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Abstract

The study of heat and moisture transfer in fibrous insulation materials is crucial for optimizing thermal performance and
ensuring durability in various applications. This paper presents a comprehensive analysis of the linearized Crank-Nicolson finite
element method (FEM) as applied to the coupled heat and moisture transfer equations in fibrous insulation. The Finite Element
Method (FEM) is particularly well-suited for solving complex, nonlinear problems like heat and moisture transfer in fibrous
insulation materials. FEM allows for the accurate modeling of complex geometries and nonlinear material properties, which is
crucial for simulating the behavior of fibrous insulation materials. Compared to other finite methods, FEM provides a flexible
framework for handling coupled heat and moisture transfer equations, allowing for the accurate prediction of temperature and
moisture distributions within the material. The semi-discrete formulation is presented using FEM and optimal error estimates for
L2 and energy norms are established. For the fully discrete scheme, the stability and optimal error estimates for the numerical
solution are also derived for the same norms, highlighting the method’s convergence properties and accuracy. The analysis
considers various factors influencing the transfer processes, including fiber orientation, density, and environmental conditions.
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1. Introduction

Mathematical and numerical modeling of coupled heat and moisture transfer in porous materials,
such as fibrous insulations, is an increasingly crucial research area in engineering and materials science.
This process is particularly relevant in various sectors, including the food industry, building materials,
and more recently in the textile industry [7]. A typical example of this type of modeling is that of clothing
assemblies composed of a thick porous fiber mat of 10 mm thickness, sandwiched between a thin inner
fabric layer (0.1 mm) in contact with human skin and another fabric layer (0.1 mm) in contact with a
colder environment. This configuration is schematically represented in [7]. The fibrous mat, being highly
porous, presents a large temperature difference between the skin and the external environment, making
radiative heat transfer within the fibrous mat particularly significant.

Over the years, various mathematical models have been developed to capture the complex processes
of moisture absorption and heat transfer in these systems. Fan et al. [8] introduced one of the first
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dynamic models integrating both moisture absorption and heat transfer in garment assemblies. They
studied the effects of condensation and evaporation on the thermal behavior of textile materials. Later,
in [16], an improvement of this model was proposed, integrating mobile condensates and phase changes,
with extensive experimental validation.

Numerical methods and simulations for heat and moisture transport in porous textile materials have
been studied by many authors [4, 6, 12, 17] and references theirin. The Crank-Nicolson finite element
method has been the framework used by many researchers [2, 5, 9, 13]. Rashidinia and Barzegar in [14]
presented the Galerkin spectral method to solve the one-dimensional viscoelastic wave equations. Hashim
et al. in [10] investigated the numerical analysis of the damped wave equation, focusing on the properties
of numerical solutions achieved via semi-discrete approximation and fully-discrete approximation FEMs.
Cheng and Wang [4] proposed an approach of the Galerkin finite element method for a one-dimensional
model, including the vapor diffusion and heat conduction processes. They proved the optimal-order
error estimates for the energy norm using the Euler method in time. Sun et al. [15] analyzed the errors
of a semi-implicit finite difference method for the temperature and vapor system in one-dimensional
space. Hou et al in [11] proposed a splitting Galerkin method with semi-implicit Euler scheme in time
direction for heat and sweat transport in textile materials. In that paper, a linearized scheme is applied
for the approximation to Darcy’s velocity simultaneously in the mass and energy equations, which leads
to physical conservation of the method in the flow convection.

In this paper, we propose a linearized numerical scheme based on finite element method in space and
Crank-Niclson scheme in time direction of a process model of moisture heat transfer in porous clothing
assemblies, which takes into account heat transfer and water vapor sorption in the fibers of the medium.
The difficulty lies on the strong nonlinearity. We prove that the full scheme is unconditionally stable. The
optimal-order error estimates is obtained in L? and energy norms by first analyzing the spatial discrete
scheme and without any restriction on spatial and time steps.

The remainder of this paper is organized as follows. In Section 2 we present a mathematical model to
describe fibrous insulation, review some results, and discuss some regularities that are used to prove the
optimal error estimates. Spatial errors are discussed in Section 3. The fully discrete scheme is presented
in Section 4, where we analyze the stability and the global error.

2. Mathematical model and preliminaries

The following nonlinear system of energy balance equation and mass conservation equation of water
vapor is considered:

G(x)3tT —0x(a(x)3xT) =O(T), x € (0,L), te (0,tf, (2.1)

[@(x) + E(T, C)]0¢C — dx (d(x)@(x)dxC) = H(T, C)o+T, x € (0,L), te (0,te], (2.2)
a(x)oxT(0,t) = uy (T(0,1) = To), a(x)oxT(Lt) = (Tt —=T(L 1)), te(0,t], (2.3)

d(x)®@(x)0xC(0,t) = v1 (C(0,t) — Co), d(x)@(x)axC(L,t) =v2(CL—C(L, 1)), (24)

T(x,0) =T%x), C(x,0)=C"x), x€(0,L), (2.5)

where T = T(x,t) is the temperature, C = C(x, 1) is the concentration of water vapor, a(x) > a, is the
effective thermal conductivity, and G(x) > G, is the effective volumetric heat capacity with a, and G,
positive constants. ®(x) > @, and d(x) > d. represent the porosity of the medium and the molecular
diffusion coefficient of water vapor, respectively. The functions E(T, C) and —H(T, C) represent the rate
of water vapor accumulation contributed by the change in C and T, respectively. Co, Cr, Tp, and Ty are
constants. The function © is given by

O(T) = T (x, t) + oczeﬁXJ

X
e BST4(s, t)ds + aze PX J ePsT4(s, t)ds
0

0

X X
+ oy (eBX +(1— C1)65X)J ePsT4(s, t)ds + as (ee’X +(1— C1)65X)J e PST4(s,t)ds
0 0
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+ xgePXT4(0,t) + 07eP*THL, t) + xge PXT4(0, t) + xge PXT4(L, 1),

with the constants «; defined by:

o = 2P0, oy = B0, o5 = —Pp?o,

o — B2a(1—Cp) - — R0 e Bo

F T 1—GQ)(1— ) — e’ T 1—G)(1—¢)e 2P 1 (1— 1) — (1—Gp)e?PL’
-1

oy = pols o5 = —Boly |1— 1-G pals

(1—C1)(1—Cp)e Bl —eBL’ (1—p)e2Bl] 7 %= (1—Co)e PL—(1—q)ePl”

3, 0, (1, and (; are positive constants. The definitions and notations of Sobolev spaces will be borrowed
from [3, 9]. The norm of the Sobolev space W™P (Q)) will be denoted by || - ||m,p. Whenp =2, W™P(Q) =
H™(Q) and its norm will be denoted by || - |m. The Lebesgue space is denoted as usual by LP(Q),
1 < p < oo, with norms || - ||r (except the L?(Q)-norm which is denoted by || - ||). The Bochner spaces,
such as L9(0, T, X) with norm denoted by | - [|L4(x), where X is an Hilbert space are also employed.

Based on the boundedness of the functions a(-), d(-), ®(-), and the parameters p, 12, y1, and y», there
exists a positive constant p such that

L
|| a0 a4 0P + (L2 > wulf, vu e HIO,L), (2.6)
0

L
J d(x) D (x) (uy)2dx + y1u(0)? +vou(L)? > pllull}, VYu e HY(0,L). (2.7)
0

Throughout this paper, we set To = Ty = Cp = Cp. = 0 and we make the following regularity assumptions
regarding the exact solution (T, C) of (2.1)-(2.5):

E(,,-), H(:,-) are positive and Lipschitz continuous functions, (2.8)
T, % e H2(0,1), (2.9)
T, C e L®(0,tr, WL (0,1)) N L®(0, t;, HF1(0,1)), (2.10)
Te, C¢ € L®(0,t¢, H™T1(0, 1)), (2.11)
Tet, Cer € L0, te, H1(0,1)). (2.12)

Lemma 2.1. Let ay, by, cx, and vy, for integers k > 0, be the positive numbers such that
n n n
an+TZbk<TZykak+Tch+B, for n>0. (2.13)
k=0 k=0 k=0

Suppose that Ty < 1, for all k, and set oy = m Then

n n n
an+T Z b < exp <T Z ykok> (T Z cx + B) , for m>0. (2.14)
k=0 k=0 k=0

Remark 2.2. 1f the first sum on the right hand side of (2.13) extends only up to n — 1, then estimate (2.14)
holds for all k > 0 with ox = 1. The weak form of the system (2.1)-(2.5) is given by: find for all t,
(T(t),C(t)) € H'(0,L) x H'(0, L) such that:

(G(x)0+T,v) + (a(x)0xT, 0xv) + u1 T(0, t)v(0) + 2 T(L, t)v(L) = (O(T),v), (2.15)
([@(x)+E(T, C)]1o+C,z) + (d(x)D(x)0xC, 0x2z) + v1C(0,1)z(0) +v2C(L, t)z(L) = (H(T,C)0+T,z), (2.16)

Yv, z € HY(0,L).
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3. Semi-discrete scheme in space

Let Vi, ¢ HY(0,L) be a finite element space on a quasi-uniform partition of (0,L) which consists of
continuous piecewise polynomials of degree r > 1 with a maximum interval of length h. The spatial
discret problem based on (2.15)-(2.16) is written as follows. Given Ty, (-,0) = R, T? and Cy(-,0) = R, C?,
find (T, (t), Cr.(t)) € Vi X Vi, such that

(G(x)0¢Th, vi) + (a(x)0x Th, 0xVh) + 1 Th (0, t)Vvi (0) + wo Th (L, t)vi (L) = (O(Th), vi), 3.1)

([@(x) + E(Th, Ch)10¢Ch, zn) + (d(x) @ (x)0x Cr, 0xzn) + Y1Cr (0, 1)z (0) + y2Cr (L, t)zn (L)

(3.2)
= (H(Tw, Crh)0¢Th, zn), YVh, zZh € Vh.

Let us decompose T — T, and C — Cy, respectively, as T—Ty, = T —RyT +RyT =T = F_]T1 + e{ and
C—ChL=C—RpC+RC—-Cy = E}C1 + e}CL, where Ry T : (0, t¢] = Vi and RLC : (0, t¢] — V1, are the elliptic
projections defined as follows:

1
J a(x)OEL D vdx + 1 EL ()i (0) + ioE L (Lva (L) = O,
0

1
J d(x)D(x)3XESdvdx +y1ES (0)vh(0) + V2ES(Lvi(L) =0, v € V.
0

From [4], one has the following error estimates.
Lemma 3.1. For the elliptic projections defined above, the following error estimates hold:

IT—RuTllr2 + )T = R Tl < M|T||goo(qrinyh™,
IC = RhCllr2 + h)|C =R Cllypn < M[IClpoopyre1yh"™,

N

[0¢(T—RnT) [l 2 + h[[0¢(T —RpT) [l < MHTﬂwgo(HrH)hTHr
10¢(C —RnO)|l12 +N[|0e(C = RhC)lln < M[ICllwa (1yrs1yh" Y,
IT=RnTllewy) < MITl L wpnyh's
€ = RnCllewy) < M[ICll oo wriyh's

forall v > 1 and M a generic positive constant.
One of the main result of this paper is as follows.

Theorem 3.2. Let (Ty, Ch) be the solution to the semi-discretized problem (3.1)-(3.2). Suppose that the exact
solution (T, C) of the system (2.1)-(2.5) satisfies the reqularity conditions (2.8)-(2.12). Then, there exists a positive
constant M, independent of At and h, such that:

lenle (12(0,L)) T e 17 (12(o,L)) T el (H1(0,L)) T ”e}?H%_Z(Hl(o,L)) < Mh>#2, (3.3)

Proof. e] satisfies the following equation:

(G(x)drer, vi) + (a(x)dxef, dxvi) + wief (0, t)vi (0)
+ mep (L t)vn (L) = (G(x)3EL, vi) + (O(T) — O(Tw), vi).

Taking vi, = e and using the properties of G(.) and (2.6), we have:

G
(G(x)dcet, ef) + (a(x)dxen, dxer) + wlef (0, )12 + palef (L )% > - dt|| el |12+ ullef |12
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For the nonlinear terms (©(T) —©(Ty), €] ), we obtain the following estimates:

(O(T) —O(Tn), ef) = (oa[T(x, t)]* — [Tr(x, t)]*, e}) + (xpeP™ JO e PS[T(s,t)]* — [Tn(se)l*ds, ef)

T (ocge—f“j eBS[T(s, £)]* — [T (s, t)]*ds, ]
0

+(0‘4(eﬁx+(1_C1)eBX)J ePS[T(s, t)]* — [Ti(s, t)]*ds, efl)
0

T (os(eP 4 (1= g )ePY) JO e BS[T(s, )] — [Tn(s, t)]*ds, el

+ (ePXIT(0, )" — [Tn (0, 1)1, ) + (areP*[T(L, )1 = [T (L, )1* ef)
+ (e PX[T(0,1))* — [T (0, )1* eq) + (awge™ PX[T(L, 1)* — [T (L, t)] Zwl,

wi = (q[T(x, )1* = [Th(x, 1)1, ef)
= (oq(T(x) — Th(x))(T(x) + [Tn () (TP + [Th ()12), ef1)
M(ERII®+ [lef]*) Helu%-

Similarly, we have

W+ ws +wa +wsl < MOERIZ + leR 1) + Ellef,

[We -+ w7 +ws +wol < M([EL(0, )1 + [ef, (0, £))* + [E] (L, )]2 + [ef (L, t)]*) + %Heﬁ\\%
Then

(O(T) —O(Tn), ef) < M([ELIP =+ llen 1> + [EF (0, )% + [ef, (0, 1))

Iu H
+ [ER (L )12 + (e (L t)2) + TOHerTLH% < MR+ Mlef 1>+ EHe}TLH%
Adding all these estimates together, one obtains
d 12, M1 T2 « Mh2™2 & MlleX |12 3.4
wlenl®+ S lenlly < +M{len|" (3.4)

To deal with e}CL, setting zp = e}CL in (2.2) and taking into account the hypotheses on @(.), E(.,.), H(.,.),
G(.), and a(.), one has

O, d
(10(x) + E(Tn, Cr)ldcer, ei) > - ek,
(d(x)@(x)dxef;, dxefy) +vilen (0, )% +valef (L )1 > pllef |13,

([D(x) + E(Tn, Cr)IBES, ef) < MJJOLES > + fueﬁu%,

([E(T,C) — E(Th, Cn)I3:C,ef) < M(|T=Tu|* + [|C— Ch|?) flreﬁll%,
vl
< M[ERIP + [lenl® + [ESIZ + ek ) +§Heﬁlli
(H(Th, Cn)[0<E}, + dtrer], efy) < M(J|0+EL |1 + [9cen|?) *He}(i”%r

((H(T,C) — H(Tw, Cn)13: T, ef) < M(||T = Tw|[* +/C — Cw|?) f||e$1||%,
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T T C C K, c
< MUERIP + e I* + IER 17 + llen IIP) + gHehH%-
Combining all these estimates, we obtain
d ci2, Hy.cp 2142 T2 C12 T2
qelenl”+ Zllenlly < M(h T2t el 4 RN + [[0cen ). (3.5)

To bound Hate}TLHZ, let vy, = E)te}TL in (2.1), we have

(G(x)dref, dcef) + (a(x)dxefl,d,drel) + wief (0,t)dcef (0, )
+ aef (L t)dref (L t) = (G(x)0Edef, dcel) + (O(T) — O(Ty), dcel).

Similarly as what we did above leads to

(G(x)dcef, dcef) = Gu[dcep |
(a(x)dxef, 0xdcel) + nief (0,t)dcef (0,1) + woel (L, )dcef (L, 1)

1 d
> 537 (@elloxen]” + wlen (0, £))7 + [uaen (L 1)1).
For the nonlinear term, we obtain
(O(T) —O(Ty), dcef) < MIEL|* + lled |I* + [EL (0, )% + [ef (0, 1)1

* G*
+[EL(L O+ [ef (L)1) + Tl\ate}fl!z < MR Mleq |12 + = [loceq %
Again a,[|0xe} ||> 4 wilef, (0, )12 + wolef (L, )12 > ullef |3 Therefore
d
[0cer | + llenl} < MR+ Mjleg | (3.6)

Combining (3.4), (3.5), and (3.6) and integrating the obtained relation over (0, t¢) and using the Gronwall
inequality, one ends the proof with the generic consatnt M = M(||T||co, || Th || 0o, | Clloos | Chlloo)- O

4. Fully discrete problem

Let {tn|tn = nAt; 0 < n < N} be a uniform partition of the time interval [0, t¢], where At = t¢/N
represents the time step. At each time t,, w" denotes an approximation of the function w(x, t,,). For a
sequence of functions {w™}N_,, the following definitions are introduced:

n n—1
w-—w n

Dw™ = A , W :%(w“—l—w“*l),n:l,Z,...,N, W= -Bwr W 2), n=2...,N.

The following linearized scheme for the system (2.1)-(2.5) is proposed. Taking TY = R, T° and C? = R,,C°,
forn=1,...,N, we seek (T;}, Clt) € Vi x Vi such that

(GOIDLTR, vi) + (a(x)dx TR, 0xvi) + ua TR0k (0) + o TR (L)vi (L) = (O(TR), vn), (4.1)
([@(x) + E(T3, CRIDCR, zn) + (A(x) D (x)3xCR, 3xzn) +v1CR(0)2n (0) +v2C (L)zn (L) (42)
= (H(T-}TLLI CR)DtT}TI Zh)/ vvhl Zh € vhl '
where (T}, C},) is the solution of the following system of linear equations:
Th—Th 1 1 1 0
(G(x) Vi) + (a(x)0x Ty, 0xvi) + i TR (0Jvi (0) 4 po T (L)ve (L) = (O(Ty), vi), (4.3)

At/2
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ST
(1906) + E(TR, ChI B8, 20) + (a1 0002 Ch, duzn) + 11 C{0)2n 0) + ¥aCH L)z (L)
(4.4)
Tl TO
= (H(T), %) -R AL nozn), W, zn € Vi

Thanks to the assumptions on the functions G(-), E(-,-) and H(-,-), it is easy that the matrices resulting
from the linear systems (4.1)-(4.2) and (4.3)-(4.4), respectively, are symmetric and positive definite. This
ensures the existence and uniqueness of the numerical solutions (T}, C1). The following error estimates
come from the definition of Ry,:

T =T+ 1C% — COll + R[5 (TO =T + 195 (CO = CD < MR, T2 |oo + 1CY [|oo < M.

4.1. Stability result
We now present a stability result that is essential for convergence analysis.

Lemma 4.1. Assume the exact solution (T, C) satisfies the reqularity assumptions (2.8)-(2.12). Then, there exists a
positive constant M such that

TRl + ICRIZ + At(ITRT + ICRIT) < MU+ (IC2 + [T + T°(0)]° + [TO(L)1°), (4.5)
HTh||oo+||C Hoo<

Proof. Taking v, = AtT] in (4.3), one has
2G(X)(TE —TD), Th) + At(a(x)0x T, 3xTh) + mALTE (0012 + wAt[TL (L))? = At(O(T)), TH). (4.6)

For the first two terms on the left hand side, since G(.) and a(.) are bounded by positive constants, one
obtains

2Gx)TL, T = 2G.|TL1% (4.7)
At(a(x)dxTh, 0xTh) + mAL[TL (001 + poAt[T) (L)) > pAt(| T, (4.8)
2GH)TY, TH) < MITO2 + G| T (4.9)

For the right hand side of (4.6), we have

ALO(TY), TL) = At(oy (TO)4(x, 1) + xpeP> J e PS(T)4(s,t)ds
0

X X
+ oze” BX L ePS(TP)*(s, t)ds + oa(eP* + (1 —¢g)e FX) L ePs(TD)%(s, t)ds

+ o5 (eP* 4+ (1— Cl)e—ﬁX)J e PS(T)4(s,t)ds
0

+ aeeP*(TD)%(0,1) + oc7ef3X(Tg)4(L t) + age PX(TD)4(0, 1)
+oge BT L), TE) = Z Ji,
where

. 1
J1 = At(og (TO)*(x, 1), TL) < MAL|TY)|® + —OuAtHThHl,

X
N 1 N
Jo = At(cxzeﬁXJ e PS(TD)4(s, t)ds, TE) < MAL|TO|® + EuAtHT}{H%,
0
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2 1 2
Jo = Ot(oseP (T)H(0, 1), i) < MALTR (O[T || < MAET(0)1° + S5 nat| [Ty .
Similarly,

3
o +Ja + sl < MAH|TY||® + S5 uat]| Ty L,

3
17+ Js + Jol < MAE(ITO(0)1° + [T(L)1) + ZOHAtHTh\h (4.10)
Combining these estimates with (4.7)-(4.10), we obtain
ITAIP + S AtTRIE < MITOI +Mee(I T + [T°(0))° + [TO(L)F). (411)

Next, let us take z, = AtC}, in (4.4), we obtain
2((@(x) + E(TR, CO(CH — Ch), CL) + At(d(x) @ (x)9 CH,, 9xCH)
+y1At[CE (0)]% + v At[CE (L))? = 2(H(TL, CO)(TL —TP), CL).
Taking into account the assumptions on d(.), ®(.), E(.,.), and H(.,.) we have the following estimates
2((@(x) +E(TY, CO)CL, CL) = 20, || CLIP%,
At(d(x)D(x)dxCl, 35 C,) + v1ALICE (0)1 4+ v2At[CH (L)) > pAt]|Cy |,
2((@(x) +E(TR, CH))CY, CL) < M||CY12 + @, || L%,
2AL(H(TY, CO) (T — T, L) < MAL([|TLI* + | To %) + AtHC [#

Combining these estimates with (4.11) we get
ICRIZ + At CLIT < MYCOZ + Mt (TR 12+ T)1%). (4.12)

Adding (4.11) and (4.12) we will have the inequality (4.5). Furthermore, by the Sobolev embedding
theorem [1], we have H'(0,L) — C°(0,L), then

Mhlleo < K[Tillh <M and [|Ch |0 < K[ICh[l < M.
O

The following main results present the unconditional stability and error estimation for the full discrete
scheme.

Lemma 4.2. If the exact solution (T, C) satisfies the regularity assumptions (2.8)-(2.12), then for alln =1, ..., N,
the problem (4.1)-(4.2) has a unique solution (T}, Cly) € Vi x Vy, which satisfies the following inequality

TP+ (ICh H2+AtZ TSI+ ICKID) <M, (4.13)
k=1
[T lloo + ICh [0 < M, (4.14)

where M is a constant M = M({|T%(| oo, [|C°loo, I TO1%, [ICOI%, | T8, [TO(0)16, [TO(L)]®).

Proof. The result of (4.14) comes from (4.13) and H!(0,L) < C°(0,L). So we just need to prove (4.13). The
proof is done by mathematical induction. For n =1, the pair (T}ll, C%l) € Vi x Vy, satisfies

(G()DeTh, i) + (a(x)dxTh, dxvi) + T (0)vn (0) + o TR (L)vi (L) = (O(Ty), vn), (4.15)
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([@(x) + E(TL, CL)ID(Ch, zn) + (A(x)®(x)0xCL, dxzn) +v1CL(0)zn (0) +v2Cl (L)zn (L)
= (H(TL, C1)DTL, zn). (4.16)

Set vi, = AtT} in (4.15) to have
At(G(X)DTE, Th) + At(a(x)xTL, 05 TL) + Aty [TE (002 + o [TL (L)) = At(©(T), TL).

Similarly to what we do above, we have

_ G.
AHG()D: Ty, o) > (1Tl = (TR,
At(a(x), Th, 0 Th) + At [Th (0)1% + pao[TH (L)1) > pAt(|Th1,

AtO(TL), TL) = At(oq [T ()]* + xpef> JX e PS[TL(s)]*ds
0

X
+ O(3€BXJ

eﬁsrﬁ(sn‘*dwm(eﬁu(1—c1)eB*)reﬁﬂ(s)#ds (4.17)
0

0

+os(eP* 4+ (1—¢p)e BY) J e Bs[TL(s)]4ds + aeP* [T (0)]*
0
9

+ oz PXTL (L] + age PXITL(0)]* + oo PXTL (L)Y, TR = ) K
i=1

We can bound each K; as follows.

N 5 -
Ky + Ko + Kz + Ky + Ks| < MAt|| TS+ EuAtHT}lLH%,

(4.18)
A A 2 =
Ko + K7+ K + Kol < MAE([T (0))]° + [T (L)))°) + S At Ty 7
By combining these estimates with (4.17)-(4.18) we obtain
ITRIZ + AT} < MITRIZ + Mt ([T )1 + TR (0)))° + [T (L)1), (4.19)

To bound C}, take zp, = AtCY, in (4.16) to have

At([@(x) + E(TL, CL)IDCL, CL) + At((d(x)®(x)9,Cl, 0, CL)
+71[CHL(0)1* +v2[CL(L)1?) = At(H(TE, C1)D:Th, Ch).

Each term is bounded as follows:
M@0 + E(T, CIDLCE, Ch) > 22 (kP — IChIP),
At((d(x)@(x)0x Ch,, 9x Cp) +v1[CH(0)1* +v2[C, (L)]?) = nAt||Cyl,
AH(T, CLIDCTL, CL) < MOITRIR + TR + IR + S IChI
Therefore,
ICRIP + At CLITF < MUTR I+ [ITRIP + ISR (4.20)

Adding (4.19) and (4.20), we obtain the stability result (4.13) for n = 1. We now assume that (4.13) holds
for n < m with m < N —1 and prove (4.13) subsequently at rank n = m+ 1. Let us set vi, = AtT" in (4.1),
we obtain

At(GH)DL T, T + At((a(x)0x T, 0, ) 4w [TR(0)]? + woTH(L)]?) = At(O(TH), TY). (4.21)
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The left hand side of (4.21) is bounded as follows.
- G. _ - - - - -
At(GD( T, TiY) > 7(HT?3||2* TP, At((a()oR TR, 0x TR + w01 + wo[TH(L)) > nAt| TR

The right hand side of (4.21) is treated as

AYO(TT), T =At(cx1m(x)14+oczemj e B[ ()] 4ds

0
+ 0(36_BX J
0

X X

eﬁsﬁmsn”‘dwm(eﬁw(1—c1)e—BX)J eBS [T (s)]4ds
0

+oc5(e3*+(1—cl)ef“)] e BTN (s)]ds
0

+ ogePX [T O + crePXITR (L)) + ose PXITT(O)1 + e PXIIR (L)L TR) = 3 s,

i=1
where
[S1+S24+ 83+ 84+ S5l < MAL|TR |+ ZAYTR,
IS¢ + S7 + Sg + Sol < MAL([TH(0)]® + [T1H(L)1°) + gAtHT;}H%,
AYO(TR), TR) < MAL(|TR)[1°+ T3 (0)1° + [T (L)1) + gmumua
Then

TR+ MAe( T+ TR ()1 + TR (L))

T2 + A TR <
< T2+ MAL TS T2, (using HY(0,L) < C°(0,1) < L2(0,L)).

|
|
By the defintion of T[* and the induction assumption, ||T/||c < M, therefore
TR + At TRT < T2+ MaAt TR
Summing up the above inequality, one has
n n
ITRI? + At Y ITHIT < ITRIP+Mat Y (1T
k=1 k=1

and we obtain require result for T with the help of the induction assuption. To get the bound of C}}, we
take zp, = AtC}! in (4.2) to obtain

A0 () + (T, CRIDLCR, CF) + At((A) @ (x)10,CF, 3xCR) + 11 [CR O + 12 [CR (1)
= At(H(T, CR)D. T, C),
SEUICRIE - IR ),
AH((A) @ (x)0CR, < CR) +v1CR (01 +v2CR(LIP) > uat| CRI,
ALH(TE, CRIDLTE, CR) < MALIDLTR 2 + LAt CR 2

At([@(x) + E(TE, CHIDCR, C1) >

We obtain
ICHII? + A|CR[IF < MAL|DL TR+ [ Ch % (4.22)

By summing inequality (4.22) for k =1 to n, we obtain

n
ICRIP+At ) IICKIF < MUTRIZ + ICRIP). O
k=1
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4.2. Error estimates for the fully discrete system

This subsection focuses on the optimal error estimation for the fully discrete solutions. Let decompose
the errors as follow, for V € {T, C}, we have

VPV = V™ — RV Ry V=V, V=V = V' Ry VP R VY — VL,

Fn am n
Evh Cvh Evh Evh

To derive the stated error estimates, we have from the weak form (2.15)-(2.16), the error equations given
by

(GE)DLT™ V) + (a(x)dx T2, 0,v) + iy T /2(0)(0) + po T V2 (L)v(L)
= (GX)DT™ = T V2, v) + (O(T™1/2),v),
([@(x) +E(T™, E™)IDLC™, 2) + (d(x) @ (x)9xC™ /2, 052) +y1C™/2(0)2(0) +v2C™/2(L)z(L)
= (@(x)[DC™ =3 C(t™/2)],2) + (H(T™, C™)D,T™, 2)
+ (E(T™, EM)DC — E(TM V2, v 1/2)3, C(t™1/2), 2)
+ (H(T V2, cv 12, Tt V2) — H(T™, CMDL T, 2),

(4.23)

(4.24)

where (T2, C1) satisfies

Tl_TO

T/z,w + (a(x)3x T 9xv) + m THO)V(0) + o THIL)v(L)

(G(x)
(4.25)

,2) + (d(x)@(x)3x !, 3xz) +v1C1(0)2(0) +v2C (L)z(L)
(4.26)

él _ CO
=~ _[®(x)+E(TV?,CV?)10,C?,2).

— 1/2 ~1/2y4. T1/2 0 0
= (H(T/%,CV9)0T7%,z) + ([O(x) + E(T", C°)] AL/

Lemma 4.3. Suppose that the exact solution (T, C) of the continuous equations (2.1)-(2.5) satisfies the regularity
hypothesis (2.8)-(2.12). Then, there exists a positive constant M such that:

1€tn]1? + llecnl® + Atlleg|[f + Atllegn|[f < M(AE +h2T2).
Proof. Subtracting (4.3) from (4.25), taking v = v, = é%h, we get
2(G(x)étp, e1n) + At(a(x)dxely, 0xely) + mAt[el, (0) + poAtey, (L))

L Bl —Eh A (427)
At/2 S )+ AUOTYY) — (T, &),

= At(G(x)[ —0(TY?], ¢!, ) — At(G(x)

The left hand side of (4.27) is bounded as follows:

2(G(x)el,, el) = 2G.leky 1% (4.28)
At(a(x)dxein, 0xeip) + Aty (0)1° + wAtley, (L)1 > pAt|ey, |17 (4.29)
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For the right hand side of (4.27), we have

A

Tl_TO 1 },LA R
At(G(x)[ A2 —0,TV?, el ) < MAt* 4+ =— 5 lle tnllf,
£l —E%, pAt
A Eth ™ Bth 41 h2r+2 5 ,
t(G(x) At/2 sen) <M + =5 R et It
AL(O(TV2) —O(Tp), & h)
—At(oq(Tl/Z(x)4 O (x )14),é1h)
X
+ At(oePx | e PS([TV2(s)]* — [T (s)]%)ds, el})

o

X

T (e ﬁXL eBs ([T1/2(5)]% — [T0 (s)]4)ds, el )

+ At(og(eP* + (1 1)eFY) J ePs (T2 (s))* — [T (s)14)ds, &ly,)
0

+ At(os(eP* + (1— e Px) J; e P ([TV2(s)]* — [T (s)]*)ds, efy,)

+ At(oeP*([TH2(0)]* — [TR(0)]), &tp) + At(ozeP ([TH2(L)]* — [TR(L)1Y), é4)
9

+ At(age PX([TV2(0)1* — [TR(0)1*), é1p) + At(xoe PX(TV(L))* — [TR(L)]%), e1,) = ) Vi,

i=1

Vi = aq At([TY?(x)
) 4

= o At([TV2(x

4 T}Q(X)]Al/ é%h
( [
= o At(([TY?(x)]

14—
1 [TO0)1* + [TO(0)1* — [TR (x)14, el)

N4,
)(TY2(x) + T0(x)), el)

(P + TG (T2 (x) = T(x)
+ oAt (([T°0) + TGP (TO(x) = TR O (T () + T (X)), é4)
MU oo [T oo, T2 loa) AL THZ = T2 + |[TO = T |2) + *ﬁtuuhul

At
<M(At + 0242 + B2 el |12

The bounds of V5, V3,V,, and V5 are similar to V4. That is

4uAt o

1* = [TR(0)1), &1y

J* = [T°0))* + [T°(0)]* — [TR(0)]*), &)
12+ [TY(0)1) (TH2(0) — T°(0)) (T2(0) + T°(0)), &1y,

+ At(eePX([TO(0)1% + [TO(0)1*)(T°(0) — TR (0))(T°(0) + TR (0)), é1p)

< MUT oo 1T loos T2 [00) AL([TY/2(0) — TO(0)]* + [T°(0) — TR (0)])

uAt - p.At
+ 7Heth”1 < M(At* +h2TH2) 4 T

Vo + Vi + Va4 V5| < M(At* + W27F2) 4 = —

5 | ewnlli-
Also the bounds of V7,Vg, and Vg are similar to Vg,
V7 + Vs + Vol < M([TV2(0) — TO(0)]* + [T°(0) — TR(0)]% + [T/2(1) — TO(L)12

pAt HAt A
+ [T(L) = TR (L)) + 5 lenllT < Ma(At + 1272 4+ == e 1.

(4.30)

(4.31)

(4.32)
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with Mz = M3([|T% oo, T2 loor T2 [l00s I Tloos [ T2 loos | T2 ||s0). By combining (4.28)-(4.32) together with
(4.27), we obtain

letnl® + Atljeg, |1 < M(At* +R2TH2). (4.33)

We now give the error estimates for éih. For that, subtracting (4.4) from (4.26) and taking z = z, = éih,
we get

([@(x) + E(T, C})]ech, €cn) + At(A(x) D (x)dxen, Ixeer) +v1Ateey (001 + vaAtleg, (L)

. . Cl—co
= —AH((@ () + E(T, G (Een — Edn), €en) — AL(E(T?, C°) —E(TR, CL) =17 en)
O L
FAUH(TY2, C/2)0, T2 H(T, Ch) B el ) (39
At/2
¢l_ 0 . 4
A {100+ E(T%, €O =5 — (000 + E(TV2, CV210,C1/2, ey | = 3 U
i=1
The left hand side of (4.34) is bounded as follows:
([@(x) +E(TR, CR)lech, écn) = @ullécn (4.35)
At(d(x)D(x)0xely, 0xel) +v1Atel, (0)% +yaAtel,, (L)]? > uAt|el, |3 (4.36)
For the right hand side of (4.34), we have
Uy = At((@(x) + E(TY, CR)) (B, — E2p), etr)
uAt . uAt
< MAL([[Een | + EQLIP) + == llécnllf < M2+ 5 = llecnlli,
0 ~0 0 0 Cl_CO Al
Uy = At((E(TY, C¥) — E(Ty,, Ch))T/Zlech)
(O
M(TO =Tl + 1€ = CRINICT = COlll[egnll < MRT+2 4+ 7Hech|!2,
1/2 1/2 1/2 1 Tl TO 1
Us = At [ H(TY2,CV2)0, TV2 —H(T}, ¢l R AL hoely
1/2 ~1/2 1/2 -1 A1 1/2 ~1/2 1 ALy (51 0y al
= At(H(T%,C/9) (0, T/ — A2 S een) + ((H(TV2,CV2%) = H(Ty, CGO)(T = T7), &cp)
(4.37)

+HTL CHT T — (M0 -T0),elp)

D, . Q. 1 2 2042 | al 12y L Prial 2
< MAt4+7*HeihH2+MHethH2+7*”ech|| + M2+ [legll )+7*Hech”

3@
M(At* + 22 4 [le |1P) + eenll®
_ 0 ~0 él_co_ 1/2 ~1/2 1/2 A1
Uy = At [ [D(x) +E(T, C7)] AL [@(x)+E(T/4,C/4)]0.C/%, ecp,

12 ~1/207,CF—CO 1/2
=At [ [D(x)+E(TV~,C )](T/Z_atc Ach

22 ekl
ch

+ ((E(TO,CO—E(Tl/z,Cl/z)(C — Y, el ) < MAt! +

Taking (4.35)-(4.37) into (4.34) and combine with (4.33), we obtain the desired result. O
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Theorem 4.4. Let (T}, CL) be the solution to the discretized problem (4.1)-(4.4). Assume that the exact solution
(T, C) of the continuous equations (2.1)-(2.5) satisfies the reqularity conditions (2.8)-(2.12). Then, there exists a
positive constant M, independent of At and h, such that:

n
letnll® + lednl® + 4t Y (et + lleth D) < M(At* + n?+2). (4.38)
k=1
Proof. For n =1, subtracting (4.1) from (4.23) and taking v = vy, = Atéih, one has

At(G(x)Dreyy, i) + At(a(x)dx8yp, Ox8in) + H1AtEy, (0)17 + poAtley, (L)1
= At(G(x)[D Tt — 0, T?],e,) — At(G(x)DEL,, ely) — At(a(x) (0, (T2 =T, d,ely)
— mALTY2(0) — T1(0))el, (0) — mAL(TY2(L) — THL))el, (L) + AtO(TV?) —(T}h), ety) (4.39)

The bound of the left hand side of (4.39) is given by

At(G(x)Dyeyy, €tn) + At(a(x)dx@ip, 0xEin) + miAtled, (0)]2 + mwAtley, (L)1?) > Gulletn |* + At e, 13-

(4.40)
For the right hand side of (4.39), we have
Vi = AHG()[D T — 3, T2, &, ) < MAE* + ”SAtH el |3,
Va = AH(G(ODEL, eh) < M2 2 1 el 7,
Vs = At(alx) (04(TV2 T, 0cel,) < Mat + 25 el B,
Vi = mAt(T2(0) — T(0) ety (0) + maAt(TH2(L) — THL))ej, (L)
< MAt? + %Atué{hu% (using H'(0,L) — C°(0,1)),

Vs = At(O(TY2) —O(T}), &) = Atl(oq [T2(x))* — [TA(x)]*, &)

n (oczeﬁXJ: e BS[TV2(s)14 — [TL(s)]*ds, 2by) (@41)

+ (e B> reBS[Tl/Z(s)]‘*—[Tﬁ( JJ4ds, el
0

+(o<4(eﬁX+(1—c1)eB*)L eBS[T1/2(6)[4 — [T1(s)]4ds, &L, )

+(OC5(6|3X+(1—C1)€_[5X)JX e BS[TV2(s)* — [T (s)*ds, ely,)

+ (oxgePX[TY2(0)1¢ — [TL(O)1, &h) + (are X T2 — [T ey

A

+ (e PX[T/2(0))* — [TR(0)1% ety) + (o™ PXTYV2(L)1* — (TR (L)%, ef)] = ) w,

where

A

wy = At(oq [TV2(x)1* — [TL(x)1% ely)

= At(ou ([TV2(x)] - [

A

o= I



A.S. Y. Nana, K. M. Malloum, M. S. D. Haggar, M. Mbehou, J. Math. Computer Sci., 42 (2026), 1-20 15

A1 2 HAt
< M(h?T2 4 léxnll®) + ——Il th”l

Similarly to wq, we obtain

A pAt
wa + w3 +wa +ws| < M(h?F2 4 |[ég|?) + 3 ——lletnlli,
. A HAt
lwe + Wy +wg + wo| < M(h2™2 + [e};h(o)]Z + [e}ch(l_)] )+ 7” th”l

Thus, combining (4.40)-(4.41) with (4.39), we end up with
letn ]l + Atlleg[IF < M(AH+RT2).
To give the error estimate for e}, for n =1, we subtract (4.2) from (4.24) and take z =z, = Até}:h to get

At([@(x) + E(T], C)IDtely, ey ) + At(d(x) @ (x) (dxly,, Oxeen ) + Atyrlely, (0)]* + Atya[ely, (L)
= —At(E(T", C) — E(Th, C))D(C edy) — At([@(x) + E(Th, CLIDELy, ely)
+ At®[DC! —9,CY/?,el,) + At(E (Tl,Cl)DtCl—E(Tl/z,Cl/z)atCl/z,é}:h) (4.42)
— At(d(x) D (x) (9 (C1/2 = C1), 0xely,) — Aty1(C2(0) — C'(0))ely, (0) — Aty,(CH/23(L) — CH(L))e Ch(u

+ At(H(TY2,CV2)0, T2 —H(T!, ¢YD T &l,) + At(H (Tl,él)DtTl—H(Tﬁ,é%l)DtT}ll,élh):ZPi.

The bound of the left hand side of (4.42) is similar to (4.39) and is given by

At([@(x) + E(TL, CL)IDely, elh)) + At(d(x) @ (x)(0xels, 0xely,)

+ Atyrlel (01 + Atyalel (LR > 4. AtDy ek, | + uatel, 2. @)
For the right hand side, we have

Py = At(E(T!, C) —E(Ty, C1,))D(Cl el

< B0 leLli} + MAL([T — L 4+ [¢1 — CLIP) DY

< “Atuechulw R22 4 el |2 + el )
Py = At([® + E(Ty, CL)IDeEgy, ely) < Mthrz?LuAtH eenlli
Py = At(®[DC! — 3,CY/2, eL,) < “Atu LR +MAt,
Py = At(E(TV2,C/2)(DC! — 0, C'/?), &},) < uAt|| enlli +Matt, s

uAt

Ps = At(d(x)®(x) (9, (CY2 = CY),0,eL,) < MAt + —— || LB,

) ) At
Ps = Aty (CY2(0) — C1(0))el;,(0) + Aty, (CV2(L) — Cl(L))éch(L) < %Héihu% +MAt?,
At
P, = At(H(TY2, CV/2) (3, T2 — D, TY), &l,,) < ” Sele el |2+ MAt,
Ps = At([H(T!, C!) — H(T}, CL)ID T &l) +At( (Th, Ch)(DEy), el) + At(H(TE, ) (Dyet), t)

3cD - A
(lecnl® + lledn?) +M( ||Tl TRl +1C" = CRIP + 1 En | + lletn )

2
|| enll?:

\

< M(h2f+2+At4+ letnl®) +
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Putting (4.43)-(4.44) with (4.42), we obtain
lecnll? + Atl|egn [T < MA(AL + 1272 4 [le[)

Now let us assume that (4.38) holds for n < m with 1 < m < N, then we need to prove the inequality for
n =m+ 1. For n > 2, subtracting (4.1) from (4.23) and taking v = vy, = Ate}}, we have

At(G(x)Dielly,, el + At(a(x)dxely,, dxefh) + mAtlel, (0)1* + wAt(ed, (L)1
= At(G(X)[DT™ — 0, TV /2], et ) — At(G(x)DEL,, &)

— At(a(x)a(T™ 12— T™),3el,) — mAL(T™1/2(0) — T™(0))e}, (0) (4.45)
5
— AT 2(L) = TH(L))efh (L) + AT /2) —o(Th), ef) = ) _ T
i=1

The left hand side is treated as usual. That is

G At (4.46)

+ mALER, (00 + poAtlell, (L)) > =7 —Dellell,||* + pAt]e, |17

For the right hand side, we have

I = At(G(x)[Dy T — 3, T™1/2] & ) < || Wl +MAE,

L = AL(G(0)DEY, &fy) < MAt22 + “‘“H enul,

I3 = At(a(x)d(T™ /2 —TM),0,el) < H L 12 4+ MAt,

Iy = At[py (T™1/2(0) — T™(0)) e, (0) + uz(Tn Y2(L) = T™(L))efh (L || Wi+ MAE,

Is = At(O(T 1/2) — (1), el)

A

= Atl(oa [T V2 ()1 = [T ) + (06265"J e PET12(s)* — [T (s)]*ds, ey,

9
+ (age PXT12(0))* — [TRH(0)]%, @) + (ooe™ PX[T™ /2 (L)) [T}T(L)]‘*,é{‘h)]zzsu
i=1
where
s1= At(og [T V2(x))* = [T ()14, &)
= At(og [T V2001 — [T ()14, &) + (oa [T (0)]* — [T ()14, &)
= At(oq ([T V2 (x)] — [T () ([T 1/2( )+ T D (T 1/2( )2+ [T (x)1%), &)
+ At(oq ((T™(x)] = [T N (T™ )] + [T )N (T ()1 + [T (x)1%), &),
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At
< MAL(AL + 122 4 gy ) + B2 e

A uAt s
Is2+ 83+ 54+ 85| < MAL(AL + 1272 4 ey 1) + =~ [lefhlf,

uAt

Is6 + 57+ sg + 59| < MAL(At* + h2+2 4 |]el [12) + ||‘th||1,

which implies
442142 | ([an |2 MAt .
[y < MAt(At* +h + [letnll?) + || Hlli-
Taking I;-I4 and (4.46) into (4.45), we have
lehll” = llefy 1P + Atllefi 1T < MAH(AL + 172 4 |lef, |12). (4.47)

By summing inequality (4.47) for k =1 to n, we obtain

mn
ledull>+ At > el lIf < M(At* + h2*+2)+AtMZH ¥, |1% (4.48)
k=1 k=1

To give the error estimate for e}, for n > 2, we subtract (4.2) from (4.24) and take z = zy, = Ate(}, to get
AL(D(x) + E(TR, CPYID el e) + At(d() D (x) (3,82, 3l
+v1Atedy (0)ed, (0) + y2Atedy, (L)eg, (L)
— —AL(E(T™, M) —E(T, CR))DLC™, 2l ) — AL([D(x) + (T, CRIDLER,, ey)
+AtO[DC™ —2,C™ V2 ely) + At(E(T", C™)D C™ — E(T™ /2, C™1/2)9,.C™ 12 ey

44
— AYA(X)D(x) (0T /2 — CM), 0, ) —y1 ALC™1/2(0) — C(0))el, (0) @4
—Y2At(CM V(L) — C™(L))zn (L) + At (H(T™ /2, /2y, 701/

8
—H(T™, CMDT™, ey, ) + At(H(T™, CMDT™ — H(TR, CHDL T, el ) = ) A
i=1

The left hand side of (4.49) is bounded as follows.

AL([@(x) + E(T, CT)ID el el) + At(d(x) @ (x) (9xely,, 0xely,) (4.50)

+y1Ate;, (0)e, (0) + y2Ated, (L)ed, (L) > ¢.AtD el ||* + nAt|el, |I5.
For the right hand side, we have
Ap = At(E(T™, C™) —E(T, CR))DC™, ey)
< LAtHéchH% +MAL(|[T™ = T2 +[|C™ = CR ) D C™ 2

MA'C _ 2142 2, an |12
< =5 || 3+ MAL(RPTF2 4 e |1 + (e 1)

A

At
Az = At([0 + E(T, CRIDLED,, ey) < S et + Math?™2,

At
Az = At(O[DC™ — 3,C™ /2, el ) < ” Héchlh+MAt5

Ag = At(E(T™, C™)DC™ —E(T™ 12, C“ 1/2)atc lein1/2, Bt
— At(( ( T Cn) (Tn—l/Zl Cn—l/Z)DtCn + E(Tn—l/Z/ Cn—l/Z)[Dtcl o atcn—l/Z], énh)

C

- ~ . - _ _ At
< MAL([[ T =T 2 4 | C = CV V2] 4 D CY =3, C™ V2 e || < %He?hﬂ%JrMAtS,
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At
As = AHAX)D(X) (2,12 = C), axely,) < B5 el | + Mae,

_ At
As = V1At(C™/2(0) — C™(0))el, (0) +vZAt(C“*1/2(LJ C™(L)egn (L) < %Héchll% +MAE,
Ay = At(H(TV /2, cn 129, T 12— H(T™, CY)D T, ely,)

:At(H(Tnfl/Z’ Cnfl/Z)[atTnfl/Z_DtTn]_i_(H(Tnfl/Z, Cnfl/Z H(-'l\- én))Dt Tl’ é'{:lh)
A A At
<MAL([Oe T2 = DT+ [T = T2 | C™ — ™12 fel || < le el +MAL,

Ag = At(H(T™, CM)D T™ — H(T, C1 ) cTh, et)

A

= At([H(T™, C™) — H(TE, CHIDT™, ) + At(H(TE, C) (D EY + Diel), ely)

A A A uAt
< MAL([IT™ = T2+ [ = CR P + [ER 12 + [lefhl®) + o lle enli
At
< MAL(R2 4 ey |P) + o= el 1.
Taking A1-Ag together with (4.50) and (4.49), we end up with
legnll® — el 17 + Atlledi T < MAL(AL + T2 4 |lefy, |12 + e [)- (4.51)
By summing inequality (4.51) for k =1 to n, we obtain:
n n
lefnll” + At Y [lekulf < M(AE + W) + MAL Y (el |] + e ). (4.52)
k=1 k=1
Applying Gronwall’s discrete lemma on inequality (4.48) and (4.52), we conclude (4.38). O

5. Numerical example

We consider the following artificial example to confirm our theoretical findings. The problem is
simulated on uniform meshes with a linear finite element approximation. The system is defined as
follows:

G(x)0+T—0x(a(x)oxT) =0O(T)+f, x€(0,1), te(0,1],
[@(x) 4+ E(T, C)]0+C — 0« (d(x)D(x)0xC) = H(T,C)o+ T+ g,
a(x)oxT(0,t) = -T(0,t), a(x)oxT(L,t) =—=T(L,t),

d(x)®(x)d,C(0,1) = C(0,t), d(x)®(x)dxC(L,t) = —C(L,t),
T(x,0) =T%x), C(x,0)=C%%x), xe(0,1),

Il I\JM—\

1
4
C

where a(x) =1—x%, G(x) =1+x, ®(x) =1—x, d(x) =1+x, and E(x,y) = H(x,x) = xy. The functions f
and g are chosen correspondingly to the exact solution

T(x,t) =2+ 02 Clx,t) = 1402,

The [?-error at final time T = 1 is computed and shown in Figure 1 on a log-log scale. Note for the time
rate of convergence, the mesh size h is chosen as h = 1/128 so that it should be negligible compare to the
time discretization error. Also for the spatial rate of convergence, the time step is fixed as At = 1/100. One
can see that for L2-norm, the slope is almost 2 for each component T and C which are in good agreement
with our theoretical analysis that is, in Theorem 4.4, we obtain the optimal 2 error estimate O(h? + At?)
unconditionally. To show the unconditional stability result, we choose h = 1/128 and the large time steps
At = kh with k € {1, 4, 16, 32, 64}. We present the numerical results in Tables 1 and 2, which suggest that
the scheme is stable for large time steps.
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Convergence forh L 2.norm Convergence for At L2norm

-3 T T g -3.5
—<—enT
—O6—enC
351 - slope 2 | 4 4+

551

. . . . . . . . 65 . . . . .
34  -32 -3 28 26 24 22 -2 -1.8  -16 -7 -6.8 -6.6 -6.4 -6.2 -6 -5.8
log(h) log(At)

Figure 1: Convergence rate with respect to the mesh size h and time step At in L? norm, respectively.

Table 1: Convergence result for || T™ — T]}|| for h = 1/128 and At = kh.
t k=1 k=4 k=16 k=32 k=64

0.5 7.512e-4 7.514e-4 7.533e-4 2.732e-3 2.723e-3

1.0 2414e-3 2.424e-3 2.622e-3 2.639e-3 2.642e-3

Table 2: Convergence result for ||[C™ — C'|| for h = 1/128 and At = kh.
t k=1 k=4 k=16 k=32 k=64
0.5 9.862e-4 9.863e-4 9.883e-4 1.929e-3 2.594e-3
1.0 2587e-3 2.598e-3 2.600e-3 2.704e-3 4.297e-3

6. Conclusion

The comprehensive analysis conducted in this study validates the effectiveness of the linearized Crank-
Nicolson finite element method (FEM) for solving coupled heat and moisture transfer equations in fibrous
insulation materials. The established optimal error estimates for both 2 and energy norms in the semi-
discrete formulation, as well as the stability and accuracy of the fully discrete scheme, underscore the
robustness of the method. The consideration of factors such as fiber orientation, density, and environ-
mental conditions has demonstrated the method’s adaptability to real-world scenarios. These findings
are instrumental for future advancements in the design and optimization of fibrous insulation materials,
ensuring enhanced thermal performance and durability. Future research could extend this work by incor-
porating experimental validation and exploring more complex insulation structures. The outcomes of this
study contribute significantly to the body of knowledge in the field of thermal insulation and numerical
methods.
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