, z2) + i cos(n, z1)]dz

—|—/l)lNL($_§a)‘)
—/DF(ac,A)V(x—fa)\)dl"

— s +1 o — Mz —&N) | de
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wheren is theouternormalvectoratpointz onIT". Now using(12) andpropertief Dirac delta

function([3], [7]) we will find

/DF(ZE, NV (z—& Ndr = /1“ u (z, )V (z — &, N)[cos(n, z3) + i cos(n, x1)]dz

B {ﬂ@» L €eD
Ju(&N) 5 gel

(13)

Fromtheserelationswe maywrite down thefollowing theorem:
Theorem 1: Let region D to be a connectedooundedareain IR?, andits boundaryl is of
Lyapuna curvekinds(or it is picewiseLyapuna curve). Assumeevery verticalline to x; axis,
intersectthe boundaryl” in at mosttwo points. Moreover if F(z, \) is a continuousfunction,
thenevery solutionto (6) in D is satisfying(13).

Now we try to changeboundaryl” with I'; andI's introducedn sectionl. Considerthelast
termof (13), we canwrite
(€m0 = [ Ple V(o g = ) Vi

D

~

u (z1,71(21), NV (21 — & m@1) — (&, AL — iyq (1) ]day

+ N

u (71, %2(21), NV (21 — &,y (21) — (&, ML — ivh(21)]dy
k= 172 ) fl € [alybl] (14)

If thefundamentabolution(11) is substitutedn (14), in theresultingequality for k£ = 1, the
integralkernelof thesecondermandfor £ = 2, theintegral kernelof third termhassingularity

Consideringhesetermswe will find

{E@mﬁmnﬁm%%%gﬁwﬁzmam 15)

u (&1,72(6),\) = —z fbl w2 Gy 4 By(€r, A)

a1 z1—61
whereBy (&1, A), k = 1,2 arethefunctionswith weaksingularterms.

Remark 2: For thosewho areinterstedin numericalapproachpne may write B; (£, A) and
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Bsy(&1, M) in thefollowing forms:

Bi(&1,\) = Q/I)F(x>)\)v($1—51,362—71(51)7)\)

b1
~ / 7 (e ya(an) NV (e — €, 75(1) — 31 (60) N (L — iy (1))

1 /bl Yo, &) = v(en) u (@, (), A)
T Jay 1 —i’Yi(fﬁ(iclafl) r1 — &
i 1= iy() i1l (o1 (@1,61)—d ~
+ - 1 {6 ! ' - 1} u (21,71 (1), A)
al

p — iy (o1(71,&1))
dl‘l

371—51

dﬂfl

we alsohave

By(€r, ) = 2 /D Fla NV (1 — €125 — 1(€0), )

by
. / i (@1, (20), NV (@1 — 0,7 (1) — 12(60), V(L — i ()

1 /bl Ya(o2(21,61)) — 1a(1) ) u (1,72(71), A)

+ - -
T 1—2’75(02(351,51) x1 — &

. b1 -

v 1_172(ZE1) { —i(z1—€1) [ (o2 (z1,€1)—d] ~

- — i etz TY5(02(21,61 c_l}ul’, J},/\

7T/al 1 —ivy(oa(z1,61)) (1,72(21), A)
dl’l

$1—§1

del

whereo (z1, &), o2(x1, &) arepointsbetweenc, &;.

Multiplying firstandsecondermsof (15)into «; (1) and—a (&) respectrely andaddtwo
resultedequationsTheright handsideof obtainedequatiorhave termswith strongsingularity
Multipliers of thesesingularities(in the integral) arenonlocaltermsin boundarycondition(8).

We determinghesetermsfrom (8) andby substitutionwe obtain

041('51) u (&, 71(&), \) — (&) u (€1,72(6),N)

b1
= _/ {[041(51) —ay(zy)] u (21, 71(21), A) + [a(&1) — aa(z1)] uw (21, 72(21), A)}

T Jay
B b an(6)Bi(61,3) — aalE) Balr, )
S
P [ [ i )0+ anlen) et ] S
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_ i/: dzy {& (z1,\) — /b1 [K1($1J71) u (1,7 (m), A)

™ 1 —&
+ (w1, m) U (72 (m), dm /Kxh A)dn}
Fn €36 ) - €860 +- [ (@ule) - o)
o)) 60 — )] (). )} =0 (16)
Letusassume

(1) Theright handsideof boundarycondition(8), a (1, \) is differentiablgof classC'™ (ay, b;)]

andvanishesata, andb,, i.e. a (a;, \) =a (b, \) = 0.
(27) aq (1), ae(zq) in boundarycondition(8) areof Holderclass.

(13i) K1(z1,&), Ko(z1,&) thekernelsinsidethe integral term of (8) arecontinuousor they

containweaksingularity

Theorem 2: If assumptiong:), (i7), (i7¢) andconditionsin Theoreml hold, thensolutionto
boundaryalueproblem(6) and(8) satisfiesn regularizationrelations(16).

Remark 3: It is abviousthatto keepright handside of (16) regular, assumptiong:)-(ii:) are
sufficient. Thefirst term of right handsidein (16), needqi), secondandthird term need(ii)

andthelasttermneedqi:) to behold.

4 B.V.P(8)Is of Feredholm’'s Type

Regularizationrelation (16) plus boundary condition (8) make a systemof integral equations
with unknovnsu (z1, v:(z1), A); k = 1,2. If thefollowing conditionplus conditions(:)-(i41)

satisfies

(2v) In boundarycondition(8) themultipliersay(z1); k£ = 1,2 wherex; € [ay, b;] arenonzero,
i.e.a(xy) #0,
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thenanabove systenof integral equationsantransformto thenormal(canonicalform, where
kernelsof theseintegralscontainweaksingularity Hencethefollowing theoremholds:
Theorem 3: If additionalto conditionsin theorem2, assumptior{iv) holds,thentheboundary
valueproblem(6) and(8) is of Fredholmstype.

Indeedsystem(8) and (16) with respecto functionu (z1,vx(z1),\); k = 1,2 is alinear
systemandis linear dependentvith respecto functionu (z1,)), = € D. If this systemof
equationiasuniquesolutionit is in theformu (zy, v (1), ) andit is linearly dependentvith
respecto functionu (z, \), = € D. Now consideisolutionobtainedform above discussiorand
substitutdt into thefirst relationof (13), henceu (x, A) whichis a Fredholmintegral equation
of secondype, is obtained.This is a proof that boundaryconditionproblem(6) and(8) is of
Fredholmstype.

Remark 4: Aliev andEbadpou [1] consideredhe boundaryalueproblem(6) and(8) for the
specialcase\ = 0. They provedfor A = 0 problem(6) and(8) is of Fredholmstype.

5 Solutionto B.V.P and It' s Asymptotic

In section3, we explainedhow the solutionof boundaryvalue problem(6) and(8) will obtain

from thefirst relationof (13).1i.e.

u(E,N) = —/Da(x)V(a: — &N u(z,\dx — /D o(x)V(x — & N)dx
- / (@ V(@ =€, e
+ / (21, (20), MV (21 = &, (@) — €2, A) - (1 — i (21))das

_ / " (0, a0, NV (1 — €1, 70(1) — 60, (1 — iy (a) )y
ceD. a7)
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Substitutingfundamentakolution(11) in (17), we obtainasymptoticof problem(6) and(8).

Without loseof generalitywe assume
o(x) =0, reD, (18)

thisforcesproblem(1) and(2) notto behomogeneusThisimpliesthatthesecondermin (17)

vanishes.

To getasymptoticsfrom third termof (17), first we write (5) in thefollowing way:

€—>\t

Flen) = /Ooo e fla bt = flat)— |

o

=0
L[> w0f(a,t) ,  f(@,0)  1[0f(z,t) e e
* )\/0 S T e U W R e ul D
L% 8 ft) ] fle0) | 1 af(x 0
+>\/06 E ] s W VA T
N 1 [Pf(x,t) e +1/°° _M(?fxt
2| o =0 A J ot
thereforewe canwrite
(v) Functionf(z, t) is threetimesdifferentiablewith respecto t.
If we alsoassume
_0f(= )] _
f(z,0) = T 0,
then,third termin (17) for large enough|\| satisfiesn
/f z, NV (z — & Ndz| = O (|\[?) . (19)

For largestabsolutevalue of A\, when \ hasthe mostdistancein Laplaceline, if | u (z, \)|
is boundedthenthefirst termin R.H.S.of (17), corvergesto zerowith the speedof Fourier
multipliers. Similarly the last two termsin R.H.S. of (17) corvergesto zerowith the same

speed!f | u (zy,y(x1), \)| for k = 1,2 is boundeahenfrom (17) we obtain:

lim u (z,\) =0, z € D. (20)

T——+00
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Now if weignoreall thosetermswith singularityin (14), we maywrite

lim (1,7 (21),A) =0 ) Ty € a0 k=1,2 (21)

T—+00

thusthefollowing theoremsatisfies.
Theorem 4: Let conditionsin theorem3 holds,if a(x) is continuous;(z) = 0 andfunctions
f(z,t), a(z,t) satisfyin condition(v) thenfor large enoughabsolutevaluesof A, solutionof

problem(6) and(8) existsandfor this solution,thefollowing asymptotiowill obtain:
]ﬂ (x,)\)‘ —O(N?®), zeD. (22)

Remark 5: Existenceanduniqunes®f thesolutionto Schrodingeequationanequationwhich
isindependenof time anddependento parameteryvith nonlocalboundaryconditionis proved

by Kavei andAliev [13].

6 Solutionto Complex Problem

With the help of Laplacetransformationsolutionto complex problem(1-3) may be written as

follows ([4, 11]):

1 c+1i00 -
u(x,t) = 2_7rz/ M (2, \)dA (23)

—100

From (22), we consideredhatthe solutionof (23) andfirst derivatives (with respecto z, x»

andt) exist. i.e. in (23) we may let derivative to appeailinsideintegral. Substituting (23) into

equation(1) gives([12)]):
Ou Ou Ou 1 [T ) e du Oul
ot  Oxs 0x 210 J oioo 0z 0x;
1 c+1i00
= - e MF(z, \)dA
T Je—ico
1 c+io0o N ~
= % e f (I, )\)dA
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1 c+i00 o
— eMa(x) u (z, \)dA

2mi c—100
= f(z,t) + a(z)u(z, t).
This meanghatrelation(23) satisfiean (1).

Now substitutg23) in theleft handsideof (2), we thenobtain:

a1($;)u($1,%($1)7 t) + ag(z1)u(ry, y2(21), 1)
T / K (0, €00, (€0, 0) + Kol €0)u(Er,7a(6), )

c+io0o
/K w1, §u(€, t)dE = 2m/ eAt{Oél(xl) u (z1,71(21), A)

—100

by
+ag(z, U (21, 72(21), A) +/ [K(21,61) u (&,71(&0), N) + Ka(21, &) U (€1,72(60), )

ai
c+1i00

/}(xb fM&#dAz?% M a (21, \)d\ = a(z1, 1)
™ c—100
i.e. relation(23) satisfiesn boundarycondition(2) ([12]).

Finaly by substitutingrelation(23) into (3) we obtain

u(z,0) = l/wma@me (24)

210 Jo—ino
Fromfundamentatolution(11) andasymptotiaelation(22) we obsere that: If we changehe
Laplaceline with thelimits of right half sidecircles,with thehelpof JordanLemma([14],[15])
it is obvious thatrelation(24) vanishes.We may thereforewrite down the following theorem
for themixedandcomplex problem(1-3).
Theorem 5: Let conditionsin theoremd hold, solutionto complex problem(1-3) exists. It is

uniqueandit is in theform (23).

7 RelatedOpenProblems

(a) Verifying boundaryvalue problem(6) and(8) whereboundaryl’ of region D, is not Lya-

puno/ cune.

(@) € CD([ar, b)) , k=1,2)
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(b) Verifying problem(6) and(8) wherel  is Lyapuna, but D is notaconnectedegion.

(c) Findingthe soultionfor thefollowing problem:

ou(x)  Ou(x) N Ou(x)

— = (21, 29,23) € D C IR?

with boundarycondition
2

2 {% @)+ [ Kl €l )

7=1

/K ()de = a()

wherex’ = (x1,22) € S C IR* and

Ty o w3 = () , k=1,2 eSS, i=+v-1
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